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TO THE INSTRUCTOR 

As indicated in its preface, Vector Mechanics 
for Engineers: Statics is designed for the first 
course in statics offered in the sophomore 
year of college. New concepts have, therefore, 
been presented in simple terms and every step 
has been explained in detail. However, because 
of the large number of optional sections 
which have been included and the maturity  
of approach which has been achieved, this 
text can also be used to teach a course  
which will challenge the more advanced 
student.  

The text has been divided into units, each 
corresponding to a well-defined topic and 
consisting of one or several theory sections, 
one or several Sample Problems, a section 
entitled Solving Problems on Your Own, and a 
large number of problems to be assigned. To 
assist instructors in making up a schedule of 
assignments that will best fit their classes, the 
various topics covered in the text have been 
listed in Table I and a suggested number of 
periods to be spent on each topic has been 
indicated. Both a minimum and a maximum 
number of periods have been suggested, and 
the topics which form the standard basic 
course in statics have been separated from 
those which are optional. The total number of 
periods required to teach the basic material 
varies from 26 to 39, while covering the entire 
text would require from 41 to 65 periods. If 
allowance is made for the time spent for 
review and exams, it is seen that this text is 
equally suitable for teaching a basic statics 
course to students with limited preparation 
(since this can be done in 39 periods or less) 
and for teaching a more complete statics 
course to advanced students (since 41 periods 
or more are necessary to cover the entire text). 
In most instances, of course, the instructor 
will want to include some, but not all, of the 
additional material presented in the text. In 
addition, it is noted that the text is suitable for 

teaching an abridged course in statics which 
can be used as an introduction to the study of 
dynamics (see Table I).  

The problems have been grouped according to 
the portions of material they illustrate and have 
been arranged in order of increasing difficulty, 
with problems requiring special attention 
indicated by asterisks. We note that, in most 
cases, problems have been arranged in groups 
of six or more, all problems of the same group 
being closely related. This means that instructors 
will easily find additional problems to amplify a 
particular point which they may have brought 
up in discussing a problem assigned for 
homework. A group of problems designed to 
be solved with computational software can be 
found at the end of each chapter. Solutions for 
these problems, including analyses of the 
problems and problem solutions and output for 
the most widely used computational programs, 
are provided at the instructor s edition of the 
text’s website: 
http://www.mhhe.com/beerjohnston.   

To assist in the preparation of homework 
assignments, Table II provides a brief 
description of all groups of problems and a 
classification of the problems in each group 
according to the units used. It should also be 
noted that the answers to all problems are 
given at the end of the text, except for those 
with a number in italic. Because of the large 
number of problems available in both systems 
of units, the instructor has the choice of 
assigning problems using SI units and problems 
using U.S. customary units in whatever 
proportion is found to be most desirable for a 
given class. To illustrate this point, sample 
lesson schedules are shown in Tables III, IV, 
and V, together with various alternative lists 
of assigned homework problems. Half of the 
problems in each of the six lists suggested in 
Table III and Table V are stated in SI units 
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and half in U.S. customary units. On the other 
hand, 75% of the problems in the four lists 
suggested in Table IV are stated in SI units 
and 25% in U.S. customary units.  

Since the approach used in this text differs in 
a number of respects from the approach used 
in other books, instructors will be well advi- 
sed to read the preface to Vector Mechanics 
for Engineers, in which the authors have 
outlined their general philosophy. In addition, 
instructors will find in the following pages a 
description, chapter by chapter, of the more 
 

significant features of this text. It is hoped 
that this material will help instructors in 
organizing their courses to best fit the needs 
of their students. The authors wish to 
acknowledge and thank Amy Mazurek of 
Williams Memorial Institute for her careful 
preparation of the solutions contained in this 
manual.  

E. Russell Johnston, Jr. 
David Mazurek 
Elliot R Eisenberg 
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DESCRIPTION OF THE MATERIAL CONTAINED IN  
VECTOR MECHANICS FOR ENGINEERS: STATICS, Ninth Edition 

Chapter 1 
Introduction 

The material in this chapter can be used as a 
first assignment or for later reference. The six 
fundamental principles listed in Sec. 1.2 are 
introduced separately and are discussed at 
greater length in the following chapters. 
Section 1.3 deals with the two systems of 
units used in the text. The SI metric units are 
discussed first. The base units are defined and 
the use of multiples and submultiples is 
explained. The various SI prefixes are 
presented in Table 1.1, while the principal SI 
units used in statics and dynamics are listed in 
Table 1.2. In the second part of Sec. 1.3, the 
base U.S. customary units used in mechanics 
are defined, and in Sec. l.4, it is shown how 
numerical data stated in U.S. customary units 
can be converted into SI units, and vice versa. 
The SI equivalents of the principal U.S. 
customary units used in statics and dynamics 
are listed in Table 1.3. 

The instructor’s attention is called to the fact 
that the various rules relating to the use of SI 
units have been observed throughout the text. 
For instance, multiples and submultiples 
(such as kN and mm) are used whenever 
possible to avoid writing more than four digits 
to the left of the decimal point or zeros to the 
right of the decimal point. When 5-digit or 
larger numbers involving SI units are used, 
spaces rather than commas are utilized to 
separate digits into groups of three (for 
example, 20 000 km). Also, prefixes are never 
used in the denominator of derived units; for 
example, the constant of a spring which 
stretches 20 mm under a load of 100 N is 
expressed as 5 kN/m, not as 5 N/mm.  

In order to achieve as much uniformity as 
possible between results expressed respectively 

in SI and U.S. customary units, a center point, 
rather than a hyphen, has been used to combine 
the symbols representing U.S. customary 
units (for example, 10 lb · ft); furthermore, the 
unit of time has been represented by the 
symbol s, rather than sec, whether SI or U.S. 
customary units are involved (for example, 5 s, 
50 ft/s, 15 m/s). However, the traditional use 
of commas to separate digits into groups of 
three has been maintained for 5-digit and 
larger numbers involving U.S. customary 
units.  

Chapter 2 
Statics of Particles 

This is the first of two chapters dealing with 
the fundamental properties of force systems. 
A simple, intuitive classification of forces has 
been used: forces acting on a particle (Chap. 2) 
and forces acting on a rigid body (Chap. 3). 

Chapter 2 begins with the parallelogram law 
of addition of forces and with the introduction 
of the fundamental properties of vectors. In 
the text, forces and other vector quantities are 
always shown in bold-face type. Thus, a force 
F (boldface), which is a vector quantity, is 
clearly distinguished from the magnitude F 
(italic) of the force, which is a scalar quantity. 
On the blackboard and in handwritten work, 
where bold-face lettering is not practical, vector 
quantities can be indicated by underlining. 
Both the magnitude and the direction of a 
vector quantity must be given to completely 
define that quantity. Thus, a force F of 
magnitude F = 280 lb, directed upward to the 
right at an angle of 25° with the horizontal, is 
indicated as F = 280 lb  25° when printed 
or as F = 280 lb  25° when handwritten. 
Unit vectors i and j are introduced in Sec. 2.7, 
where the rectangular components of forces 
are considered.  
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In the early sections of Chap. 2 the following 
basic topics are presented: the equilibrium  
of a particle, Newton’s first law, and the 
concept of the free-body diagram. These first 
sections provide a review of the methods  
of plane trigonometry and familiarize the 
students with the proper use of a calculator.  
A general procedure for the solution of 
problems involving concurrent forces is 
given: when a problem involves only three 
forces, the use of a force triangle and a 
trigonometric solution is preferred; when a 
problem involves more than three forces, the 
forces should be resolved into rectangular 
components and the equations ΣFx = 0, ΣFy = 
0 should be used.  

The second part of Chap. 2 deals with forces 
in space and with the equilibrium of particles 
in space. Unit vectors are used and forces are 
expressed in the form F = Fxi + Fyj + Fzk = 
Fλ, where i, j, and k are the unit vectors 
directed respectively along the x, y, and z 
axes, and λ is the unit vector directed along 
the line of action of F.  

Note that since this chapter deals only with 
particles or bodies which can be considered as 
particles, problems involving compression 
members have been postponed with only a 
few exceptions until Chap. 4, where students 
will learn to handle rigid-body problems in a 
uniform fashion and will not be tempted to 
erroneously assume that forces are concurrent 
or that reactions are directed along members.  

It should be observed that when SI units are 
used a body is generally specified by its mass 
expressed in kilograms. The weight of the 
body, however, should be expressed in newtons. 
Therefore, in many equilibrium problems 
involving SI units, an additional calculation is 
required before a free-body diagram can be 
drawn (compare the example in Sec. 2.11 and 
Sample Probs. 2.5 and 2.9). This apparent 
disadvantage of the SI system of units, when 

compared to the U.S. customary units, will be 
offset in dynamics, where the mass of a body 
expressed in kilograms can be entered directly 
into the equation F = ma, whereas with U.S. 
customary units the mass of the body must 
first be determined in lb · s2/ft (or slugs) from 
its weight in pounds.  

Chapter 3 
Rigid Bodies: 
 Equivalent Systems of Forces 

The principle of transmissibility is presented 
as the basic assumption of the statics of rigid 
bodies. However, it is pointed out that  
this principle can be derived from Newton s 
three laws of motion (see Sec. 16.5 of 
Dynamics). The vector product is then 
introduced and used to define the moment  
of a force about a point. The convenience  
of using the determinant form (Eqs. 3.19  
and 3.21) to express the moment of a force 
about a point should be noted. The scalar 
product and the mixed triple product are 
introduced and used to define the moment of 
a force about an axis. Again, the convenience 
of using the determinant form (Eqs. 3.43  
and 3.46) should be noted. The amount of 
time which should be assigned to this part  
of the chapter will depend on the extent to 
which vector algebra has been considered  
and used in prerequisite mathematics and 
physics courses. It is felt that, even with no 
previous knowledge of vector algebra, a 
maximum of four periods is adequate (see 
Table I). 

In Secs. 3.12 through 3.15 couples are 
introduced, and it is proved that couples are 
equivalent if they have the same moment. 
While this fundamental property of couples is 
often taken for granted, the authors believe 
that its rigorous and logical proof is necessary 
if rigor and logic are to be demanded of the 
students in the solution of their mechanics 
problems.  
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In Sections 3.16 through 3.20, the concept of 
equivalent systems of forces is carefully 
presented. This concept is made more intuitive 
through the extensive use of free-body-diagram 
equations (see Figs. 3.39 through 3.46). Note 
that the moment of a force is either not shown 
or is represented by a green vector (Figs. 3.12 
and 3.27). A red vector with the symbol  is 
used only to represent a couple, that is, an 
actual system consisting of two forces (Figs. 
3.38 through 3.46). Section 3.21 is optional; it 
introduces the concept of a wrench and shows 
how the most general system of forces in space 
can be reduced to this combination of a force 
and a couple with the same line of action.  

Since one of the purposes of Chap. 3 is to 
familiarize students with the fundamental 
operations of vector algebra, students should 
be encouraged to solve all problems in this 
chapter (two-dimensional as well as three-
dimensional) using the methods of vector 
algebra. However, many students may be 
expected to develop solutions of their own, 
particularly in the case of two-dimensional 
problems, based on the direct computation of 
the moment of a force about a given point as 
the product of the magnitude of the force and 
the perpendicular distance to the point 
considered. Such alternative solutions may 
occasionally be indicated by the instructor (as 
in Sample Prob. 3.9), who may then wish to 
compare the solutions of the sample problems 
of this chapter with the solutions of the same 
sample problems given in Chaps. 3 and 4 of 
the parallel text Mechanics for Engineers. It 
should be pointed out that in later chapters the 
use of vector products will generally be 
reserved for the solution of three-dimensional 
problems.  

Chapter 4 
Equilibrium of Rigid Bodies 

In the first part of this chapter, problems 
involving the equilibrium of rigid bodies in 

two dimensions are considered and solved 
using ordinary algebra, while problems 
involving three dimensions and requiring the 
full use of vector algebra are discussed in  
the second part of the chapter. Particular 
emphasis is placed on the correct drawing and 
use of free-body diagrams and on the types of 
reactions produced by various supports and 
connections (see Figs. 4.1 and 4.10). Note that 
a distinction is made between hinges used  
in pairs and hinges used alone; in the first 
case the reactions consist only of force 
components, while in the second case the 
reactions may, if necessary, include couples.  

For a rigid body in two dimensions, it is 
shown (Sec. 4.4) that no more than three 
independent equations can be written for a 
given free body, so that a problem involving 
the equilibrium of a single rigid body can be 
solved for no more than three unknowns. It is 
also shown that it is possible to choose 
equilibrium equations containing only one 
unknown to avoid the necessity of solving 
simultaneous equations. Section 4.5 introduces 
the concepts of statical indeterminacy and 
partial constraints. Sections 4.6 and 4.7 are 
devoted to the equilibrium of two- and three-
force bodies; it is shown how these concepts 
can be used to simplify the solution of certain 
problems. This topic is presented only after 
the general case of equilibrium of a rigid body 
to lessen the possibility of students misusing 
this particular method of solution.  

The equilibrium of a rigid body in three 
dimensions is considered with full emphasis 
placed on the free-body diagram. While the 
tool of vector algebra is freely used to 
simplify the computations involved, vector 
algebra does not, and indeed cannot, replace 
the free-body diagram as the focal point of an 
equilibrium problem. Therefore, the solution 
of every sample problem in this section 
begins with a reference to the drawing  
of a free-body diagram. Emphasis is also 
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placed on the fact that the number of 
unknowns and the number of equations must 
be equal if a structure is to be statically 
determinate and completely constrained.  

Chapter 5 
Distributed Forces: 
 Centroids and Centers of Gravity 

Chapter 5 starts by defining the center of 
gravity of a body as the point of application of 
the resultant of the weights of the various 
particles forming the body. This definition is 
then used to establish the concept of the 
centroid of an area or line. Section 5.4 
introduces the concept of the first moment of 
an area or line, a concept fundamental to the 
analysis of shearing stresses in beams in a 
later study of mechanics of materials. All 
problems assigned for the first period involve 
only areas and lines made of simple geometric 
shapes; thus, they can be solved without using 
calculus.  

Section 5.6 explains the use of differential 
elements in the determination of centroids by 
integration. The theorems of Pappus-Guldinus 
are given in Sec. 5.7. Sections 5.8 and 5.9 are 
optional; they show how the resultant of  
a distributed load can be determined by 
evaluating an area and by locating its 
centroid. Sections 5.10 through 5.12 deal with 
centers of gravity and centroids of volumes. 
Here again the determination of the centroids 
of composite shapes precedes the calculation 
of centroids by integration. 

It should be noted that when SI units are used, 
a given material is generally characterized by 
its density (mass per unit volume, expressed 
in kg/m3), rather than by its specific weight 
(weight per unit volume, expressed in N/m3). 
The specific weight of the material can  
then be obtained by multiplying its density  
by g = 9.81 m/s2

 (see footnote, page 222 of  
the text).  

Chapter 6 
Analysis of Structures 

In this chapter students learn to determine the 
internal forces exerted on the members of pin-
connected structures. The chapter starts  
with the statement of Newton s third law 
(action and reaction) and is divided into two 
parts: (a) trusses, that is, structures consisting 
of two-force members only, (b) frames  
and machines, that is, structures involving 
multiforce members.  

After trusses and simple trusses have been 
defined in Secs. 6.2 and 6.3, the method of 
joints and the method of sections are 
explained in detail in Sec. 6.4 and Sec. 6.7, 
respectively. Since a discussion of Maxwell’s 
diagram is not included in this text, the use of 
Bow’s notation has been avoided, and a 
uniform notation has been used in presenting 
the method of joints and the method of 
sections.  

In the method of joints, a free-body diagram 
should be drawn for each pin. Since all forces 
are of known direction, their magnitudes, 
rather than their components, should be used 
as unknowns. Following the general 
procedure outlined in Chap. 2, joints 
involving only three forces are solved using a 
force triangle, while joints involving more 
than three forces are solved by summing x 
and y components. Sections 6.5 and 6.6 are 
optional. It is shown in Sec. 6.5 how the 
analysis of certain trusses can be expedited by 
recognizing joints under special loading 
conditions, while in Sec. 6.6 the method of 
joints is applied to the solution of three-
dimensional trusses.  

It is pointed out in Sec. 6.4 that forces in a 
simple truss can be determined by analyzing 
the truss joint by joint and that joints can 
always be found that involve only two 
unknown forces. The method of sections  
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(Sec. 6.7) should be used (a) if only the forces 
in a few members are desired, or (b) if the 
truss is not a simple truss and if the solution 
of simultaneous equations is to be avoided 
(for example, Fink truss). Students should be 
urged to draw a separate free-body diagram 
for each section used. The free body obtained 
should be emphasized by shading and the 
intersected members should be removed and 
replaced by the forces they exerted on the free 
body. It is shown that, through a judicious 
choice of equilibrium equations, the force in 
any given member can be obtained in most 
cases by solving a single equation. Section 6.8 
is optional; it deals with the trusses obtained 
by combining several simple trusses and 
discusses the statical determinacy of such 
structures as well as the completeness of their 
constraints.  

Structures involving multiforce members are 
separated into frames and machines. Frames 
are designed to support loads, while machines 
are designed to transmit and modify forces. It 
is shown that while some frames remain rigid 
after they have been detached from their 
supports, others will collapse (Sec. 6.11). In 
the latter case, the equations obtained by 
considering the entire frame as a free body 
provide necessary but not sufficient 
conditions for the equilibrium of the frame. It 
is then necessary to dismember the frame and 
to consider the equilibrium of its component 
parts in order to determine the reactions at the 
external supports. The same procedure is 
necessary with most machines in order to 
determine the output force Q from the input 
force P or inversely (Sec. 6.12).  

Students should be urged to resolve a force of 
unknown magnitude and direction into two 
components but to represent a force of known 
direction by a single unknown, namely its 
magnitude. While this rule may sometimes 
result in slightly more complicated arithmetic, 
it has the advantage of matching the numbers 

of equations and unknowns and thus makes it 
possible for students to know at any time 
during the computations what is known and 
what is yet to be determined.  

Chapter 7 
Forces in Beams and Cables 

This chapter consists of five groups of 
sections, all of which are optional. The first 
three groups deal with forces in beams and 
the last two groups with forces in cables. 
Most likely the instructor will not have time 
to cover the entire chapter and will have to 
choose between beams and cables. 

Section 7.2 defines the internal forces in a 
member. While these forces are limited to 
tension or compression in a straight two-force 
member, they include a shearing force and a 
bending couple in the case of multiforce 
members or curved two-force members. 
Problems in this section do not make use of 
sign conventions for shear and bending 
moment and answers should specify which 
part of the member is used as the free body.  

In Secs. 7.3 through 7.5 the usual sign 
conventions are introduced and shear and 
bending-moment diagrams are drawn. All 
problems in these sections should be solved 
by drawing the free-body diagrams of the 
various portions of the beams.  

The relations among load, shear, and bending 
moment are introduced in Sec. 7.6. Problems 
in this section should be solved by evaluating 
areas under load and shear curves or by 
formal integration (as in Probs. 7.87 and 
7.88). Some instructors may feel that the 
special methods used in this section detract 
from the unity achieved in the rest of the text 
through the use of the free-body diagram, and 
they may wish to omit Sec. 7.6. Others will 
feel that the study of shear and bending-
moment diagrams is incomplete without this 
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section, and they will want to include it. The 
latter view is particularly justified when the 
course in statics is immediately followed by a 
course in mechanics of materials.  

Sections 7.7 through 7.9 are devoted to 
cables, first with concentrated loads and then 
with distributed loads. In both cases, the 
analysis is based on free-body diagrams. The 
differential-equation approach is considered in 
the last problems of this group (Probs. 7.124 
through 7.126). Section 7.10 is devoted to 
catenaries and requires the use of hyperbolic 
functions. 

Chapter 8 
Friction 

This chapter not only introduces the general 
topic of friction but also provides an 
opportunity for students to consolidate their 
knowledge of the methods of analysis presented 
in Chaps. 2, 3, 4, and 6. It is recommended 
that each course in statics include at least a 
portion of this chapter.  

The first group of sections (Secs. 8.1 through 
8.4) is devoted to the presentation of the laws 
of dry friction and to their application to 
various problems. The different cases which 
can be encountered are illustrated by 
diagrams in Figs. 8.2, 8.3, and 8.4. Particular 
emphasis is placed on the fact that no relation 
exists between the friction force and the normal 
force except when motion is impending or 
when motion is actually taking place. 
Following the general procedure outlined in 
Chap. 2, problems involving only three forces 
are solved by a force triangle, while problems 
involving more than three forces are solved 
by summing x and y components. In the first 
case the reaction of the surface of contact 
should be represented by the resultant R of 
the friction force and normal force, while in 
the second case it should be resolved into its 
components F and N.  

Special applications of friction are considered 
in Secs. 8.5 through 8.10. They are divided 
into the following groups: wedges and screws 
(Secs. 8.5 and 8.6); axle and disk friction, 
rolling resistance (Secs. 8.7 through 8.9); belt 
friction (Sec. 8.10). The sections on axle and 
disk friction and on rolling resistance are not 
essential to the understanding of the rest of 
the text and thus may be omitted.  

Chapter 9 
Distributed Forces Moments of Inertia 

The purpose of Sec. 9.2 is to give motivation 
to the study of moments of inertia of areas. 
Two examples are considered: one deals with 
the pure bending of a beam and the other with 
the hydrostatic forces exerted on a submerged 
circular gate. It is shown in each case that  
the solution of the problem reduces to the 
computation of the moment of inertia of  
an area. The other sections in the first 
assignment are devoted to the definition and 
the computation of rectangular moments of 
inertia, polar moments of inertia, and the 
corresponding radii of gyration. It is shown 
how the same differential element can be used 
to determine the moment of inertia of an area 
about each of the two coordinate axes.  

Sections 9.6 and 9.7 introduce the parallel-
axis theorem and its application to the 
determination of moments of inertia of 
composite areas. Particular emphasis is placed 
on the proper use of the parallel-axis theorem 
(see Sample Prob. 9.5). Sections 9.8 through 
9.10 are optional; they are devoted to 
products of inertia and to the determination of 
principal axes of inertia.  

Sections 9.11 through 9.18 deal with the 
moments of inertia of masses. Particular 
emphasis is placed on the moments of inertia 
of thin plates (Sec. 9.13) and on the use  
of these plates as differential elements in  
the computation of moments of inertia  
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of symmetrical three-dimensional bodies  
(Sec. 9.14). Sections 9.16 through 9.18  
are optional but should be used whenever the 
following dynamics course includes the 
motion of rigid bodies in three dimensions. 
Sections 9.16 and 9.17 introduce the moment 
of inertia of a body with respect to an 
arbitrary axis as well as the concepts of mass 
products of inertia and principal axes of 
inertia. Section 9.18 discusses the determination 
of the principal axes and principal moments 
of inertia of a body of arbitrary shape.  

When solving many of the problems of Chap. 5, 
information on the specific weight of a mate-
rial was generally required. This information 
was readily available in problems stated in 
U.S. customary units, while it had to be 
obtained from the density of the material in 
problems stated in SI units (see the last 
paragraph of our discussion of Chap. 5). In 
Chap. 9, when SI units are used, the mass and 
mass moment of inertia of a given body are 
respectively obtained in kg and kg · m2

 

directly from the dimensions of the body in 
meters and from its density in kg/ m3. However, 
if U.S. customary units are used, the density 
of the body must first be calculated from its 
specific weight or, alternatively, the weight of 
the body can be obtained from its dimensions 
and specific weight and then converted into 
the corresponding mass expressed in lb · s2/ft 
(or slugs). The mass moment of inertia of the 
body is then obtained in lb · ft · s2

 (or slug · ft2). 
Sample Problem 9.12 provides an example of 
such a computation. Attention is also called to 
the footnote on page of the 513 regarding the 

conversion of mass moments of inertia from 
U.S. customary units to SI units.  

Chapter 10 
Method of Virtual Work 

While this chapter is optional, the instructor 
should give serious consideration to its inclu-
sion in the basic statics course. Indeed, students 
who learn the method of virtual work in their 
first course in mechanics will remember it as 
a fundamental and natural principle. They 
may, on the other hand, consider it as an 
artificial device if its presentation is postponed 
to a more advanced course.   

The first group of sections (Secs. 10.2 through 
10.5) is devoted to the derivation of the prin-
ciple of virtual work and to its direct application 
to the solution of equilibrium problems. The 
second group of sections (Secs. 10.6 through 
10.9) introduces the concept of potential energy 
and shows that equilibrium requires that the 
derivative of the potential energy be zero. 
Section 10.5 defines the mechanical efficiency 
of a machine and Sec. 10.9 discusses the 
stability of equilibrium.  

The first groups of problems in each assign-
ment utilize the principle of virtual work as an 
alternative method for the computation of 
unknown forces. Subsequent problems call for 
the determination of positions of equilibrium, 
while other problems combine the conventional 
methods of statics with the method of virtual 
work to determine displacements (Probs. 10.55 
through 10.58).  
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TABLE I:  LIST OF THE TOPICS COVERED IN VECTOR MECHANICS FOR ENGINEERS: STATICS 

  
                           Suggested Number of Periods 

 
     Additional Abridged Course to be 
 Sections Topics Basic Course Topics used as an introduction 
      to dynamics+ 
 

1. INTRODUCTION 
 1.1–6 This material may be used for the first assignment 
     or for later reference 
 

2. STATICS OF PARTICLES 
 2.1–6 Addition and Resolution of Forces 0.5–1  0.5–1 
 2.7–8 Rectangular Components 0.5–1  0.5–1 
 2.9–11 Equilibrium of a Particle 1  1 
 2.12–14 Forces in Space 1  1 
 2.15 Equilibrium in Space 1  1 
 

3. RIGID BODIES:  EQUIVALENT SYSTEMS OF FORCES 
 3.1–8 Vector Product; Moment of a Force about a Point 1–2  1–2 
 3.9–11 Scalar Product; Moment of a Force about an Axis 1–2  1–2 
 3.12–16 Couples 1  1 
 3.17–20 Equivalent Systems of Forces 1–1.5  1–1.5 
* 3.21 Reduction of a Wrench  0.5–1  
 

4. EQUILIBRIUM OF RIGID BODIES 
 4.1–4 Equilibrium in Two Dimensions 1.5–2  1.5–2 
 4.5  Indeterminate Reactions; Partial Constraints 0.5–1   
 4.6–7 Two- and Three-Force Bodies 1   
 4.8–9 Equilibrium in Three Dimensions 2  2 
 

5. CENTROIDS AND CENTERS OF GRAVITY 
 5.1–5 Centroids and First Moments of Areas and Lines 1–2   
 5.6–7 Centroids by Integration 1–2   
* 5.8–9 Beams and Submerged Surfaces  1–1.5  
 5.10–12 Centroids of Volumes 1–2   
 

6. ANALYSIS OF STRUCTURES 
 6.1–4 Trusses by Method of Joints 1–1.5   
* 6.5  Joints under Special Loading Conditions  0.25–0.5  
* 6.6  Space Trusses  0.5–1  
 6.7  Trusses by Method of Sections 1–2   
* 6.8  Combined Trusses  0.25–0.5  
 6.9–11 Frames 2–3  1–2 
 6.12 Machines 1–2  0.5–1.5 
 

7. FORCES IN BEAMS AND CABLES 
* 7.1–2 Internal Forces in Members  1  
* 7.3–5 Shear and Moment Diagrams by FB Diagram  1–2  
* 7.6  Shear and Moment Diagrams by Integration  1–2  
* 7.7–9 Cables with Concentrated Loads; Parabolic Cable  1–2  
* 7.10 Catenary   1  
 

8. FRICTION 
 8.1–4 Laws of Friction and Applications 1–2  1–2 
 8.5–6 Wedges and Screws 1   
* 8.7–9 Axle and Disk Friction; Rolling Resistance  1–2  
 8.10 Belt Friction 1   
 

9. MOMENTS OF INERTIA 
 9.1–5 Moments of Inertial of Areas 1   
 9.6–7 Composite Areas 1–2   
* 9.8–9 Products of Inertia; Principal Axes  1–2  
* 9.10 Mohr’s Circle  1  
 9.11–15 Moments of Inertia of Masses#  1–2  
* 9.16–18 Mass Products of Inertia; Principal Axes and Principal  1–2  
     Moments of Inertia 
 

10. METHOD OF VIRTUAL WORK 
 10.1–4 Principle of Virtual Work  1–2  
 10.5 Mechanical Efficiency  0.5–1  
 10.6–9 Potential Energy; Stability  1–1.5  
 

   Total Number of Periods 26–39 15–26 14–21 
 
+ A sample assignment schedule for a course in dynamics including this minimum amount of introductory material in statics is given Table V. It is 

recommended that a more complete statics course, such as the one outlined in Tables III and IV of this manual, be used in curricula which include 
the study of mechanics of materials. 

 
# Mass moments of inertia have not been included in the basic statics course since this material is often taught in dynamics. 
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           Problem Number* 
SI Units U.S. Units                        Problem Description 
 

* Problems which do not involve any specific system of units have been indicated by underlining their number. 
 Answers are not given to problems with a number set in italic type. 
 
  xv 

CHAPTER 2:  STATICS OF PARTICLES 
 

FORCES IN A PLANE 
 
  Resultant of concurrent forces 
2.1, 4 2.2, 3  graphical method 
2.7, 8 2.5, 6  law of sines 
2.9, 10 2.11, 12 
2.13 2.14  special problems 
2.17, 18 2.15, 16  laws of cosines and sines 
2.19, 20 
 
 
  Rectangular components of force 
2.21, 24 2.22, 23  simple problems 
2.26, 27 2.25, 30  more advanced problems 
2.28, 29 
2.32, 34 2.31, 33 Resultant by ΣFx = 0, ΣFy = 0 
2.35, 36 2.37, 38 
2.39, 40 2.41, 42 Select force so that resultant has a given direction 
 
 
  Equilibrium.  Free-Body Diagram 
2.43, 44 2.47, 48  equilibrium of 3 forces 
2.45, 46 
2.51, 52 2.49, 50  equilibrium of 4 forces 
2.55, 56 2.53, 54 
2.57, 60 2.58, 59  find parameter to satisfy specified conditions 
2.61, 62 2.63, 64 
2.65, 66 2.67, 68  special problems 
2.69, 70 
 

 
FORCES IN SPACE 

 
  Rectangular components of a force in space 
2.71, 72 2.75, 76  given F, θ, and φ, find components and direction angles 
2.73, 74 2.77, 78 
2.79, 80 2.81, 82  relations between components and direction angles 
2.83, 84 
2.87, 88 2.85, 86  direction of force defined by two points on its line of action 
2.89, 90 
2.91, 92 2.93, 94  resultant of two or three forces 
2.95, 96 2.97, 98 
 
 
  Equilibrium of a particle in space 
2.99, 100 2.103, 104  load applied to three cables, introductory problems 
2.101, 102 
2.107, 108 2.105, 106  intermediate problems 
2.111, 112 2.109, 110 
2.115, 116 2.113, 114  advanced problems 
2.117, 118 2.119, 120 
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SI Units U.S. Units                        Problem Description 
 

* Problems which do not involve any specific system of units have been indicated by underlining their number. 
 Answers are not given to problems with a number set in italic type. 
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2.121, 122   problems involving cable through ring 
2.123, 124  
 2.125, 126  special problems 
 
 
2.131, 132 2.127, 128 Review problems 
2.135, 136 2.129, 130 
2.137, 138 2.133, 134 
 
 
2.C1, C3 2.C2 Computer problems 
2.C4 2.C5 
 
 

CHAPTER 3:  RIGID BODIES; EQUIVALENT SYSTEMS OF FORCES 
 
  Moment of a force about a point: Two dimensions 
3.1, 2 3.5, 6  introductory problems 
3.3, 4 3.7, 8 
3.9, 10 3.12, 13  direction of a force defined by two points on its line of action 
3.11, 14 
3.15   derivation of a formula 
3.16, 17 3.18  applications of the vector product 
  Moment of a force about a point: Three dimensions 
3.19 3.20  computing M = r × F, introductory problems 
3.21, 22 3.24, 26  computing M = r × F, more involved problems 
3.23, 25 
3.27, 28 3.29, 30  using M to find the perpendicular distance from a point to a line 
3.31, 32 3.33, 34 
 
 
3.35 3.36 Scalar Product 
3.37, 38 3.39, 40 Finding the angle between two lines 
3.41, 42 3.43, 44 
3.45 3.46 Mixed triple product 
3.47, 48 3.51, 52 Moment of a force about the coordinate axes 
3.49, 50 3.53, 54 
3.55, 56 3.59, 60 Moment of a force about an oblique axis 
3.57, 58 3.61, 62 
 3.63 
*3.64, *65 *3.68, *69 Finding the perpendicular distance between two lines 
*3.66, *67 
 
 
3.70, 72 3.71, 73 Couples in two dimensions 
 3.74 
3.76 3.75, 77 Couples in three dimensions 
3.79, 80 3.78 
3.83, 84 3.81, 82 Replacing a force by an equivalent force-couple system:  two dimensions 
3.85, 86 
3.87, 88 3.89, 90 Replacing a force-couple system by an equivalent force or forces 
3.91, 92 
3.93, 94 3.95, 96 Replacing a force by an equivalent force-couple system:  three dimensions 
3.97, 98 3.99, 100 
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           Problem Number* 
SI Units U.S. Units                        Problem Description 
 

* Problems which do not involve any specific system of units have been indicated by underlining their number. 
 Answers are not given to problems with a number set in italic type. 
 
  xvii 

3.101, 102 3.104 Equivalent force-couple systems 
3.103 
3.107 3.105, 106 Finding the resultant of parallel forces:  two dimensions 
3.111, 112 3.108, 109 Finding the resultant and its line of action:  two dimensions 
3.115, 116 3.110, 113 
3.118 3.114, 117 
3.119, 120 3.121, 122 Reducing a three-dimensional system of forces to a single force-couple system 
3.124, 125 3.123, 126 
3.127, 128 3.129, 130 Finding the resultant of parallel forces:  three dimensions 
*3.131, *132 
  Reducing three-dimensional systems of forces or forces and couples to a wrench 
*3.133, *135 *3.134, *136  axis of wrench is parallel to a coordinate axis or passes through O 
*3.137   force-couple system parallel to the coordinate axes 
*3.139, 140 *3.138  general, three-dimensional case 
*3.141 *3.142  special cases where the wrench reduces to a single force 
*3.143, *144 *3.145, *146  special, more advanced problems 
 
 
3.147, 148 3.149, 151 Review problems 
3.150, 154 3.152, 153 
3.155, 157 3.156, 158 
 
 
3.C1, C4 3.C2, C3 Computer problems 
3.C5 3.C6 
 
 

CHAPTER 4:  EQUILIBRIUM OF RIGID BODIES 
 

EQUILIBRIUM IN TWO DIMENSIONS 
 
4.2, 3 4.1, 4 Parallel forces 
4.5, 6 4.7, 8  
4.9, 10 4.11, 14 Parallel forces, find range of values of loads to satisfy multiple criteria 
4.12, 13 
4.15, 16 4.17, 18 Rigid bodies with one reaction of unknown direction and one of known direction 
4.19, 20  
4.21, 26 4.22, 23 
4.27, 28 4.24, 25 
4.30, 31 4.29, 33 
4.32, 34  
4.37, 38 4.35, 36 Rigid bodies with three reactions of known direction 
4.41, 42 4.39, 40 
4.43, 46 4.44, 45 Rigid bodies with a couple included in the reactions 
4.49, 50 4.47, 48 
4.51, 53 4.52, 54 Find position of rigid body in equilibrium 
4.55, 56 4.57, 58 
4.59 4.60 Partial constraints, statical indeterminacy 
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  Three-force bodies 
4.61, 62 4.63, 64  simple geometry, solution of a right triangle required 
4.66, 67 4.65, 68  simple geometry, frame includes a two-force member 
4.69, 70 4.71, 74  more involved geometry 
4.72, 73 
4.76, 77 4.75, 81 
4.78, 79 4.82 
4.80  
4.83, 84 4.86, 87  find position of equilibrium 
4.85, 88 4.89, 90 
 
 

EQUILIBRIUM IN THREE DIMENSIONS 
 
4.92, 93 4.91, 94 Rigid bodies with two hinges along a coordinate axis and  
4.95, 96     an additional reaction parallel to another coordinate axis 
4.97, 98 4.99, 100 Rigid bodies supported by three vertical wires or by vertical reactions 
4.101, 102 4.103, 104 
4.106, 107 4.105, 108 Derrick and boom problems involving unknown tension in two cables 
4.109, 110 4.111, 112 
4.113, 114 4.117, 118 Rigid bodies with two hinges along a coordinate axis and an additional  
4.115, 116     reaction not parallel to a coordinate axis 
4.119, 122 4.120, 121 Problems involving couples as part of the reaction at a hinge 
4.125, 126 4.123, 124 Advanced problems 
4.129, 130 4.127, 128  
4.131, 132 
4.135, 136 4.133, 134 Problems involving taking moments about an oblique line passing  
4.140, 141 4.137, 138    through two supports 
 4.139 
 
 

4.142, 143 4.144, 146 Review problems 
4.145, 149 4.147, 148 
4.150, 151 4.152, 153 
 
 
4.C2, C5 4.C1, C3 Computer problems 
4.C6 4.C4 
 
 

CHAPTER 5:  DISTRIBUTED FORCES:  CENTROIDS AND CENTERS OF GRAVITY 
 

  Centroid of an area formed by combining 
5.1, 2 5.3, 4  rectangles and triangles 
5.6, 9 5.5, 7  rectangles, triangles, and portions of circular areas 
 5.8 
5.10, 12 5.11, 14  triangles, portions of circular or elliptical areas, and areas of analytical  
5.13, 15     functions 
5.16 5.17 Derive expression for location of centroid 
5.19 5.18 Find ratio of dimensions so that centroid is at a given point 
5.20, 23 5.21, 22 First moment of an area 
5.24, 25 5.26, 27 Center of gravity of a wire figure 
5.29, 30 5.28, 31 Equilibrium of wire figures 
 5.32, 33 Find dimension to maximize distance to centroid 
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  Use integration to find centroid of 
5.35, 36 5.34  simple areas 
5.38, 39 5.37  areas obtained by combining shapes of Fig. 5.8A 
5.40 5.41 
5.42   parabolic area 
 5.43, 44  areas defined by different functions over the interval of interest 
5.45, 46 *5.47  homogeneous wires 
*5.48, *49   areas defined by exponential or cosine functions 
 5.50, 51  areas defined by a hyperbola 
  Find areas or volumes by Pappus - Guldinus 
5.52, 53 5.54, 55  rotate simple geometric figures 
5.56, 57  
5.59, 61 5.58, 60  practical applications 
5.62, *65 5.63, 64 
 
 
  Distributed load on beams 
5.67 5.66  resultant of loading 
5.68, 71 5.69, 70  reactions at supports 
5.73 5.72 
5.74, 75 5.76, 77  special problems 
5.78, 79 
  Forces on submerged surfaces 
5.80, 82 5.81, 84  reactions on dams or vertical gates 
5.83, 86 5.85 
5.87 
5.88, 89 5.90, 91  reactions on non-vertical gates 
5.93, 94 5.92 
 5.95  special applications 
 
 
  Centroids and centers of gravity of three-dimensional bodies 
5.96, 99 5.97, 98  composite bodies formed from two common shapes 
5.100, 101 5.103, 104  composite bodies formed from three or more elements 
5.102, 105 
5.106, 107 5.108, 109  composite bodies formed from a material of uniform thickness 
5.110, 112 5.111, 113 
5.114, 115 5.116, 117  composite bodies formed from a wire or structural shape of uniform cross  
     section 
5.118, 121 5.119, 120  composite bodies made of two different materials 
   use integration to locate the centroid of 
5.123, 124 5.122   standard shapes:  single integration 
5.126, 127 5.125   bodies of revolution:  single integration 
*5.128, *129 
5.132 *5.130, 131   special applications:  single integration 
 5.133, 134   special applications:  double integration 
5.135, *136    bodies formed by cutting a standard shape with an oblique   
     plane:  single integration 
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5.137, 139 5.138, 140 Review problems 
5.143, 144 5.141, 142 
5.147, 148 5.145, 146 
 
 
5.C2, C3 5.C1, C4 Computer problems 
5.C5, C6 *5.C7 
 

 
CHAPTER 6:  ANALYSIS OF STRUCTURES 

 
TRUSSES 

 
  Method of joints 
6.1, 3 6.2, 4  simple problems 
6.6, 7 6.5, 8   
6.9, 10 6.11, 12  problems of average difficulty 
6.13, 14 6.15, 16 
6.19, 20 6.17, 18  more advanced problems 
6.23, 24 6.21, 22 
6.25, 26 6.27 
6.28 
6.29 6.30  designate simple trusses 
6.31, 32   find zero-force members 
6.33, 34 
*6.36, *37 *6.35, *38  space trusses 
*6.39, *40 *6.41, *42 
 
 
  Method of sections 
6.45, 46 6.43, 44  two of the members cut are parallel 
6.47, 48 
6.49, 50 6.51, 52  none of the members cut are parallel 
6.53, 54 6.57, 58 
6.55, 56 6.59, 60 
6.61, 62 6.63, 64  K-type trusses 
6.65, 66 6.67, 68  trusses with counters 
6.70, 71 6.69, 72 Classify trusses according to constraints 
6.73, 74 
 
 

FRAMES AND MACHINES 
 
  Analysis of Frames 
6.75, 76 6.77, 78  easy problems 
6.81, 82 6.79, 80 
6.83, 84 6.87, 88  problems where internal forces are changed by repositioning a couple or by 
6.85, 86 6.89     moving a force along its line of action 
6.90   replacement of pulleys by equivalent loadings 
6.91, 92 6.93, 94  analysis of frames supporting pulleys or pipes 
 6.95, 96  analysis of highway vehicles 
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6.97, 98 6.99, 100  analysis of frames consisting of multiforce members 
6.101, 102 6.103, 104 
6.105, 106 
6.107, 108 6.109, 110  problems involving the solution of simultaneous equations 
6.111, 112 6.115, 116 
6.113, 114  
6.119, 120 6.117, 118  unusual floor systems 
 6.121  
 
 
  Analysis of Machines 
6.124, 125 6.122, 123  toggle-type machines 
6.126, 127 
6.128 
6.129, 130 6.131, 132  machines involving cranks 
6.133, 134 
6.137, 138 6.135, 136  machines involving a crank with a collar 
6.139, 140   robotic machines 
6.143, 144 6.141, 142  tongs 
6.146, 148 6.145, 147  pliers, boltcutters, pruning shears 
 6.149, 150  find force to maintain position of toggle 
6.151, 154   garden shears, force in hydraulic cylinder 
6.152, 153 6.155, 156  large mechanical equipment 
 6.157, 158 
6.159, 160 *6.161, *162  gears and universal joints 
*6.163   special tongs 
 
 
6.165, 166 6.164, 168 Review problems 
6.167, 170 6.169, 171 
6.172, 174 6.173, 175 
 
 
6.C2, C4 6.C1, C3 Computer problems 
6.C6 6.C5 
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CHAPTER 7:  FORCES IN BEAMS AND CABLES 
 

  Internal forces in members 
7.3, 4 7.1, 2  simple frames 
7.5, 6 
7.7, 8 7.9, 10  curved members 
7.13, 14 7.11, 12 
7.15, 16 7.19, 20  frames with pulleys or pipes 
7.17, 18 
 7.21, 22  effect of supports 
7.23, 25 7.24, 28  bending moment in circular rods due to their own weight 
7.26, 27 
 
 

BEAMS 
 
  Shear and bending-moment diagrams using portions of beam as free bodies 
7.29, 30 7.31, 32  problems involving no numerical values 
 7.33, 34 
7.35, 36 7.37, 38  beams with concentrated loads 
7.39, 40 7.41, 42  beams with mixed loads 
7.43, 44 7.45, 46  beams resting on the ground 
7.47, 48 
7.49, 50 7.52, 53  beams subjected to forces and couples 
7.51, 54 
7.55, 56 7.58, 59  find value of parameter to minimize absolute value of bending moment 
7.57, *62 7.60, 61 
 
 
  Shear and bending-moment diagrams using relations among ω, V, and M 
7.63, 64 7.65, 66  problems involving no numerical values 
7.67, 68 
7.69, 70 7.73, 74  problems involving numerical values 
7.71, 72 7.75, 76 
7.77, 78 7.79, 80  find magnitude and location of maximum bending moment 
7.83, 84 7.81, 82 
7.87, 88 7.85, 86 Determine V and M by integrating ω twice 
7.89, 90 *7.91, *92 Find values of loads for which M

max
 is as small as possible 

 
 

CABLES 
 
  Cables with concentrated loads 
7.93, 94 7.95, 96  vertical loads 
7.97, 98 7.99, 100 
7.103, 104 7.101, 102  horizontal and vertical loads 
7.105, 106 
  Parabolic cables 
7.107, 108 7.109, 110  supports at the same elevation 
7.111, 112 7.113, 114 
7.117, 118 7.115, 116  supports at different elevations 
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*7.119  Derive analogy between a beam and a cable 
7.120, 121 7.122, 123  use analogy to solve previous problems 
*7.124  *7.125, *126 Derive or use  d 2y/dx2 = w(x) T0 
 
  Catenary 
7.127, 129 7.128, 130  given length of cable and sag or Tm, find span of cable 
7.131, 132 
7.133, 135 7.134, 136  given span and length of cable, find sag and/or weight 
7.139, 140 7.137, 138  given span, Tm, and w, find sag 
7.143, 144 7.141, 142  given T0, w, and sag or slope, find span or sag 
7.145, 146 *7.147, *148 
*7.151, *152 7.149, *150  special problems 
*7.153 
 
 
7.154, 155 7.156, 157 Review problems 
7.159, 161 7.158, 160 
7.164, 165 7.162, 163 
 
 
7.C2, C4 7.C1, C3 Computer problems 
7.C5, C6 
 
 

CHAPTER 8:  FRICTION 
 
8.3, 4 8.1, 2 For given loading, determine whether block is in equilibrium and find friction force 
8.5, 6 8.8, 10 Find minimum force required to start, maintain, or prevent motion 
8.7, 9  
8.11, 12  Analyze motion of several blocks 
8.13, 14 
 8.15, 16 Sliding and/or tipping of a rigid body 
8.19, 20 8.17, 18 Problems involving wheels and cylinders 
8.21, 22 8.23, 24 Problems involving rods 
8.26, 28 8.25, 27 Analysis of mechanisms with friction 
8.29, 32 8.30, 31 
8.33 
8.36, 37 8.34, 35 Analysis of more advanced rod and beam problems 
8.38 8.39, 40 
8.42, 43 8.41, 45 Analysis of systems with possibility of slippage for various loadings 
8.44 
 
 
8.48, 49 8.46, 47 Wedges, introductory problems 
8.50, 51 8.52 
8.53, 54 
8.55 
8.57, 60 8.56, 58 Wedges, more advanced problems 
8.61 8.59, 62 
*8.64, *65 8.63 
8.66 8.67, 68 Square-threaded screws 
8.69, 70 8.72, 73 
8.71, 74 
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8.76, 77 8.75, 81 Axle friction 
9.78, 79 8.82, 84 
8.80, 83 8.85, 86 
8.88, 89 8.87 
8.91, *92 8.90, 95 Disk friction 
*8.93, *94 
8.96, 99 8.97, 98 Rolling resistance 
8.100 
 
 
  Belt friction 
8.102, 103 8.101, 104  belt passing over fixed drum 
8.105, 106 
8.107, 108 8.110, 111  transmission belts and band brakes 
8.109, 112 8.113, 114 
 8.115 
8.116, 117 8.118, 119  advanced problems 
8.122, 123 8.120, 121 
8.126, 127 8.124, 125 
8.130, 131 8.128, 129  derivations, V belts 
 
 
8.132, 134 8.133, 136 Review problems 
8.135, 139 8.137, 138 
8.142, 143 8.140, 141 
 
 
8.C1, C3 8.C2, C5 Computer problems 
8.C4, C6 8.C7 
8.C8 
 
 

CHAPTER 9:  DISTRIBUTED FORCES:  MOMENTS OF INERTIA 
 

MOMENTS OF INERTIA OF AREAS 
 
  Find by direct integration 
9.1, 3 9.2, 4  moments of inertia of an area 
9.6, 7 9.5, 8 
9.9, 10 9.11, 12 
9.13, 14 
9.15, 17 9.16, 18  moments of inertia and radii of gyration of an area 
9.19, 9.20 
9.21, 23 9.22, 25  polar moments of inertia and polar radii of gyration of an area 
9.24, 28 9.26, 27 
*9.29 *9.30 Special problems 
 
  Parallel-axis theorem applied to composite areas to find 
9.31, 33 9.32, 34  moment of inertia and radius of gyration 
9.35, 36 
9.37, 38 9.39, 40  centroidal moment of inertia, given I or J 
9.41, 42 9.43, 44  centroidal moments of inertia 
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  xxv 

9.45, 46 9.47, 48  centroidal polar moment of inertia 
   centroidal moments of inertia of composite areas consisting of rolled-steel 
     shapes: 
9.49, 51 9.50, 52   symmetrical composite areas 
9.53, 55 9.54, 56   singly-symmetrical composite areas (first locate centroid of area) 
  Center of pressure 
9.57, 58 9.59, *9.60  for end panel of a trough 
9.61, 9.62   for a submerged vertical gate or cover 
*9.64 *9.63  used to locate centroid of a volume 
*9.65 *9.66  special problems 
 
 
  Products of inertia of areas found by 
9.67, 68 9.69, 70  direct integration 
9.71, 72 9.73, 74  parallel-axis theorem 
9.75, 78 9.76, 77 
  Using the equations defining the moments and products of inertia with respect to  
     rotated axes to find 
9.79, 80 9.81, 83  Ix', Iy', Ix'y' for a given angle of rotation 
9.82, 84 
9.85, 86 9.87, 89  principal axes and principal moments of inertia 
9.88, 90 
 
 
  Using Mohr's circle to find 
9.91, 92 9.93, 95  Ix', Iy', Ix'y' for a given angle of rotation 
9.94, 96 
9.97, 98 9.99, 100  principal axes and principal moments of inertia 
 9.101, 102 
9.104, 105 9.103, *106 
9.107, 108 9.109, 110 Special problems 
 
 

MOMENTS OF INERTIA OF MASSES 
 
  Mass moment of inertia 
9.111, 114 9.112, 113  of thin plates:  two-dimensions 
9.115, 116 9.117, 118 
9.119, 122 9.120, 121  of simple geometric shapes by direct single integration 
9.123, 126 *9.124, *125 
9.127 9.128  and radius of gyration of composite bodies 
9.129, 130 9.132, 133  special problems using the parallel-axis theorem 
9.131, 134 
9.135, 136 9.137, 138  of bodies formed of sheet metal or of thin plates:  three-dimensions 
9.139, *140 
9.141, 144 9.142, 143  of machine elements and of bodies formed of homogeneous wire 
9.145, 148 9.146, 147 
  Mass products of inertia 
9.149, 150 9.151, 152  of machine elements 
9.153, 154   of bodies formed of sheet metal or of thin plates 
9.155, 156 
9.157, 159 9.158, 160  of bodies formed of homogeneous wire 
9.162 9.161 Derivation and special problem 
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  xxvi 

9.165, 166 9.163, 164 Mass moment of inertia of a body with respect to a skew axis 
9.169, 170 9.167, 168 
 9.171, 172 
9.173, 174 9.175, 176 Ellipsoid of inertia and special problems 
9.177, 178 
*9.179, *180 *9.182, *183 Principal mass moments of inertia and principal axes of inertia 
*9.181, *184 
 
 
9.185, 186 9.187, 188 Review problems 
9.189, 190 9.191, 192 
9.195, 196 9.193, 194 
 
 
9.C3, C5 9.C1, C2 Computer problems 
*9.C7, *C8 9.C4, C6 
 

 
CHAPTER 10:  METHOD OF VIRTUAL WORK 

 
  For linkages and simple machines, find  
10.1, 3 10.2, 4  force or couple required for equilibrium (linear relations among displacements) 
10.7, 8 10.5, 6 
10.11, 12 10.9, 10  force required for equilibrium (trigonometric relations among displacements) 
10.13, 14 
10.15, 18 10.16, 17  couple required for equilibrium (trigonometric relations among displacements) 
10.19, 20 10.21, 22  force or couple required for equilibrium 
  Find position of equilibrium 
10.24, 25 10.23, 27  for numerical values of loads 
10.26, 28 
10.29, 32 10.30, 31  linear springs included in mechanism 
10.33, 34 10.36, 37 
10.35, 38 
10.39, 40   torsional spring included in mechanism 
10.43, 44 10.41, 42 Problems requiring the use of the law of cosines 
 10.45, 46 
10.49, 50 10.47, 48 Problems involving the effect of friction 
10.51, 52 
  Use method of virtual work to find: 
10.53, 54   reactions of a beam 
10.55 10.56  internal forces in a mechanism 
 10.57, 58  movement of a truss joint 
 
 
  Potential energy method used to 
10.61, 63 10.59, 60  solve problems from Sec. 10.4 
10.65, 66 10.62, 64 
10.67 10.68  establish that equilibrium is neutral 
   find position of equilibrium and determine its stability for a system involving: 
10.71, 72 10.69, 70    gears and drums 
10.73, 74     torsional springs 
10.77, 79 10.75, 76    linear springs 
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  xxvii 

10.80, 82 10.78, 81 
10.87, 88 10.85, 86 
10.83, 84     two applied forces 
   determine stability of a known position of equilibrium for a system with 
10.92, 93 10.89, 90    one degree of freedom 
10.94, 96 10.91, 95 
*10.97, *98 *10.99, *100    two degrees of freedom  
 
 
10.104, 105 10.101, 102 Review problems 
10.106, 110 10.103, 107 
10.111, 112 10.108, 109 
 
 
10.C2, C3 10.C1, C4 Computer problems 
10.C5, C6  
10.C7  
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PROBLEM 6.1 

Using the method of joints, determine the force in each member of the truss 
shown. State whether each member is in tension or compression. 

 

SOLUTION 

 
2 2

2 2

3 1.25 3.25 m

3 4 5 m

AB

BC

= + =

= + =
 

Reactions: 

 0: (84 kN)(3 m) (5.25 m) 0AM CΣ = − =  

 48 kN=C  

 0: 0x xF A CΣ = − =  

 48 kNx =A   

 0: 84 kN 0y yF AΣ = = =  

 84 kNy =A   

Joint A: 

 
120: 48 kN 0
13x ABF FΣ = − =  

 52 kNABF = +  52 kNABF T=   

  
50: 84 kN (52 kN) 0

13y ACF FΣ = − − =  

 64.0 kNACF = +  64.0 kNACF T=   

Joint C: 

 

 48 kN
5 3
BCF

=  80.0 kNBCF C=   
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PROBLEM 6.2 

Using the method of joints, determine the force in each member of the truss 
shown. State whether each member is in tension or compression. 

 

SOLUTION 

Free body: Entire truss 

 0: 0x xF BΣ = =  

 0: (15.75 ft) (945 lb)(12 ft) 0BM CΣ = − =  

 720 lb=C  

  0: 720 lb 945 lb 0y yF BΣ = + − =  

 225 lby =B  

Free body: Joint B: 

 225 lb
5 4 3

BCAB FF = =  375 lbABF C=   

  300 lbBCF T=   

 
Free body: Joint C: 

 720 lb
9.75 3.75 9

AC BCF F
= =  780 lbACF C=   

 300 lb     (Checks)BCF T=  
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PROBLEM 6.3 

Using the method of joints, determine the force in each member of the truss 
shown. State whether each member is in tension or compression. 

 

SOLUTION 

Free body: Entire truss 

 0: 0 0x x xF CΣ = = =C  

 0: (1.92 kN)(3 m) (4.5 m) 0B yM CΣ = + =  

 1.28 kN 1.28 kNy yC = − =C  

  0: 1.92 kN 1.28 kN 0yF BΣ = − − =  

 3.20 kN=B  

Free body: Joint B: 

 3.20 kN
5 3 4

BCAB FF = =  

  4.00 kNABF C=   

  2.40 kNBCF C=   

 

Free body: Joint C: 

 7.50: 2.40 kN 0
8.5x ACF FΣ = − + =  

 2.72 kNACF = +  2.72 kNACF T=   

  
4 (2.72 kN) 1.28 kN 0 (Checks)

8.5yFΣ = − =  
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PROBLEM 6.4 

Using the method of joints, determine the force in each 
member of the truss shown. State whether each member is 
in tension or compression. 

 

SOLUTION 

Reactions: 

 

 0: (24) (4 2.4)(12) (1)(24) 0D yM FΣ = − + − =  
 4.2 kipsy =F  

 0: 0x xFΣ = =F  

  0: (1 4 1 2.4) 4.2 0yF DΣ = − + + + + =  

 4.2 kips=D  

Joint A: 

 0: 0x ABF FΣ = =  0ABF =   

  0 : 1 0y ADF FΣ = − − =  

 1 kipADF = −  1.000 kipADF C=   

Joint D:  80: 1 4.2 0
17y BDF FΣ = − + + =  

 6.8 kipsBDF = −  6.80 kipsBDF C=   

 150: ( 6.8) 0
17x DEF FΣ = − + =  

 6 kipsDEF = +  6.00 kipsDEF T=   
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PROBLEM 6.4  (Continued) 

 

Joint E: 

 

  0 : 2.4 0y BEF FΣ = − =  

 2.4 kipsBEF = +  2.40 kipsBEF T=   

Truss and loading symmetrical about cL  
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PROBLEM 6.5 

Using the method of joints, determine the force in each 
member of the truss shown. State whether each member is in 
tension or compression. 

 

SOLUTION 

Free body: Truss 

 0: 0x xFΣ = =A  

 0: (22.5) (10.8 kips)(22.5) (10.8 kips)(57.5) 0AM DΣ = − − =  
 38.4 kips=D  

 0: 16.8 kipsy yFΣ = =A  

Free body: Joint A: 

 16.8 kips
22.5 25.5 12

AB ADF F= =  31.5 kipsABF T=   

  35.7 kipsADF C=   

Free body: Joint B: 

 
 0:xFΣ =  31.5 kipsBCF T=   

 0:yFΣ =  10.80 kipsBDF C=   

Free body: Joint C: 

 10.8 kips
37 35 12
CD BCF F

= =  33.3 kipsCDF C=   

 31.5 kips (Checks)BCF T=  
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PROBLEM 6.6 

Using the method of joints, determine the force in each member of the 
truss shown. State whether each member is in tension or compression. 

 

SOLUTION 

Free Body: Truss 

 0: (3 m) (900 N)(2.25 m) (900 N)(4.5 m) 0EM FΣ = − − =  

 2025 N=F  

 0: 900 N 900 N 0x xF EΣ = + + =  
 1800 N 1800 Nx xE = − =E  

 0: 2025 N 0y yF EΣ = + =  

 2025 N 2025 Ny yE = − =E  

We note that AB and BD are zero-force members: 0AB BDF F= =   

Free body: Joint A: 

 900 N
2.25 3.75 3

AC ADF F= =  675 NACF T=   

  1125 NADF C=   

 
Free body: Joint D: 

 1125 N
3 2.23 3.75
CD DEF F= =  900 NCDF T=   

  675 NDFF C=   

 
Free body: Joint E: 

 0: 1800 N 0x EFF FΣ = − =  1800 NEFF T=   

 0: 2025 N 0y CEF FΣ = − =  2025 NCEF T=   
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PROBLEM 6.6  (Continued) 

 

Free body: Joint F: 

  2.250: 2025 N 675 N 0
3.75y CFF FΣ = + − =  

 2250 NCFF = −  2250 NCFF C=   

 3 ( 2250 N) 1800 N 0   (Checks)
3.75xFΣ = − − − =  
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PROBLEM 6.7 

Using the method of joints, determine the force in each member of the truss 
shown. State whether each member is in tension or compression. 

 

SOLUTION 

Free body: Truss 

  0: 0y yFΣ = =B  

 0: (4.5 m) (8.4 kN)(4.5 m) 0BM DΣ = + =  

 8.4 kND = −  8.4 kN=D   

 0: 8.4 kN 8.4 kN 8.4 kN 0x xF BΣ = − − − =   

 25.2 kN 25.2 kNx xB = + =B  

Free body: Joint A: 

 8.4 kN
5.3 4.5 2.8

ACAB FF = =  15.90 kNABF C=   

  13.50 kNACF T=   

 

Free body: Joint C: 

  4.50: 13.50 kN 0
5.3y CDF FΣ = − =  

 15.90 kNCDF = +  15.90 kNCDF T=   

 2.80: 8.4 kN (15.90 kN) 0
5.3x BCF FΣ = − − − =  

 16.80 kNBCF = −  16.80 kNBCF C=   
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PROBLEM 6.7  (Continued) 

 

Free body: Joint D: 

 8.4 kN
4.5 2.8

BDF =  13.50 kNBDF C=   

 

 

We can also write the proportion 

 15.90 kN
4.5 5.3

BDF =  13.50 kN (Checks)BDF C=  
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PROBLEM 6.8 

Using the method of joints, determine the force in each member 
of the truss shown. State whether each member is in tension or 
compression. 

 

SOLUTION 

  

 
2 2

2 2

5 12 13 ft

12 16 20 ft

AD

BCD

= + =

= + =
 

Reactions: 0: 0x xF DΣ = =  

 0: (21 ft) (693 lb)(5 ft) 0E yM DΣ = − =  165 lby =D   

  0: 165 lb 693 lb 0yF EΣ = − + =  528 lb=E   

Joint D:  5 40: 0
13 5x AD DCF F FΣ = + =  (1) 

  12 30: 165 lb 0
13 5y AD DCF F FΣ = + + =  (2) 

 

Solving (1) and (2), simultaneously: 

 260 lbADF = −  260 lbADF C=   

 125 lbDCF = +  125 lbDCF T=   
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PROBLEM 6.8  (Continued) 

 

Joint E: 

  5 40: 0
13 5x BE CEF F FΣ = + =  (3) 

  12 30: 528 lb 0
13 5y BE CEF F FΣ = + + =  (4) 

 

Solving (3) and (4), simultaneously:  

 832 lbBEF = −  832 lbBEF C=   

 400 lbCEF = +  400 lbCEF T=   

Joint C: 

 
Force polygon is a parallelogram (see Fig. 6.11 p. 209) 

  400 lbACF T=   

  125 lbBCF T=   

Joint A: 5 40: (260 lb) (400 lb) 0
13 5x ABF FΣ = + + =  

 420 lbABF = −  420 lbABF C=   

  12 30: (260 lb) (400 lb) 0
13 5

0 0 (Checks)

yFΣ = − =

=
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PROBLEM 6.9 

Determine the force in each member of the Pratt roof 
truss shown. State whether each member is in tension 
or compression. 

 

SOLUTION 

Free body: Truss 

 
 0: 0x xF AΣ = =  

Due to symmetry of truss and load 

 1 total load 21 kN
2yA H= = =  

Free body: Joint A: 

 

 15.3 kN
37 35 12

ACAB FF = =  

 47.175 kN 44.625 kNAB ACF F= =  47.2 kNABF C=   

  44.6 kNACF T=   

Free body: Joint B: 

 
From force polygon: 47.175 kN, 10.5 kNBD BCF F= =  10.50 kNBCF C=   

  47.2 kNBDF C=   
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PROBLEM 6.9  (Continued) 

 

Free body: Joint C:  30: 10.5 0
5y CDF FΣ = − =  17.50 kNCDF T=   

 40: (17.50) 44.625 0
5x CEF FΣ = + − =  

 30.625 kNCEF =  30.6 kNCEF T=   

 
Free body: Joint E: DE  is a zero-force member 0DEF =   

 

Truss and loading symmetrical about cL  
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PROBLEM 6.10 

Determine the force in each member of the fan roof 
truss shown. State whether each member is in tension 
or compression. 

 

SOLUTION 

Free body: Truss 

 0 : 0x xFΣ = =A  

From symmetry of truss and loading: 

 1
2y = =A I     Total load 

 6 kNy = =A I  

Free body: Joint A: 

  

 
5 kN

9.849 9 4
ACAB FF = =  12.31 kNABF C=   

  11.25 kNACF T=   

Free body: Joint B: 

 9 (12.31 kN ) 0
9.849x BD DCF F FΣ = + + =  

 

or 12.31 kNBD BCF F+ = −  (1) 

  4 (12.31 kN ) 2 kN 0
9.849y BD BCF F FΣ = + − − =  

or 7.386 kNBD BCF F− = −  (2) 

Add (1) and (2): 2 19.70 kNBDF = −  9.85 kNBDF C=   

Subtract (2) from (1): 2 4.924 kNBCF = −  2.46 kNBCF C=   
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PROBLEM 6.10  (Continued) 

 

Free body: Joint D: 

 
From force polygon:  2.00 kNCDF C=   

  9.85 kNDEF C=   

Free body: Joint C: 

  4 4 (2.46 kN) 2 kN 0
5 9.849y CEF FΣ = − − =  3.75 kNCEF T=   

 3 90 : (3.75 kN) (2.46 kN) 11.25 kN 0
5 9.849x CGF FΣ = + + − =  

 6.75 kNCGF = +  6.75 kNCGF T=   

From the symmetry of the truss and loading: 

 EF DEF F=  9.85 kNEFF C=   

 EG CEF F=  3.75 kNEGF T=   

 FG CDF F=  2.00 kNFGF C=   

 FH BDF F=  9.85 kNFHF C=   

 GH BCF F=  2.46 kNGHF C=   

 GI ACF F=  11.25 kNGIF T=   

 HI ABF F=  12.31 kNHIF C=   
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PROBLEM 6.11 

Determine the force in each member of the Howe roof 
truss shown. State whether each member is in tension or 
compression. 

 

SOLUTION 

Free body: Truss 

 

 0: 0x xFΣ = =H  

Because of the symmetry of the truss and loading: 

 1 Total load
2yA H= =  

 1200 lby= =A H  

Free body: Joint A: 

 900 lb
5 4 3

ACAB FF = =  1500 lbAB C=F   

 1200 lbAC T=F   

 

Free body: Joint C: 

BC is a zero-force member 

 0BC =F  1200 lbCE T=F   
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PROBLEM 6.11  (Continued) 

 

Free body: Joint B: 

 4 4 40: (1500 lb) 0
5 5 5x BD BCF F FΣ = + + =  

 

or 1500 lbBD BEF F+ = −  (1) 

  3 3 30: (1500 lb) 600 lb 0
5 5 5y BD BEF F FΣ = − + − =  

or 500 lbBD BEF F− = −  (2) 

Add Eqs. (1) and (2): 2 2000 lbBDF = −  1000 lbBDF C=   

Subtract (2) from (1): 2 1000 lbBEF = −  500 lbBEF C=   

Free Body: Joint D: 

 
4 40: (1000 lb) 0
5 5x DFF FΣ = + =  

 1000 lbDFF = −  1000 lbDFF C=   

  3 30: (1000 lb) ( 1000 lb) 600 lb 0
5 5y DEF FΣ = − − − − =  

 600 lbDEF = +  600 lbDEF T=   

Because of the symmetry of the truss and loading, we deduce that 

 =EF BEF F  500 lbEFF C=   

 EG CEF F=  1200 lbEGF T=   

 FG BCF F=  0FGF =   

 FH ABF F=  1500 lbFHF C=   

 GH ACF F=  1200 lbGHF T=   
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PROBLEM 6.12 

Determine the force in each member of the Gambrel roof 
truss shown. State whether each member is in tension or 
compression. 

 

SOLUTION 

Free body: Truss 

 0: 0x xFΣ = =H  

Because of the symmetry of the truss and loading 

 1 Total load
2y= =A H  

 1200 lby= =A H  

Free body: Joint A: 

 900 lb
5 4 3

ACAB FF = =  1500 lbAB C=F   

 1200 lbAC T=F   

 

Free body: Joint C: 

BC is a zero-force member 

 0BC =F  1200 lbCEF T=   

Free body: Joint B: 

 

 24 4 40: (1500 lb) 0
25 5 5x BD BEF F FΣ = + + =  

 
or 24 20 30,000 lbBD BEF F+ = −  (1) 

  7 3 30: (1500) 600 0
25 5 5y BD BEF F FΣ = − + − =  

or 7 15 7,500 lbBD BEF F− = −  (2) 
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PROBLEM 6.12  (Continued) 

 

Multiply (1) by (3), (2) by 4, and add: 

 100 120,000 lbBDF = −  1200 lbBDF C=   

Multiply (1) by 7, (2) by –24, and add: 

 500 30,000 lbBEF = −  60.0 lbBEF C=   

Free body: Joint D: 

 
24 240: (1200 lb) 0
25 25x DFF FΣ = + =  

 1200 lbDFF = −  1200 lbDFF C=   

  7 70: (1200 lb) ( 1200 lb) 600 lb 0
25 25y DEF FΣ = − − − − =  

 72.0 lbDEF =  72.0 lbDEF T=   

Because of the symmetry of the truss and loading, we deduce that 

 =EF BEF F  60.0 lbEFF C=   

 EG CEF F=  1200 lbEGF T=   

 FG BCF F=  0FGF =   

 FH ABF F=  1500 lbFHF C=   

 GH ACF F=  1200 lbGHF T=   

Note: Compare results with those of Problem 6.9. 
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PROBLEM 6.13 

Determine the force in each member of the truss shown. 

 

SOLUTION 

Joint D: 12.5 kN
2.5 6 6.5

= =CD DGF F  30 kNCDF T=   

 32.5 kNDGF C=   

 

Joint G: 0: 0CGF FΣ = =   

 0: 32.5 kNFGF F CΣ = =   

 

Joint C: 12 (2.5 m) 1.6667 m tan 39.81
3 2

BFBF BCFβ −= = = ∠ = = °  

  0: 12.5 kN sin 0y CFF F βΣ = − − =  

 12.5 kN sin 39.81 0CFF− − ° =  

 19.526 kNCFF = −  19.53 kNCFF C=   

 0: 30 kN cos 0x BC CFF F F βΣ = − − =  

 30 kN ( 19.526 kN)cos39.81 0BCF− − − ° =  

 45.0 kNBCF = +  45.0 kNBCF T=   

Joint F: 6 60: (32.5 kN) cos 0
6.5 6.5x EF CFF F F βΣ = − − − =  

 6.532.5 kN (19.526 kN)cos39.81
6EFF ⎛ ⎞= − − °⎜ ⎟

⎝ ⎠
 

 48.75 kNEFF = −  48.8 kNEFF C=   

  2.5 2.50: (32.5 kN) (19.526 kN)sin 39.81 0
6.5 6.5y BF EFF F FΣ = − − − ° =  

 2.5 ( 48.75 kN) 12.5 kN 12.5 kN 0
6.5BFF − − − − =  

 6.25 kNBFF = +  6.25 kNBFF T=   
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PROBLEM 6.13  (Continued) 

 

Joint B: 2.5 mtan ; 51.34
2 m

α γ= = °  

  0: 12.5 kN 6.25 kN sin 51.34 0Σ = − − − ° =y BEF F  

 24.0 kNBEF = −  24.0 kNBEF C=   

 0: 45.0 kN (24.0 kN)cos51.34 0x ABF FΣ = − + ° =  

 60 kNABF = +  60.0 kNABF T=   

Joint E: 

 51.34γ = °  

 2.50: (24 kN)sin 51.34 (48.75 kN) 0
6.5y AEF FΣ = − ° − =  

 37.5 kNAEF = +  37.5 kNAEF T=   
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PROBLEM 6.14 

Determine the force in each member of the roof truss shown. 
State whether each member is in tension or compression. 

 

SOLUTION 

Free body: Truss 

 0: 0x xFΣ = =A  

From symmetry of loading: 

 1 Total load
2y = =A E  

 3.6 kNy = =A E  

We note that DF is a zero-force member and that EF is aligned with the load. Thus 

 0=DFF   

 1.2 kNEFF C=   

Free body: Joint A: 

 2.4 kN
13 12 5

ACAB FF = =  6.24 kNABF C=   

 2.76 kNACF T=   

Free body: Joint B: 

 3 12 120: (6.24 kN) 0
3.905 13 13x BC BDF F FΣ = + + =  (1) 

  2.5 5 50: (6.24 kN) 2.4 kN 0
3.905 13 13y BC BDF F FΣ = − + + − =  (2) 
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PROBLEM 6.14  (Continued) 

 

Multiply (1) by 2.5, (2) by 3, and add: 

 45 45 (6.24 kN) 7.2 kN 0, 4.16 kN,
13 13BD BDF F+ − = = −  4.16 kNBDF C=   

Multiply (1) by 5, (2) by –12, and add: 

 45 28.8 kN 0, 2.50 kN,
3.905 BC BCF F+ = = −  2.50 kNBCF C=   

Free body: Joint C: 

  5 2.50: (2.50 kN) 0
5.831 3.905y CDF FΣ = − =  

 1.867 kNCDF T=   

 3 30: 5.76 kN (2.50 kN) (1.867 kN) 0
3.905 5.831x CEF FΣ = − + + =  

 2.88 kNCEF T=  

Free body: Joint E: 

  50: 3.6 kN 1.2 kN 0
7.81y DEF FΣ = + − =  

 3.75 kNDEF = −  3.75 kNDEF C=   

 60: ( 3.75 kN) 0
7.81x CEF FΣ = − − − =  

 2.88 kN 2.88 kNCE CEF F T= + =  (Checks) 
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PROBLEM 6.15 

Determine the force in each member of the Warren bridge 
truss shown. State whether each member is in tension or 
compression. 

 

SOLUTION 

Free body: Truss 0: 0x xF AΣ = =  

Due to symmetry of truss and loading 

 1 Total load 6 kips
2yA G= = =  

Free body: Joint A: 6 kips
5 3 4

ACAB FF = =  7.50 kipsABF C=   

 4.50 kipsACF T=   

 

 

 

Free body: Joint B: 7.5 kips
5 6 5
BC BDF F= =  7.50 kipsBCF T=   

 9.00 kipsBDF C=   

 

 

Free body: Joint C: 

  4 40: (7.5) 6 0
5 5y CDF FΣ = + − =  

 0CDF =   

 30: 4.5 (7.5) 0
5x CEF FΣ = − − =  

  9 kipsCEF = +  9.00 kipsCEF T=   

Truss and loading symmetrical about cL  
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PROBLEM 6.16 

Solve Problem 6.15 assuming that the load applied at E has 
been removed. 

PROBLEM 6.15 Determine the force in each member of the 
Warren bridge truss shown. State whether each member is in 
tension or compression. 

 

SOLUTION 

Free body: Truss 0: 0x xF AΣ = =  

 0: 6(36) (54) 0 4 kipsG y yM AΣ = − = =A  

  0: 4 6 0 2 kipsyF GΣ = − + = =G  

 

Free body: Joint A: 4 kips
5 3 4

ACAB FF = =  5.00 kipsABF C=   

 3.00 kipsACF T=   

 

 

Free body Joint B: 5 kips
5 6 5
BC BDF F= =  5.00 kipsBCF T=   

 6.00 kipsBDF C=   

  

 

Free body Joint C: 

  4 40: (5) 6 0
5 5y CDM FΣ = + − =  2.50 kipsCDF T=   

  3 30: (2.5) (5) 3 0
5 5x CEF FΣ = + − − =  4.50 kipsCEF T=   
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PROBLEM 6.16  (Continued) 

 

Free body: Joint D: 

  4 40: (2.5) 0
5 5y DEF FΣ = − − =  

 2.5 kipsDEF = −  2.50 kipsDEF C=   

 3 30: 6 (2.5) (2.5) 0
5 5x DFF FΣ = + − − =  

 3 kipsDFF = −  3.00 kipsDFF C=   

Free body: Joint F: 3 kips
5 5 6

FGEF FF = =  2.50 kipsEFF T=   

 2.50 kipsFGF C=   

 

 

 

Free body: Joint G: 2 kips
3 4
EGF

=  1.500 kipsEGF T=   

 

Also: 2 kips
5 4
FGF

=  

 2.50 kips (Checks)FGF C=  
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PROBLEM 6.17 

Determine the force in member DE and in each of the 
members located to the left of DE for the inverted Howe 
roof truss shown. State whether each member is in tension or 
compression. 

 

SOLUTION 

Free body: Truss: 

 

 0: 0x xFΣ = =A  

 0: (400 lb)(4 ) (800 lb)(3 ) (800 lb)(2 ) (800 lb) (4 ) 0H yM d d d d A dΣ = + + + − =  

 1600 lbyA =  

Angles: 6.72tan 32.52
10.54
6.72tan 16.26
23.04

α α

β β

= = °

= = °

 

Free body: Joint A: 

 

 1200 lb
sin 57.48 sin106.26 sin16.26

ACAB FF = =
° ° °

 

 
3613.8 lb
4114.3 lb

AB

AC

F C
F T

=
=  3610 lb , 4110 lbAB ACF C F T= =   
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PROBLEM 6.17  (Continued) 

  

Free body: Joint B: 

  0: (800 lb)cos16.26 0y BCF FΣ = − − ° =  

  768.0 lb 768 lbBC BCF F C= − =   

 0: 3613.8 lb (800 lb) sin16.26° 0x BDF FΣ = + + =  

 3837.8 lbBDF = −  3840 lbBDF C=   

Free body: Joint C: 

 

  0: sin 32.52 (4114.3 lb)sin 32.52 (768 lb)cos16.26 0y CEF FΣ = − ° + ° − ° =  

 2742.9 lbCEF =  2740 lbCEF T=   

 0: (4114.3 lb) cos 32.52° (2742.9 lb)cos32.52° (768 lb)sin16.26 0x CDF FΣ = − + − ° =  

 1371.4 lbCDF =  1371 lbCDF T=   

Free body: Joint E: 

 

 2742.9 lb
sin 32.52 sin73.74°

DEF =
°

 1536 lbDEF C=   
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PROBLEM 6.18 

Determine the force in each of the members located to the 
right of DE for the inverted Howe roof truss shown. State 
whether each member is in tension or compression. 

 

SOLUTION 

Free body: Truss 

 

 0: (4 ) (800 lb) (800 lb)(2 ) (800 lb)(3 ) (400 lb)(4 ) 0A H d d d d dΣ = − − − − =M  

 1600 lb=H  

Angles: 6.72tan 32.52
10.54
6.72tan 16.26
23.04

α α

β β

= = °

= = °

 

Free body: Joint H: 

 

 (1200 lb)cot16.26GHF = °  

 4114.3 lbGHF T=  4110 lbGHF T=   

 1200 lb 4285.8 lb
sin16.26FHF = =

°
 4290 lbFHF C=   
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PROBLEM 6.18  (Continued) 

 

Free body Joint F: 

  0: (800 lb)cos16.26 0y FGF FΣ = − − ° =  

 768.0 lbFGF = −  768 lbFGF C=   

 0: 4285.8 lb (800 lb) sin 16.26° 0x DFF FΣ = − − + =  

 4061.8 lbDFF = −  4060 lbDFF C=   

Free body: Joint G: 

  0: sin 32.52 (768.0 lb)cos16.26 0

1371.4 lb
y DG

DG

F F

F

Σ = ° − ° =

= +

 

  1371 lbDGF T=   

 

 0: 4114.3 lb (768.0 lb)sin16.26 (1371.4 lb)cos32.52 0x EGF FΣ = − + − ° − ° =  

 2742.9 lbEGF = +  2740 lbEGF T=   
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PROBLEM 6.19 

Determine the force in each of the members located to the 
left of FG for the scissors roof truss shown. State whether 
each member is in tension or compression. 

 

SOLUTION 

Free Body: Truss 

 

 0: 0x xFΣ = =A  

 0: (1 kN)(12 m) (2 kN)(10 m) (2 kN)(8 m) (1 kN)(6 m) (12 m) 0L yM AΣ = + + + − =  

 4.50 kNy =A  

We note that BC is a zero-force member: 0BCF =   

Also: CE ACF F=  (1) 

Free body: Joint A: 1 20: 0
2 5x AB ACF F FΣ = + =  (2) 

  1 10: 3.50 kN 0
2 5y AB ACF F FΣ = + + =  (3) 

 

Multiply (3) by –2 and add (2): 

 1 7 kN 0
2 ABF− − =  9.90 kNABF C=   
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PROBLEM 6.19  (Continued) 

 

Subtract (3) from (2): 

 1 3.50 kN 0 7.826 kN
5 AC ACF F− = =  7.83 kNACF T=   

From (1): 7.826 kNCE ACF F= =  7.83 kNCEF T=   

Free body: Joint B: 

  1 10: (9.90 kN) 2 kN 0
2 2y BDF FΣ = + − =  

 7.071 kNBDF = −  7.07 kNBDF C=   

 10: (9.90 7.071)kN 0
2x BEF FΣ = + − =  

 2.000 kNBEF = −  2.00 kNBEF C=   

Free body: Joint E: 20: ( 7.826 kN) 2.00 kN 0
5x EGF FΣ = − + =  

 5.590 kNEGF =  5.59 kNEGF T=   

  10: (7.826 5.590)kN 0
5y DEF FΣ = − − =  

 1.000 kNDEF =  1.000 kNDEF T=   

Free body: Joint D: 

 2 10: ( ) (7.071 kN)
5 2x DF DGF F FΣ = + +  

or 5.590 kNDF DGF F+ = −  (4) 

  1 10: ( ) (7.071 kN) 2 kN 1 kN 0
5 2y DF DGF F FΣ = − + = − =  

or 4.472DE DGF F− = −  (5) 

Add (4) and (5): 2 10.062 kNDFF = −  5.03 kNDFF C=   

Subtract (5) from (4): 2 1.1180 kNDGF = −  0.559 kNDGF C=   
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PROBLEM 6.20 

Determine the force in member FG and in each of the 
members located to the right of FG for the scissors roof 
truss shown. State whether each member is in tension or 
compression. 

 

SOLUTION 

Free body: Truss 

 

 0: (12 m) (2 kN)(2 m) (2kN)(4 m) (1 kN)(6 m) 0AM LΣ = − − − =  

 1.500 kN=L  

Angles: 

 
tan 1 45

1tan 26.57
2

α α

β β

= = °

= = °
 

Zero-force members: 

Examining successively joints K, J, and I, we note that the following members to the right of FG are zero-
force members: JK, IJ, and HI. 

Thus: 0HI IJ JKF F F= = =   

We also note that 

 GI IK KLF F F= =  (1) 

and HJ JLF F=  (2) 
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PROBLEM 6.20  (Continued) 

 

Free body: Joint L: 

 

  1.500 kN
sin116.57 sin 45 sin18.43°

JL KLF F= =
° °

 

 4.2436 kNJLF =  4.24 kNJLF C=   

 3.35 kNKLF T=   

From Eq. (1): GI IK KLF F F= =  3.35 kNGI IKF F T= =   

From Eq. (2): 4.2436 kNHJ JLF F= =  4.24 kNHJF T=   

Free body: Joint H:  

 

  4.2436
sin108.43 sin18.43 sin 53.14

GHFH FF = =
° ° °

 5.03 kNFHF C=   

 1.677 kNGHF T=   

Free body: Joint F: 

 0: cos 26.57 (5.03 kN)cos 26.57 0x DFF FΣ = − ° − ° =  

 5.03 kNDFF = −  

 

  0: 1 kN (5.03 kN)sin 26.57 ( 5.03 kN)sin 26.57 0y FGF FΣ = − − + ° − − ° =  

 3.500 kN=FGF  3.50 kNFGF T=   
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PROBLEM 6.21 

Determine the force in each of the members located to the left 
of line FGH for the studio roof truss shown. State whether each 
member is in tension or compression. 

 

SOLUTION 

 

 
 

 

 

 

 
 

 

 

 
 

 

 

Free body: Truss 0: 0x xFΣ = =A  

Because of symmetry of loading: 

 1
2yA L= =  Total load 

 1200 lby = =A L  

Zero-Force Members. Examining joints C and H, we conclude that 
BC, EH, and GH are zero-force members. Thus 

 0BC EH= =F F   

Also, CE ACF F=  (1) 

Free body: Joint A 1000 lb
2 15

2236 lb

ACAB

AB

FF

F C

= =

=

 

  2240 lbABF C=   

  2000 lbACF T=   

From Eq. (1): 2000 lbCEF T=   

Free body: Joint B 

 2 2 20: (2236 lb) 0
5 5 5x BD BEF F FΣ = + + =  

or 2236 lbBD BEF F+ = −  (2) 

 1 1 10: (2236 lb) 400 lb 0
5 5 5

Σ = − + − =y BD BEF F F  

or 1342 lbBD BEF F− = −  (3) 
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PROBLEM 6.21  (Continued) 

 

Add (2) and (3): 2 3578 lbBDF = −  1789 lbBDF C=   

Subtract (3) from (1): 2 894 lbBEF = −  447 lbBEF C=   

Free body: Joint E 

 2 20: (447 lb) 2000 lb 0
5 5x EGF FΣ = + − =  

 1789 lbEGF T=   

 1 10: (1789 lb) (447 lb) 0
5 5y DEF FΣ = + − =  

 600 lbDEF = −  600 lbDEF C=   

Free body: Joint D 

 2 2 20: (1789 lb) 0
5 5 5x DF DGF F FΣ = + + =  

or 1789 lbDF DGF F+ = −  (4) 

 1 1 10: (1789 lb)
5 5 5
600 lb 400 lb 0

y DF DGF F FΣ = − +

+ − =

 

or 2236 lb− = −DF DGF F  (5) 

Add (4) and (5): 2 4025 lbDFF = −  2010 lbDFF C=   

Subtract (5) from (4): 2 447 lbDGF =  224 lbDGF T=   
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PROBLEM 6.22 

Determine the force in member FG and in each of the members 
located to the right of FG for the studio roof truss shown. State 
whether each member is in tension or compression. 

 

SOLUTION 

 

 

 

 

 
 

 
 

 

 
 

 

 

 

 

 

 

 

Reaction at L:  Because of the symmetry of the loading,  

 1
2

L = Total load,    1200 lb=L  

(See F, B, diagram to the left for more details) 

Free body: Joint L 

 

1

1

9tan 26.57
18
3tan 9.46

18
1000 lb

sin 63.43 sin 99.46 sin17.11°
JL KLF F

α

β

−

−

= = °

= = °

= =
° °

 3040 lbJLF T=   

 3352.7 lbKLF C=  3350 lbKLF C=   

Free body: Joint K 

 2 2 20: (3352.7 lb) 0
5 5 5

Σ = − − − =x IK JKF F F  

or: 3352.7 lb+ = −IK JKF F  (1) 

 
1 1 10: (3352.7) 400 0
5 5 5y IK JKF F FΣ = − + − =  

or: 2458.3 lbIK JKF F− = −  (2) 

Add (1) and (2): 2 5811.0IKF = −  

 2905.5 lbJKF = −  2910 lbIKF C=   

Subtract (2) from (1): 2 894.4JKF = −  

 447.2 lbJKF = −  447 lbJKF C=   
 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

775 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

PROBLEM 6.22  (Continued) 

 

Free body: Joint J 

 2 6 6 20: (3040 lb) (447.2) 0
13 37 37 5x IJ GJF F FΣ = − − + − =  (3) 

 3 1 1 10: (3040 lb) (447.2) 0
13 37 37 5y IJ GJF F FΣ = + − − =  (4) 

Multiply (4) by 6 and add to (3): 

 

16 8 (447.2) 0
13 5

360.54 lb

IJ

IJ

F

F

− =

=  361 lbIJF T=   

Multiply (3) by 3, (4) by 2, and add: 

 

16 8( 3040) (447.2) 0
37 5

2431.7 lb

GJ

GJ

F

F

− − − =

=  2430 lbGJF T=   

Free body: Joint I 

 2 2 2 20: (2905.5) (360.54) 0
5 5 5 13

Σ = − − − + =x FI GIF F F  

or 2681.9 lbFI GIF F+ = −  (5) 

 1 1 1 30: (2905.5) (360.54) 400 0
5 5 5 13

Σ = − + − − =y FI GIF F F  

or 1340.3 lbFI GIF F− = −  (6) 

Add (5) and (6): 2 4022.2FIF = −  

 2011.1 lbFIF = −  2010 lbFIF C=   

Subtract (6) from (5): 2 1341.6 lbGIF = −  671 lbGIF C=   

Free body: Joint F 

From 0: 2011.1 lbx DF FIF F F CΣ = = =  

 10: 400 lb 2 2011.1 lb 0
5y FGF F ⎛ ⎞

Σ = − + =⎜ ⎟
⎝ ⎠

 

 1400 lbFGF = +  1400 lbFGF T=   
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PROBLEM 6.23 

Determine the force in each of the members connecting joints A 
through F of the vaulted roof truss shown. State whether each 
member is in tension or compression. 

 

SOLUTION 

 
 

 

 

 
 

 

 

 

 

 

 

 

 

Free body: Truss 

 0: 0x xFΣ = =A  

 0: (1.2 kN)6 (2.4 kN)5 (2.4 kN)4 (1.2 kN)3KM a a a aΣ = + + +  

 (6 ) 0 5.40 kNy yA a− = =A  

Free body: Joint A 

 

4.20 kN
2 15

9.3915 kN

ACAB

AB

FF

F

= =

=  9.39 kNABF C=   

  8.40 kNACF T=   

Free body: Joint B 

 2 1 20: (9.3915) 0
5 2 5x BD BCF F FΣ = + + =  (1) 

 1 1 10: (9.3915) 2.4 0
5 2 5y BD BCF F FΣ = − + − =  (2) 

Add (1) and (2): 

 3 3 (9.3915 kN) 2.4 kN 0
5 5BDF + − =  

 7.6026 kNBDF = −  7.60 kNBDF C=   

Multiply (2) by –2 and add (1): 

 3 4.8 kN 0
2 BF + =  

 2.2627 kNBCF = −  2.26 kNBCF C=   
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PROBLEM 6.23  (Continued) 

 

Free body: Joint C 

 1 4 10: (2.2627) 8.40 0
5 17 2x CD CEF F FΣ = + + − =  (3) 

 2 1 10: (2.2627) 0
5 17 2y CD CEF F FΣ = + − =  (4) 

Multiply (4) by −4 and add (1): 

 7 5 (2.2627) 8.40 0
5 2CDF− + − =  

 0.1278 kNCDF = −  0.128 kNCDF C=   

Multiply (1) by 2 and subtract (2): 

 7 3 (2.2627) 2(8.40) 0
17 2

+ − =CEF  

 7.068 kNCEF =  7.07 kNCEF T=   

Free body: Joint D 

 2 1 20: (7.6026)
1.5245 5x DF DEF F FΣ = + +  

 1 (0.1278) 0
5

+ =  (5) 

 1 1.15 10: (7.6026)
1.5245 5y DF DEF F FΣ = − +  

 2 (0.1278) 2.4 0
5

+ − =  (6) 

Multiply (5) by 1.15 and add (6): 

 3.30 3.30 3.15(7.6026) (0.1278) 2.4 0
5 5 5DFF + + − =  

 6.098 kNDFF = −  6.10 kNDFF C=   

Multiply (6) by –2 and add (5): 

 3.30 3 (0.1278) 4.8 0
1.524 5DEF − + =  

 2.138 kNDEF = −  2.14 kNDEF C=   
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PROBLEM 6.23  (Continued) 

 

Free body: Joint E 

 0.6 4 10: ( ) (2.138) 0
2.04 1.52417x EF EH CEF F F FΣ = + − + =  (7) 

 1.95 1 1.150: ( ) (2.138) 0
2.04 1.52417y EF EH CEF F F FΣ = + − − =  (8) 

Multiply (8) by 4 and subtract (7): 

 7.2 7.856 kN 0
2.04 EFF − =  2.23 kNEFF T=   
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PROBLEM 6.24 

The portion of truss shown represents the upper part of a power 
transmission line tower. For the given loading, determine the 
force in each of the members located above HJ. State whether 
each member is in tension or compression. 

 

SOLUTION 

 
 

 
 

 
 

 

 

 

 
 

 

 

Free body: Joint A 

 1.2 kN
2.29 2.29 1.2

ACAB FF = =  2.29 kNABF T=   

  2.29 kNACF C=   

Free body: Joint F 

 1.2 kN
2.29 2.29 2.1

= =DF EFF F  2.29 kNDFF T=   

  2.29 kNEFF C=   

Free body: Joint D 

 2.29 kN
2.21 0.6 2.29

BD DEF F= =  2.21 kNBDF T=   

  0.600 kNDEF C=   

Free body: Joint B 

 4 2.210: 2.21 kN (2.29 kN) 0
5 2.29x BEF FΣ = + − =  

  0BEF =   

 3 0.60: (0) (2.29 kN) 0
5 2.29y BCF FΣ = − − − =  

 0.600 kNBCF = −  0.600 kNBCF C=   
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PROBLEM 6.24  (Continued) 

 

Free body: Joint C 

 2.210: (2.29 kN) 0
2.29x CEF FΣ = + =  

 2.21kNCEF = −  2.21 kNCEF C=   

 0.60: 0.600 kN (2.29 kN) 0
2.29y CHF FΣ = − − − =  

 1.200 kNCHF = −  1.200 kNCHF C=   

Free body: Joint E 

 
2.21 40: 2.21 kN (2.29 kN) 0
2.29 5

Σ = − − =x EHF F  

  0EHF =   

 0.60: 0.600 kN (2.29 kN) 0 0
2.29y EJF FΣ = − − − − =  

 1.200 kNEJF = −  1.200 kNEJF C=   
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PROBLEM 6.25 

For the tower and loading of Problem 6.24 and knowing that 
FCH = FEJ = 1.2 kN C and FEH = 0, determine the force in 
member HJ and in each of the members located between HJ and 
NO. State whether each member is in tension or compression. 

PROBLEM 6.24 The portion of truss shown represents the 
upper part of a power transmission line tower. For the given 
loading, determine the force in each of the members located 
above HJ. State whether each member is in tension or 
compression. 

 

SOLUTION 

 
 

 

 
 

 

 
 

 

 

 

Free body: Joint G 

 1.2 kN
3.03 3.03 1.2

GH GIF F
= =  3.03 kNGHF T=   

  3.03 kNGIF C=   

Free body: Joint L 

 1.2 kN
3.03 3.03 1.2

= =JL KLF F  3.03 kNJLF T=   

  3.03 kNKLF C=   

Free body: Joint J 

 2.970: (3.03 kN) 0
3.03

Σ = − + =x HJF F  

  2.97 kNHJF T=   

 0.60: 1.2 kN (3.03 kN) 0
3.03y JKF F= − − − =  

 1.800 kNJKF = −  1.800 kNJKF C=   

Free body: Joint H 

 4 2.970: 2.97 kN (3.03 kN) 0
5 3.03x HKF FΣ = + − =  

  0HKF =   

 0.6 30: 1.2 kN (3.03) kN (0) 0
3.03 5y HIF FΣ = − − − − =  

 1.800 kNHIF = −  1.800 kNHIF C=   
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PROBLEM 6.25  (Continued) 

 

Free body: Joint I 

 2.970: (3.03 kN) 0
3.03x IKF FΣ = + =  

 2.97 kNIKF = −  2.97 kNIKF C=   

 0.60: 1.800 kN (3.03 kN) 0
3.03y INF FΣ = − − − =  

 2.40 kNINF = −  2.40 kNINF C=   

Free body: Joint K 

 4 2.970: 2.97 kN (3.03 kN) 0
5 3.03x KNF FΣ = − + − =  

  0KNF =   

 0.6 30: (3.03 kN) 1.800 kN (0) 0
3.03 5y KDF FΣ = − − − − =  

 2.40 kNKDF = −  2.40 kNKDF C=   
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PROBLEM 6.26 

Solve Problem 6.24 assuming that the cables hanging from the 
right side of the tower have fallen to the ground. 

PROBLEM 6.24 The portion of truss shown represents the 
upper part of a power transmission line tower. For the given 
loading, determine the force in each of the members located 
above HJ. State whether each member is in tension or 
compression. 

 

SOLUTION 

 
 

 

 
 

 
 

 
 

 

 
 

 

Zero-Force Members. 

Considering joint F, we note that DF and EF are zero-force members: 

  0= =DF EFF F   

Considering next joint D, we note that BD and DE are zero-force 
members: 

  0BD DEF F= =   

Free body: Joint A 

 1.2 kN
2.29 2.29 1.2

ACAB FF = =  2.29 kNABF T=   

  2.29 kNACF C=   

Free body: Joint B 

 4 2.210: (2.29 kN) 0
5 2.29

Σ = − =x BEF F  

 2.7625 kNBEF =  2.76 kNBEF T=   

 0.6 30: (2.29 kN) (2.7625 kN) 0
2.29 5y BCF FΣ = − − − =  

 2.2575 kNBCF = −  2.26 kNBCF C=   
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PROBLEM 6.26  (Continued) 

 

Free body: Joint C 

 2.210: (2.29 kN) 0
2.29

Σ = + =x CEF F  

  2.21 kNCEF C=   

 0.60: 2.2575 kN (2.29 kN) 0
2.29y CHF FΣ = − − − =  

 2.8575 kNCHF = −  2.86 kNCHF C=   

Free body: joint E 

 4 40: (2.7625 kN) 2.21 kN 0
5 5x EHF FΣ = − − + =  

  0EHF =   

 3 30: (2.7625 kN) (0) 0
5 5y EJF FΣ = − + − =  

 1.6575 kNEJF = +  1.658 kNEJF T=   
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PROBLEM 6.27 

Determine the force in each member of the truss shown. State whether 
each member is in tension or compression. 

 

SOLUTION 

 
 

 

 

 
 

 

 

 

 
 

 

Free body: Truss 

 0: (20 ft) (15 kips)(16 ft) (40 kips)(15 ft) 0FM GΣ = − − =  

 42 kips=G  

 0: 15 kips 0x xF FΣ = + =  

 15 kipsx =F  

 0: 40 kips 42 kips 0y yF FΣ = − + =  

 2 kipsy =F  

Free body: Joint F 

 10: 15 kips 0
5x DFF FΣ = − =  

 33.54 kipsDFF =  33.5 kipsDFF T=   

 20: 2 kips (33.54 kips) 0
5y BFF FΣ = − + =  

 28.00 kipsBFF = −  28.0 kipsBFF C=   

Free body: Joint B 

 5 50: 15 kips 0
29 61x AB BDF F FΣ = + + =  (1) 

 2 60: 28 kips 0
29 61y AB BDF F FΣ = − + =  (2) 
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PROBLEM 6.27  (Continued) 

 

Multiply (1) by 6, (2) by 5,  and add: 

 

40 230 kips 0
29

30.96 kips

AB

AB

F

F

+ =

= −  31.0 kipsABF C=   

Multiply (1) by 2, (2) by –5, and add: 

 

40 110 kips 0
61

21.48 kips

BD

BD

F

F

− =

=  21.5 kipsBDF T=   

Free body: joint D 

 2 2 60: (33.54) (21.48) 0
5 5 61y ADF FΣ = − + =  

  15.09 kipsADF T=   

 1 50: (15.09 33.54) (21.48) 0
5 61x DEF FΣ = + − − =  

  22.0 kipsDEF T=   

Free body: joint A 

 5 1 5 10: (30.36) (15.09) 0
29 5 29 5x AC AEF F FΣ = + + − =  (3) 

 2 2 2 20: (30.96) (15.09) 0
29 5 29 5y AC AEF F FΣ = − − + − =  (4) 

Multiply (3) by 2 and add (4): 

 8 12 4(30.96) (15.09) 0
29 29 5ACF + − =  

 28.27 kips,ACF = −  28.3 kipsACF C=   

Multiply (3) by 2 (4) by 5 and add: 

 8 20 12(30.96) (15.09) 0
5 29 5AEF− + − =  

  9.50 kipsAEF T=   
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PROBLEM 6.27  (Continued) 

 

Free body: Joint C 

From force triangle 

 28.27 kips
861 29

CE CGF F
= =  41.0 kipsCEF T=   

  42.0 kipsCGF C=   

Free body: Joint G 

 0:xFΣ =  0EGF =   

 0: 42 kips 42 kips 0 (Checks)yFΣ = − =  
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PROBLEM 6.28 

Determine the force in each member of the truss shown. State 
whether each member is in tension or compression. 

 

SOLUTION 

Free body: Truss 

 0: 0x xFΣ = =H  

 0: 48(16) (4) 0 192 kNHM GΣ = − = =G  

 0: 192 48 0y yF HΣ = − + =  

 144 kN 144 kNy yH = − =H  

Zero-Force Members: 

Examining successively joints C, B, E, D, and F, we note that the following are zero-force members: BC, BE, 
DE, DG, FG 

Thus, 0BC BE DE DG FGF F F F F= = = = =  

Also note: AB BD DF FHF F F F= = =  (1) 

 AC CE EGF F F= =  (2) 

Free body: Joint A: 48 kN
8 373

ACAB FF
= =  

 

 128 kNABF =  128.0 kNABF T=   

 136.704 kNACF =  136.7 kNACF C=   

From Eq. (1): 128.0 kNBD DF FHF F F T= = =   

From Eq. (2): = = 136.7kNCE EGF F C   
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PROBLEM 6.28  (Continued) 

 

Free body: Joint H 144 kN
9145

GHF
=  192.7 kNGHF C=   

 

Also 144 kN
8 9
FHF =  

 128.0 kN (Checks)FHF T=  
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PROBLEM 6.29 

Determine whether the trusses of Problems 6.31a, 6.32a, and 6.33a 
are simple trusses. 

 

SOLUTION 

 

 
 

 
 

 

 

 

Truss of Problem 6.31a 

Starting with triangle ABC and adding two members at a time, we obtain joints D, 
E, G, F, and H, but cannot go further thus, this truss 

 is not a simple truss  

 

Truss of Problem 6.32a 

Starting with triangle HDI and adding two members at a time, we obtain 
successively joints A, E, J, and B, but cannot go further. Thus, this truss 

 is not a simple truss  

 

Truss of Problem 6.33a 

Starting with triangle EHK and adding two members at a time, we obtain 
successively joints D, J, C, G, I, B, F, and A, thus completing the truss. 
Therefore, this truss 

 is a simple truss  
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PROBLEM 6.30 

Determine whether the trusses of Problems 6.31b, 6.32b, and 6.33b 
are simple trusses. 

 

SOLUTION 

 

 

 

 

 

 

Truss of Problem 6.31b. 

Starting with triangle ABC and adding two members at a time, we obtain 
successively joints E, D, F, G, and H, but cannot go further. Thus, this truss 

 is not a simple truss  

 

Truss of Problem 6.32b. 

Starting with triangle CGH and adding two members at a time, we obtain 
successively joints B, L, F, A, K, J, then H, D, N, I, E, O, and P, thus completing 
the truss. 

 Therefore, this truss is a simple truss  

 

Truss of Problem 6.33b. 

Starting with triangle GLM and adding two members at a time, we obtain joints K 
and I but cannot continue, starting instead with triangle BCH, we obtain joint D 
but cannot continue, thus, this truss  

 is not a simple truss  
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PROBLEM 6.31 

For the given loading, determine the zero-force members in each 
of the two trusses shown. 

 

SOLUTION 

Truss (a) : Joint : 0=BCFB B F  

 : Joint : 0=CDFB C F  

 : Joint : 0=IJFB J F  

 : Joint : 0=ILFB I F  

 : Joint : 0=MNFB N F   

 : Joint : 0=LMFB M F  

The zero-force members, therefore, are  , , , , ,BC CD IJ IL LM MN   

Truss (b) : Joint : 0=BCFB C F  

 : Joint : 0=BEFB B F  

 : Joint : 0=FGFB G F  

 : Joint : 0=EFFB F F  

 : Joint : 0=DEFB E F  

 : Joint : 0=IJFB I F   

 : Joint : 0=MNFB M F  

 : Joint : 0=KNFB N F  

The zero-force members, therefore, are , , , , , , ,BC BE DE EF FG IJ KN MN   

(a) 

(b) 
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PROBLEM 6.32 

For the given loading, determine the zero-force members in each 
of the two trusses shown. 

 

SOLUTION 

Truss (a) : Joint : 0=BJFB B F  

 : Joint : 0=DIFB D F  

 : Joint : 0=EIFB E F  

 : Joint : 0=AIFB I F  

 : Joint : 0=FKFB F F   

 : Joint : 0=GKFB G F  

 : Joint : 0=CKFB K F  

The zero-force members, therefore, are  , , , , , ,AI BJ CK DI EI FK GK   

Truss (b) : Joint : 0=FKFB K F  

 : Joint : 0=IOFB O F  

 

The zero-force members, therefore, are  andFK IO   

All other members are either in tension or compression. 

(b) 

(a) 
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PROBLEM 6.33 

For the given loading, determine the zero-force members in each of the two trusses shown. 

 

 

SOLUTION 

Truss (a) : Joint : 0=BFFB F F  

 : Joint : 0=BGFB B F  

 : Joint : 0=GJFB G F  

 : Joint : 0=DHFB D F  

 : Joint : 0=HJFB J F  

 : Joint : 0=EHFB H F  

The zero-force members, therefore, are  , , , , ,BF BG DH EH GJ HJ   

Truss (b) : Joint : 0= =AB AFFB A F F  

 : Joint : 0=CHFB C F  

 : Joint : 0= =DE EJFB E F F  

 : Joint : 0=GLFB L F  

 : Joint : 0=INFB N F  

The zero-force members, therefore, are , , , , , ,AB AF CH DE EJ GL IN   

 

(a) 

(b) 
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PROBLEM 6.34 

Determine the zero-force members in the truss of (a) Problem 6.23, (b) Problem 6.28. 

                  

 

SOLUTION 

(a) Truss of Problem 6.23 

 : Joint : 0IJFB I F =  

 : Joint : 0GJFB J F =  

 : Joint : 0GHFB G F =  

 

 The zero-force members, therefore, are , ,GH GJ IJ   

(b) Truss of Problem 6.28 

 : Joint : 0BCFB C F =  

 : Joint : 0BEFB B F =  

 : Joint : 0DEFB E F =  

 : Joint : 0DGFB D F =  

 : Joint : 0FGFB F F =  

 The zero-force members, therefore, are , , , ,BC BE DE DG FG   
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PROBLEM 6.35* 

The truss shown consists of six members and is supported by a 
short link at A, two short links at B, and a ball and socket at D. 
Determine the force in each of the members for the given loading. 

 

SOLUTION 

Free body: Truss 

From symmetry: 

 and= =x x y yD B D B  

 0: (10 ft) (400 lb)(24 ft) 0zM AΣ = − − =  

 960 lbA = −  

 0: 0x x xF B D AΣ = + + =  

 2 960 lb 0, 480 lbx xB B− = =  

 0: 400 lb 0y y yF B DΣ = + − =  

 
2 400 lb

200 lb
y

y

B

B

=

= +
 

Thus   (480 lb) (200 lb)= +B i j   

Free body: C 

 

( 24 10 )
26

( 24 7 )
25

( 24 7 )
25

AC
CA AC

BC
CB BC

CD
CD CD

FCAF F
CA

FCBF F
CB

FCDF F
CD

= = − +

= = − +

= = − −

i j

i k

i k

 

 0: (400 lb) 0CA CB CDΣ = + + − =F F F F j  
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PROBLEM 6.35*  (Continued) 

 

Substituting for , , ,CA CB CDF F F  and equating to zero the coefficients of , , :i j k  

 i: 24 24 ( ) 0
26 25

− − + =AC BC CDF F F  (1) 

 j: 10 400 lb 0
26 ACF − =  1040 lbACF T=   

 k: 7 ( ) 0
25 BC CD CD BCF F F F− = =  

Substitute for ACF  and CDF  in Eq. (1): 

 24 24(10.40 lb) (2 ) 0 500lb
26 25 BC BCF F− − = = −  500 lbBC CDF F C= =   

Free body: B 

 

(500 lb) (480 lb) (140 lb)

(10 7 )
12.21

BC

AB
BA AB

BD BD

CBF
CB

FBAF F
BA

F F

= = − +

= = −

= −

i k

j k

k

 

 0: (480 lb) (200 lb) 0BA BD BCΣ = + + + + =F F F F i j  

Substituting for , ,BA BD BCF F F  and equating to zero the coefficients of j  and k: 

 j: 10 200 lb 0 244.2 lb
12.21

+ = = −AB ABF F  244 lbABF C=   

 k: 7 140 lb 0
12.21 AB BDF F− − + =  

 7 ( 244.2 lb) 140 lb 280 lb
12.21BDF = − − + = +  280 lbBDF T=   

From symmetry: AD ABF F=  244 lbADF C=   
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PROBLEM 6.36* 

The truss shown consists of six members and is supported by a 
ball and socket at B, a short link at C, and two short links at D. 
Determine the force in each of the members for P = (−2184 N)j 
and Q = 0. 

 

SOLUTION 

Free body: Truss 

From symmetry: 

 andx x y yD B D B= =  

 0: 2 0x xF BΣ = =  

 0x xB D= =  

 0: 0z zF BΣ = =  

 0: 2 (2.8 m) (2184 N)(2 m) 0cz yM BΣ = − + =  

 780 NyB =  

Thus  (780 N)=B j   

Free body: A 

 

( 0.8 4.8 2.1 )
5.30

(2 4.8 )
5.20

( 0.8 4.8 2.1 )
5.30

AB
AB AB

AC
AC AC

AD
AD AD

FABF F
AB

FACF F
AC

FADF F
AD

= = − − +

= = −

= = + − −

i j k

i j

i j k

 

 0: (2184 N) 0AB AC ADΣ = + + − =F F F F j  
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PROBLEM 6.36*  (Continued) 

 

Substituting for , , ,AB AC ADF F F  and equating to zero the coefficients of , , :i j k  

 i: 0.8 2( ) 0
5.30 5.20AB AD ACF F F− + + =  (1) 

 j: 4.8 4.8( ) 2184 N 0
5.30 5.20AB AD ACF F F− + − − =  (2) 

 k: 2.1 ( ) 0
5.30 AB ADF F− =  AD ABF F=  

Multiply (1) by –6 and add (2): 

 16.8 2184 N 0, 676 N
5.20 AC ACF F⎛ ⎞− − = = −⎜ ⎟

⎝ ⎠
 676 NACF C=   

Substitute for ACF and ADF in (1): 

 0.8 22 ( 676 N) 0, 861.25 N
5.30 5.20

⎛ ⎞ ⎛ ⎞− + − = = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠AB ABF F  861 NAB ADF F C= =   

Free body: B 

 

(861.25 N) (130 N) (780 N) (341.25 N)

2.8 2.1 (0.8 0.6 )
3.5

AB

BC BC BC

BD BD

AB
AB

i kF F

F

= = − − +

−⎛ ⎞= = −⎜ ⎟
⎝ ⎠

= −

F i j k

F i k

F k

 

 0: (780 N) 0AB BC BDΣ = + + + =F F F F j  

Substituting for , ,AB BC BDF F F  and equating to zero the coefficients of i  and :k  

 i: 130 N 0.8 0 162.5 NBC BCF F− + = = +  162.5 NBCF T=   

 k: 341.25 N 0.6 0BC BDF F− − =  

 341.25 0.6(162.5) 243.75 N= − = +BDF  244 NBDF T=   

From symmetry: CD BCF F=  162.5 NCDF T=   
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PROBLEM 6.37* 

The truss shown consists of six members and is supported 
by a ball and socket at B, a short link at C, and two short 
links at D. Determine the force in each of the members for 
P = 0 and Q = (2968 N)i. 

 

SOLUTION 

Free body: Truss 

From symmetry: 

 andx x y yD B D B= =  

 0: 2 2968 N 0x xF BΣ = + =  

 1484 Nx xB D= = −  

 0: 2 (2.8 m) (2968 N)(4.8 m) 0cz yM B′Σ = − − =  

 2544 NyB = −  

Thus (1484 N) (2544 N)= − −B i j   

Free body: A 

 

( 0.8 4.8 2.1 )
5.30

(2 4.8 )
5.20

( 0.8 4.8 2.1 )
5.30

AB AB

AB

AC
AC AC

AD AD

AD

ABF F
AB

F

FACF F
AC
ADF F
AD

F

=

= − − +

= = −

=

= − − −

i j k

i j

i j k

 

 0: (2968 N) 0AB AC ADΣ = + + + =F F F F i  
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PROBLEM 6.37*  (Continued) 

 

Substituting for , , ,AB AC ADF F F  and equating to zero the coefficients of , , :i j k  

 i: 0.8 2( ) 2968 N 0
5.30 5.20AB AD ACF F F− + + + =  (1) 

 j: 4.8 4.8( ) 0
5.30 5.20AB AD ACF F F− + − =  (2) 

 k: 2.1 ( ) 0
5.30 AB ADF F− =  AD ABF F=  

Multiply (1) by –6 and add (2): 

 16.8 6(2968 N) 0, 5512 N
5.20 AC ACF F⎛ ⎞− − = = −⎜ ⎟

⎝ ⎠
 5510 NACF C=   

Substitute for ACF  and ADF  in (2): 

 4.8 4.82 ( 5512 N) 0, 2809 N
5.30 5.20AB ABF F⎛ ⎞ ⎛ ⎞− − − = = +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 2810 NAB ADF F T= =   

Free body: B 

 

(2809 N) (424 N) (2544 N) (1113 N)

2.8 2.1 (0.8 0.6 )
3.5

AB

BC BC BC

BD BD

BA
BA

F F

F

= = + −

−⎛ ⎞= = −⎜ ⎟
⎝ ⎠

= −

F i j k

i kF i k

F k

 

 0: (1484 N) (2544 N) 0AB BC BDΣ = + + − − =F F F F i j  

Substituting for , ,AB BC BDF F F  and equating to zero the coefficients of i  and :k  

 i: 24 N 0.8 1484 N 0, 1325 NBC BCF F+ + − = = +  1325 NBCF T=   

 k: 1113 N 0.6 0BC BDF F− − − =  

 1113 N 0.6(1325 N) 1908 N,BDF = − − = −  1908 NBDF C=   

From symmetry: CD BCF F=  1325 NCDF T=   
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PROBLEM 6.38* 

The truss shown consists of nine members and is 
supported by a ball and socket at A, two short links at B, 
and a short link at C. Determine the force in each of the 
members for the given loading. 

 

SOLUTION 

Free body: Truss 

From symmetry: 

 0z zA B= =  

 0: 0x xF AΣ = =  

 0: (6 ft) (1600 lb)(7.5 ft) 0BC yM AΣ = + =  

 2000 lbyA = −  (2000 lb)= −A j   

From symmetry: yB C=  

 0: 2 2000 lb 1600 lb 0y yF BΣ = − − =  

 1800 lbyB =  (1800 lb)=B j   

Free body: A 0: (2000 lb) 0AB AC ADΣ = + + − =F F F F j  

 (0.6 0.8 ) (2000 lb) 0
2 2

+ −+ + + − =i k i k i j jAB AC ADF F F  

Factoring i, j, k and equating their coefficient to zero: 

 1 1 0.6 0
2 2AB AC ADF F F+ + =  (1) 

 0.8 2000 lb 0ADF − =  2500 lbADF T=   

 1 1 0
2 2AB ACF F− =  AC ABF F=  
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PROBLEM 6.38*  (Continued) 

 

Substitute for ADF  and ACF  into (1): 

 2 0.6(2500 lb) 0, 1060.7 lb,
2 AB ABF + = = −F  1061 lbAB ACF F C= =   

Free body: B (1060.7 lb) (750 lb)( )
2

(0.8 0.6 )

(7.5 8 6 )
12.5

BA AB

BC BC

BD BD

BE
BE BE

BAF
BA

F
F

FBEF
BE

+= = + = +

= −
= −

= = + −

i kF i k

F k
F j k

F i j k

 

 0: (1800 lb) 0BA BC BD BEΣ = + + + + =F F F F F j  

Substituting for , ,BA BC BD BE+F F F F  and equate to zero the coefficients of , , :i j k  

 i: 7.5750 lb 0, 1250 lb
12.5 BE BEF F⎛ ⎞+ = = −⎜ ⎟
⎝ ⎠

  1250 lbBEF C=   

 j: 80.8 ( 1250 lb) 1800 lb 0
12.5BDF ⎛ ⎞+ − + =⎜ ⎟
⎝ ⎠

 1250 lbBDF C=   

 k: 6750 lb 0.6( 1250 lb) ( 1250 lb) 0
12.5BCF− − − − − =  

 2100 lbBCF T=   

From symmetry: 1250 lbBD CDF F C= =   

Free body: D 

 0: 0Σ = + + + =F F F F F iDA DB DC DE  

 

 

We now substitute for , ,DA DB DCF F F  and equate to zero the coefficient of i. Only DAF  contains i and its 
coefficient is  

 0.6 0.6(2500 lb) 1500 lbADF− = − = −  

 i: 1500 lb 0DEF− + =  1500 lbDEF T=   
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PROBLEM 6.39* 

The truss shown consists of nine members and is supported by a ball 
and socket at B, a short link at C, and two short links at D. (a) Check 
that this truss is a simple truss, that it is completely constrained,  
and that the reactions at its supports are statically determinate.  
(b) Determine the force in each member for P = (−1200 N)j and Q = 0. 

 

SOLUTION 

Free body: Truss 
 0: 1.8 (1.8 3 ) ( )B yC D DΣ = × + − × +M i j i k j k  

 (0.6 0.75 ) ( 1200 ) 0+ − × − =i k j  

 1.8 1.8 1.8y zC D D− + −k k j  

 3 720 900 0yD+ − − =i k i  

Equate to zero the coefficients of , , :i j k  

 i: 3 900 0, 300 Ny yD D− = =  

 j:  0,=zD  (300 N)=D j   

 k: 1.8 1.8(300) 720 0C + − =  (100 N)=C j   

 0: 300 100 1200 0Σ = + + − =F B j j j  (800 N)=B j   

Free body: B 

 0: (800 N) 0,BA BC BEΣ = + + + =F F F F j  with 

 (0.6 3 0.75 )
3.15

AB
BA AB

FBA
BA

= = + −F F i j k  

 BC BCF=F i  BE BEF= −F k  

Substitute and equate to zero the coefficient of , , :j i k  

 j: 3 800 N 0, 840 N,
3.315 AB ABF F⎛ ⎞ + = = −⎜ ⎟

⎝ ⎠
 840 NABF C=   

 i: 0.6 ( 840 N) 0
3.15 BCF⎛ ⎞ − + =⎜ ⎟

⎝ ⎠
 160.0 N=BCF T   

 k: 0.75 ( 840 N) 0
3.15 BEF⎛ ⎞ − − =−⎜ ⎟

⎝ ⎠
 200 NBEF T=   
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PROBLEM 6.39*  (Continued) 

 

Free body C: 

 0: (100 N) 0,CA CB CD CEΣ = + + + + =F F F F F j  with 

 ( 1.2 3 0.75 )
3.317

AC
CA AC

FCAF
CA

= = − + −F i j k  

 (160 N)CBF = − i  

 ( 1.8 3 )
3,499

CE
CD CD CE CE

FCEF
CE

= − = = − −F k F F i k  

Substitute and equate to zero the coefficient of , , :j i k  

 j: 3 100 N 0, 110.57 N
3.317 AC ACF F⎛ ⎞ + = = −⎜ ⎟

⎝ ⎠
 110.6 NACF C=   

 i: 1.2 1.8( 110.57) 160 0, 233.3
3.317 3.499 CE CEF F− − − − = = −  233 NCEF C=   

 k: 0.75 3( 110.57) ( 233.3) 0
3.317 3.499CDF− − − − − =  225 NCDF T=   

Free body: D 

 0: (300 N) 0,DA DC DEΣ = + + + =F F F F j   with 

 ( 1.2 3 2.25 )
3.937

AD
DA AD

FDAF
DA

= = − + +F i j k  

 (225 N)DC CDF= =F k k  DE DEF F= − i  

Substitute and equate to zero the coefficient of , , :j i k  

 j: 3 300 N 0,
3.937 ADF⎛ ⎞ + =⎜ ⎟

⎝ ⎠
 393.7 N,ADF = −  394 NADF C=   

 i: 1.2 ( 393.7 N) 0
3.937 DEF⎛ ⎞ − − =−⎜ ⎟

⎝ ⎠
 1200 NDEF T=   

 k: 2.25 ( 393.7 N) 225 N 0
3.937

⎛ ⎞ − + =⎜ ⎟
⎝ ⎠

   (Checks) 

Free body: E 

Member AE is the only member at E which does not lie in the xz plane.  
Therefore, it is a zero-force member. 

 0AEF =   
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PROBLEM 6.40* 

Solve Problem 6.39 for P = 0 and Q = (−900 N)k. 

PROBLEM 6.39* The truss shown consists of nine members 
and is supported by a ball and socket at B, a short link at C, 
and two short links at D. (a) Check that this truss is a simple 
truss, that it is completely constrained, and that the reactions 
at its supports are statically determinate. (b) Determine the 
force in each member for P = (−1200 N)j and Q = 0. 

 

SOLUTION 

Free body: Truss 

 0: 1.8 (1.8 3 ) ( )B y zC D DΣ = × + − × +M i j i k j k  

 (0.6 3 0.75 ) ( 900N) 0+ + − × − =i j k k  

 1.8 1.8 1.8y zC D D+ −k k j  

 3 540 2700 0yD+ + − =i j i  

Equate to zero the coefficient of , , :i j k  

 3 2700 0 900 N− = =y yD D  

 1.8 540 0 300 N− + = =z zD D  

 1.8 1.8 0 900 Ny yC D C D+ = = − = −  

Thus: (900 N) (900 N) (300 N)= − = +C j D j k    

 0: 900 900 300 900 0Σ = − + + − =F B j j k k  (600 N)=B k   

Free body: B 

 

Since B is aligned with member BE: 

 0, 600 NAB BC BEF F F T= = =   

Free body: C 

 0: (900 N) 0,Σ = + + − =F F F F jCA CD CE  with 
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PROBLEM 6.40*  (Continued) 

 

 ( 1.2 3 0.75 )
3.317

AC
CA AC

FCAF
CA

= = − + −F i j k  

 ( 1.8 3 )
3.499

CE
CD CD CE CE

FCEF F
CE

= − = = − −F k F i k  

Substitute and equate to zero the coefficient of , , :j i k  

 j: 3 900 N 0, 995.1 N
3.317 AC ACF F⎛ ⎞ − = =⎜ ⎟

⎝ ⎠
 995 NACF T=   

 i: 1.2 1.8(995.1) 0, 699.8 N
3.317 3.499 CE CEF F− − = = −  700 NCEF C=   

 k: 0.75 3(995.1) ( 699.8) 0
3.317 3.499CDF− − − − =  375 NCDF T=   

Free body: D 

 0: (375 N) +(900 N) (300 N) 0DA DEΣ = + + + =F F F k j k  

with ( 1.2 3 2.25 )
3.937

AD
DA AD

FDA
DA

= = − + +F F i j k  

and DE DEF F= − i  

Substitute and equate to zero the coefficient , , :j i k  

 j: 3 900 N 0, 1181.1 N
3.937 AD ADF F⎛ ⎞ + = = −⎜ ⎟

⎝ ⎠
 1181NADF C=   

 i: 1.2 ( 1181.1 N) 0
3.937 DEF⎛ ⎞− − − =⎜ ⎟

⎝ ⎠
 360 NDEF T=   

 k: 2.25 ( 1181.1 N 375 N 300 N 0)
3.937

⎛ ⎞ − + + =⎜ ⎟
⎝ ⎠

 (Checks) 

Free body: E 

Member AE is the only member at E which  
does not lie in the XZ plane. Therefore, it is  
a zero-force member. 

 0AEF =   
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PROBLEM 6.41* 

The truss shown consists of 18 members and is supported by a 
ball and socket at A, two short links at B, and one short link at G. 
(a) Check that this truss is a simple truss, that it is completely 
constrained, and that the reactions at its supports are statically 
determinate. (b) For the given loading, determine the force in 
each of the six members joined at E. 

 

SOLUTION 

(a) Check simple truss. 

 (1) start with tetrahedron BEFG 

 (2) Add members BD, ED, GD joining at D. 

 (3) Add members BA, DA, EA joining at A. 

 (4) Add members DH, EH, GH joining at H. 

 (5) Add members BC, DC, GC joining at C. 

 Truss has been completed: It is a simple truss 

 Free body: Truss 

 Check constraints and reactions: 

 Six unknown reactions-ok-however supports at A and B 
constrain truss to rotate about AB and support at G 
prevents such a rotation. Thus, 

 Truss is completely constrained and reactions are statically determinate 

 Determination of Reactions: 

  
0: 11 ( ) (11 9.6 )

(10.08 9.6 ) (275 240 ) 0
A y zB B GΣ = × + + − ×

+ − × + =

M i j k i k j

j k i k
 

  
11 11 11 9.6 (10.08)(275)

(10.08)(240) (9.6)(275) 0
y yB B G G− + + −

+ − =

k j k i k

i j
 

 Equate to zero the coefficient of i, j, k: 

  : 9.6 (10.08)(240) 0 252 lb+ = = −i G G  ( 252 lb)= −G j   

  : 11 (9.6)(275) 0 240 lb− − = = −j z zB B  

  : 11 11( 252) (10.08)(275) 0, 504 lby yB B+ − − = =k  (504 lb) (240 lb)= −B j k   
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PROBLEM 6.41*  (Continued) 

 

  
0: (504 lb) (240 lb) (252 lb)

(275 lb) (240 lb) 0
Σ = + − −

+ + =
F A j k j

i k
 

   (275 lb) (252 lb)= − −A i j   

 Zero-force members 

 The determination of these members will facilitate our solution. 

 FB: C. Writing 0, 0, 0x y zF F FΣ = Σ = Σ =  Yields 0BC CD CGF F F= = =   

 FB: F. Writing 0, 0, 0x y zF F FΣ = Σ = Σ =  Yields 0BF EF FGF F F= = =   

 FB: A: Since 0,zA =    writing 0zFΣ =  Yields 0ADF =   

 FB: H: Writing  0yFΣ =  Yields 0DHF =   

 FB: D: Since 0,AD CD DHF F F= = =  we need 
 consider only members DB, DE, and DG. 

 Since DEF  is the only force not contained in plane BDG, it must be 
 zero. Simple reasonings show that the other two forces are also zero. 

   0BD DE DGF F F= = =   

 The results obtained for the reactions at the supports and for the zero-force members are shown on the 
figure below. Zero-force members are indicated by a zero (“0”). 

 
(b) Force in each of the members joined at E 

 We already found that  0= =DE EFF F   

 Free body: A 0yFΣ =  Yields 252 lbAEF T=   

 Free body: H  0zFΣ =  Yields 240 lbEHF C=   
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PROBLEM 6.41*  (Continued) 

 

 Free body: E 0: (240 lb) (252 lb) 0EB EGΣ = + + − =F F F k j  

  (11 10.08 ) (11 9.6 ) 240 252 0
14.92 14.6

EGBE FF − + − + − =i j i k k j  

 Equate to zero the coefficient of y and k: 

  10.08: 252 0
14.92 BEF⎛ ⎞− − =⎜ ⎟
⎝ ⎠

j  373 lbBEF C=   

  :k  9.6 240 0
14.6 EGF⎛ ⎞− + =⎜ ⎟
⎝ ⎠

 365 lbEGF T=   
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PROBLEM 6.42* 

The truss shown consists of 18 members and is supported by a 
ball and socket at A, two short links at B, and one short link at G. 
(a) Check that this truss is a simple truss, that it is completely 
constrained, and that the reactions at its supports are statically 
determinate. (b) For the given loading, determine the force in each 
of the six members joined at G. 

 

SOLUTION 

See solution to Problem 6.41 for Part (a) and for reactions and zero-force members. 

(b) Force in each of the members joined at G. 

 We already know that 

   0CG DG FGF F F= = =   

 Free body: H 0xFΣ =  Yields 275 lbGHF C=   

 Free body: G 0: (275 lb) (252 lb) 0GB GEΣ = + + − =F F F i j  

  ( 10.08 9.6 ) ( 11 9.6 ) 275 252 0
13.92 14.6

− + + − + + − =BG EGF Fj k i k i j  

 Equate to zero the coefficient of i, j, k: 

  11: 275 0
14.6 EGF⎛ ⎞− + =⎜ ⎟
⎝ ⎠

i  365 lbEGF T=   

  10.08: 252 0
13.92 BGF⎛ ⎞− − =⎜ ⎟
⎝ ⎠

j  348 lbBGF C=   

  9.6 9.6: ( 348) (365) 0
13.92 14.6
⎛ ⎞ ⎛ ⎞− + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

k  (Checks) 
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PROBLEM 6.43 

A Warren bridge truss is loaded as shown. Determine the force in 
members CE, DE, and DF. 

 

SOLUTION 

 
 

 

 

Free body: Truss 

 0: 0x xFΣ = =k  

 
0: (62.5 ft) (6000 lb)(12.5 ft)

(6000 lb)(25 ft) 0
A yM kΣ = −

− =
 

  3600 lby= =k k   

 0: 3600 lb 6000 lb 6000 lb 0yF AΣ = + − − =  

  8400 lb=A   

We pass a section through members CE, DE, and DF and use the  
free body shown. 

 0: (15 ft) (8400 lb)(18.75 ft)
(6000 lb)(6.25 ft) 0

D CEM FΣ = −
+ =

 

 8000 lbCEF = +  8000 lbCEF T=   

 150: 8400 lb 6000 lb 0
16.25y DEF FΣ = − − =  

 2600 lbDEF = +  2600 lbDEF T=   

 0: 6000 lb (12.5 ft) (8400 lb)(25 ft)
(15 ft) 0

E

DF

M
F

Σ = −
− =

 

 9000 lbDFF = −  9000 lbDFF C=   
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PROBLEM 6.44 

A Warren bridge truss is loaded as shown. Determine the force in 
members EG, FG, and FH. 

 

SOLUTION 

See solution of Problem 6.43 for free-body diagram of truss and determination of reactions: 

 8400 lb=A  3600 lb=k   

We pass a section through members EG, FG, and FH, and use the free body shown. 

 0: (3600 lb)(31.25 ft) (15 ft) 0F EGM FΣ = − =  

 7500 lbEGF = +  7500 lbEGF T=   

 150: 3600 lb 0
16.25y FGF F+Σ = + =  

 3900 lbFGF = −  3900 lbFGF C=   

 0: (15 ft) (3600 lb)(25 ft) 0Σ = + =G FHM F  

 6000 lbFHF = −  6000 lbFHF C=   
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PROBLEM 6.45 

Determine the force in members BD and DE of the truss shown. 

 

SOLUTION 

 

 

Member BD: 

 0: (4.5 m) (135 kN)(4.8 m) (135 kN)(2.4 m) 0E BDM FΣ = − − =  

 216 kNBDF = +  216 kNBDF T=   

Member DE: 

 0: 135 kN 135 kN 0Σ = + − =x DEF F  

 270 kNDEF = +  270 kNDEF T=   
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PROBLEM 6.46 

Determine the force in members DG and EG of the truss shown. 

 

SOLUTION 

 

 

Member DG: 

 150: 135 kN 135 kN 135 kN 0
17x DGF FΣ = + + + =  

 459 kNDGF = −  459 kNDGF C=   

Member EG: 

 0: (135 kN)(4.8 m) (135 kN)(2.4 m)
(4.5 m) 0

D

EG

M
F

Σ = +
+ =

 

 216 kNEGF = −  216 kNEGF C=   
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PROBLEM 6.47 

A floor truss is loaded as shown. Determine the force in 
members CF, EF, and EG. 

 

SOLUTION 

Free body: Truss 

 0: 0Σ = =x xF k  

 0: (4.8 m) (4 kN)(0.8 m)

(4 kN)(1.6 m) (3 kN)(2.4 m)
A yM kΣ = −

− −

 

 (2 kN)(3.2 m) (2 kN)(4 m) (1 kN)(4.8 m) 0− − − =  

 7.5 kNyk =  

Thus: 7.5 kN=k   

 0: 7.5 kN 18 kN 0 10.5 kNyF A AΣ = + − = =  10.5 kN=A   

We pass a section through members CF, EF, and EG and use the free body shown. 

 
0: (0.4 m) (10.5 kN)(1.6 m) (2 kN)(1.6 m)

(4 kN)(0.8 m) 0
E CFM FΣ = − +

+ =
 

 26.0 kNCFF = +  26.0 kNCFF T=   

 10: 10.5 kN 2 kN 4 kN 4 kN 0
5y EFF FΣ = − − − − =  

 1.118 kNEFF = +  1.118 kNEFF T=   

 
0: (2 kN)(2.4 m) (4 kN)(1.6 m) (4 kN)(0.8 m)

(10.5 kN)(2.4 m) (0.4 m) 0
F

EG

M
F

Σ = + +
− − =

 

 27.0 kNEGF = −  27.0 kNEGF C=   
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PROBLEM 6.48 

A floor truss is loaded as shown. Determine the force in 
members FI, HI, and HJ. 

 

SOLUTION 

See solution of Problem 6.47 for free-body diagram of truss and determination of reactions: 

  10.5 kN=A ,   7.5 kN=k   

We pass a section through members FI, HI, and HJ, and use the free body shown. 

 
0: (7.5 kN)(1.6 m) (2 kN)(0.8 m) (1 kN)(1.6 m)

(0.4 m) 0
H

FI

M
F

Σ = − −
− =

 

 22.0 kNFIF = +  22.0 kNFIF T=   

 10: 2 kN 1 kN 7.5 kN 0
5y HIF FΣ = − − + =  

 10.06 kNHIF = −  10.06 kNHIF C=   

 0: (0.4 m) (7.5 kN)(0.8 m) (1kN)(0.8 m) 0I HJM FΣ = + − =  

 13.00 kNHJF = −  13.00 kNHJF C=   
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PROBLEM 6.49 

A pitched flat roof truss is loaded as shown. Determine the force 
in members CE, DE, and DF. 

 

SOLUTION 

Reactions at supports: Because of the symmetry of the loading, 

 

0
1 1(Total load) (8 kN)
2 2

x

y

A

A I

=

= = =  4 kN= =A I   

We pass a section through members CD, DE, and DF, and use the free body shown.  
(We moved DEF to E and DFF to F) 

 Slope 2.16 m 9
9.6 m 40

BJ = =  

 Slope 

9
40

1 m 5
2.4 m 12
0.46 m 0.46 m 2.0444 m

Slope

DE

a
BJ

− −= =

= = =

 

 0: (1 m) (1 kN)(2.4 m) (4 kN)(2.4 m) 0Σ = + − =D CEM F  

 7.20 kNCEF = +  7.20 kNCEF T=   

 0: (4 kN)(2.0444 m) (1 kN)(2.0444 m)
5(2 kN)(4.4444 m) (6.8444 m) 0

13

K

DE

M

F

Σ = −

⎛ ⎞− − =⎜ ⎟
⎝ ⎠

 

 1.047 kNDEF = −  1.047 kNDEF C=   

 0: (1 kN)(4.8 m) (2kN)(2.4 m) (4 kN)(4.8 m)
40 (1.54 m) 0
41

E

DF

M

F

Σ = + −

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 

 6.39 kNDFF = −  6.39 kNDFF C=   
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PROBLEM 6.50 

A pitched flat roof truss is loaded as shown. Determine the force 
in members EG, GH, and HJ. 

 

SOLUTION 

Reactions at supports: Because of the symmetry of the loading, 

 

0
1 1(Total load) (8 kN)
2 2

x

y

A

A I

=

= = =  4 kN= =A I   

We pass a section through members EG, GH, and HJ, and use the free body shown. 

 0: (4 kN)(2.4 m) (1 kN)(2.4 m) (2.08 m) 0H EGM FΣ = − − =  

 3.4615 kNEGF = +  3.46 kNEGF T=   

 0: (2.4 m) (2.62 m) 0J GH EGM F FΣ = − − =  

 2.62 (3.4615 kN)
2.4GHF = −  

 3.7788 kNGHF = −  3.78 kNGHF C=   

 2.40: 0
2.46x EG HJF F FΣ = − − =  

 
2.46 2.46 (3.4615 kN)
2.4 2.4HJ EGF F= − = −  

 3.548 kNHJF = −  3.55 kNHJF C=   
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PROBLEM 6.51 

A Howe scissors roof truss is loaded as shown. Determine 
the force in members DF, DG, and EG. 

 

SOLUTION 

Reactions at supports. 

Because of symmetry of loading. 

 1 10, (Total load) (9.60 kips) 4.80 kips
2 2x yA A L= = = = =  

 4.80 kips= =A L   

We pass a section through members DF, DG, and EG, and use the free body shown. 

We slide DFF  to apply it at F: 

 

2 2

0: (0.8 kip)(24 ft) (1.6 kips)(16 ft) (1.6 kips)(8 ft)
8(4.8 kips)(24 ft) (6 ft) 0

8 3.5

G

DF

M
F

Σ = + +

− − =
+

 

 10.48 kips, 10.48 kipsDF DFF F C= − =   

 

2 2 2 2

0: (1.6 kips)(8 ft) (1.6 kips)(16 ft)
2.5 8

(16 ft) (7 ft) 0
8 2.5 8 2.5

A

DG DG

M
F F

Σ = − −

− − =
+ +

 

 3.35 kips, 3.35 kipsDG DGF F C= − =   

 
2 2

80: (0.8 kips)(16 ft) (1.6 kips)(8 ft) (4.8 kips)(16 ft) (4 ft) 0
8 1.5

EG
D

FMΣ = + − − =
+

 

 13.02 kips, 13.02 kipsEG EGF F T= + =   
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PROBLEM 6.52 

A Howe scissors roof truss is loaded as shown. Determine 
the force in members GI, HI, and HJ. 

 

SOLUTION 

Reactions at supports.  Because of symmetry of loading: 

 0,xA =  1 (Total load)
2
1 (9.60 kips)
2

yA L= =

=

 

  4.80 kips=  4.80 kips= =A L   

We pass a section through members GI, HI, and HJ, and use the free body shown. 

 

 
2 2

160: (4 ft) (4.8 kips)(16 ft) (0.8 kip)(16 ft) (1.6 kips)(8 ft) 0
16 3

GI
H

FMΣ = − + − − =
+

 

 13.02 kipsGIF = +  13.02 kipsGIF T=   

 0: (1.6 kips)(8 ft) (16 ft) 0
0.800 kips

L HI

HI

M F
F

Σ = − =
= +

 

 0.800 kipsHIF T=   

We slide HGF  to apply it at H. 

 
2 2

80: (4 ft) (4.8 kips)(16 ft) (1.6 kips)(8 ft) (0.8 kip)(16 ft) 0
8 3.5

HJ
I

FMΣ = + − − =
+

 

 13.97 kipsHJF = −  13.97 kipsHJF C=   
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PROBLEM 6.53 

A Pratt roof truss is loaded as shown. Determine the force in 
members CE, DE, and DF. 

 

SOLUTION 

Free body: Entire truss 

 0: 0x xF AΣ = =  

 Total load 5(3 kN) 2(1.5 kN)
18 kN

= +
=

 

By symmetry: 

 1 (18 kN)
2yA L= =  9 kN= =A L   

 

Free body: Portion ACD 

Note: Slope of ABDF is  

 6.75 3
9.00 4

=  

Force in CE: 

 20: 6.75 m (9 kN)(6 m) (1.5 kN)(6 m) (3 kN)(3 m) 0
3D CEM F ⎛ ⎞Σ = × − + + =⎜ ⎟

⎝ ⎠
 

 (4.5 m) 36 kN m 0CEF − ⋅ =  

 8 kNCEF = +  8 kNCEF T=   

Force in DE: 

 0: (6 m) (3 kN)(6 m) (3 kN)(3 m) 0A DEM FΣ = + + =  

 4.5 kNDEF = −  4.5 kNDEF C=   
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PROBLEM 6.53  (Continued) 

 

Force in DF: 

Sum moments about E where CEF  and DEF  intersect. 

 4 20: (1.5 kN)(6 m) (9 kN)(6 m) (3 kN)(3 m) + 6.75 m 0
5 3E CEM F ⎛ ⎞Σ = − + × =⎜ ⎟

⎝ ⎠
 

 
4 (4.5 m) 36 kN m
5 CEF − ⋅  

 10.00 kNCEF = −  10.00 kNCEF C=   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

824 

 

 

PROBLEM 6.54 

A Pratt roof truss is loaded as shown. Determine the force in 
members FH, FI, and GI. 

 

SOLUTION 

Free body: Entire truss 

 0: 0x xF AΣ = =  

 Total load 5(3 kN) 2(1.5 kN) 18 kN= + =  

By symmetry: 

 1 (18) 9 kN
2y = = =A L  

Free body: Portion HIL 

Slope of FHJL 

 6.75 3
9.00 4

=  

 6.75 mtan 66.04
3 m

FG
GI

α α= = = °  

Force in FH: 

 4 20: 6.75 m (9 kN)(6 m) (1.5 kN)(6 m) (3 kN)(3 m) 0
5 3I FHM F ⎛ ⎞Σ = × + − − =⎜ ⎟

⎝ ⎠
 

 4 (4.5 m) 36 kN m
5 FHF + ⋅  

 10.00 kNFHF = −  10.00 kNFHF C=   

Force in FI: 

 0: sin (6 m) (3 kN)(6 m) (3 kN)(3 m) 0L FIM F αΣ = − − =  

 sin 66.04 (6 m) 27 kN mFIF ° = ⋅  

 4.92 kNFIF = +  4.92 kNFIF T=   
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PROBLEM 6.54  (Continued) 

 

Force in GI: 

 0: (6.75 m) (3 kN)(3 m) (3 kN)(6 m) (1.5 kN)(9 m) (9 kN)(9 m) 0H GIM FΣ = + + + − =  

 (6.75 m) 40.5 kN mGIF = + ⋅  

 6.00 kNGIF = +  6.00 kNGIF T=   
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PROBLEM 6.55 

Determine the force in members AD, CD, and CE of the 
truss shown. 

 

SOLUTION 

Reactions: 

  

 0: 36(2.4) (13.5) 20(9) 20(4.5) 0kM BΣ = − + + =  26.4 kN=B  

 0: 36 0 36 kNx x xF KΣ = − + = =K  

  0: 26.4 20 20 0 13.6 kNy y yF KΣ = − − + = =K  

 
 0: 36(1.2) 26.4(2.25) (1.2) 0C ADM FΣ = − − =  

 13.5 kNADF = −  13.5 kNADF C=   

 80: (4.5) 0
17A CDM F⎛ ⎞Σ = =⎜ ⎟
⎝ ⎠

 0CDF =   

 150: (2.4) 26.4(4.5) 0
17D CEM F⎛ ⎞Σ = − =⎜ ⎟
⎝ ⎠

 

 56.1 kNCEF = +  56.1 kNCEF T=   
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PROBLEM 6.56 

Determine the force in members DG, FG, and FH of the 
truss shown. 

 

SOLUTION 

See the solution to Problem 6.55 for free-body diagram and analysis to determine the reactions at the supports 
B and K. 

 26.4 kN=B ; 36.0 kNx =K ; 13.60 kNy =K  

 

 0: 36(1.2) 26.4(6.75) 20(2.25) (1.2) 0F DGM FΣ = − + − =  

 75 kNDGF = −  75.0 kNDGF C=   

 80: 26.4(4.5) (4.5) 0
17D FGM F⎛ ⎞Σ = − + =⎜ ⎟
⎝ ⎠

 

 56.1 kNFGF = +  56.1 kNFGF T=   

 
150: 20(4.5) 26.4(9) (2.4) 0
17G FHM F⎛ ⎞Σ = − + =⎜ ⎟
⎝ ⎠

 

 69.7 kNFHF = +  69.7 kNFHF T=   
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PROBLEM 6.57 

A stadium roof truss is loaded as shown. Determine the force 
in members AB, AG, and FG. 

 

SOLUTION 

We pass a section through members AB, AG, and FG, and use the free body shown. 

 

 400: (6.3 ft) (1.8 kips)(14 ft) (0.9 kips)(28 ft) 0
41G ABM F⎛ ⎞Σ = − − =⎜ ⎟

⎝ ⎠
 

  8.20 kipsABF = +  8.20 kipsABF T=   

 30: (28 ft) (1.8 kips)(28 ft) (1.8 kips)(14 ft) 0
5D AGM F⎛ ⎞Σ = − + + =⎜ ⎟

⎝ ⎠
 

 4.50 kipsAGF = +  4.50 kipsAGF T=   

 0: (9 ft) (1.8 kips)(12 ft) (1.8 kips)(26 ft) (0.9 kips)(40 ft) 0A FGM F= − − − − =  

 11.60 kipsFGF = −  11.60 kipsFGF C=   
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PROBLEM 6.58 

A stadium roof truss is loaded as shown. Determine the force 
in members AE, EF, and FJ. 

 

SOLUTION 

We pass a section through members AE, EF, and FJ, and use the free body shown. 

 

 
2 2

80: (9 ft) (1.8 kips)(12 ft) (1.8 kips)(26 ft) (0.9 kips)(40 ft) 0
8 9

F AEM F
⎛ ⎞

Σ = − − − =⎜ ⎟⎜ ⎟+⎝ ⎠
 

 17.46 kipsAEF = +  17.46 kipsAEF T=   

 0: (9 ft) (1.8 kips)(12 ft) (1.8 kips)(26 ft) (0.9 kips)(40 ft) 0A EFM FΣ = − − − − =  

 11.60 kipsEFF = −  11.60 kipsEFF C=   

 0: (8 ft) (0.9 kips)(8 ft) (1.8 kips)(20 ft) (1.8 kips)(34 ft) (0.9 kips)(48 ft) 0E FJM FΣ = − − − − − =  

 18.45 kipsFJF = −   18.45 kipsFJF C=   
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PROBLEM 6.59 

A Polynesian, or duopitch, roof truss is loaded as 
shown. Determine the force in members DF, EF, 
and EG. 

 

SOLUTION 

Free body: Truss 

 
 0: 0x xF NΣ = =  

 0: (200 lb)(8 ) (400 lb)(7 6 5 )+(350 lb)(4 ) (300 lb)(3 2 ) (8 ) 0NM a a a a a a a a A aΣ = + + + + + + − =  

 1500 lb=A   

 0: 1500 lb 200 lb 3(400 lb) 350 lb 3(300 lb) 150 lb 0y yF NΣ = − − − − − + =  

 1300 lb 1300 lbyN = =N   

We pass a section through DF, EF, and EG, and use the free body shown. 

(We apply DFF  at F) 

 

2 2

0: (200 lb)(18 ft) (400 lb)(12 ft) (400 lb)(6 ft) (1500 lb)(18 ft)

18 (4.5 ft) 0
18 4.5

E

DF

M

F

Σ = + + −

⎛ ⎞
− =⎜ ⎟⎜ ⎟+⎝ ⎠

 

 3711 lb 3710 lbDF DFF F C= − =   

 0: (18 ft) (400 lb)(6 ft) (400 lb)(12 ft) 0A EFM FΣ = − − =  

 400 lbEFF = +  400 lbEFF T=   

 0: (4.5 ft) (1500 lb)(18 ft)+(200 lb)(18 ft) (400 lb)(12 ft) (400 lb)(6 ft) 0F EGM FΣ = − + + =  

 3600 lb 3600 lbEG EGF F T= + =   
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PROBLEM 6.60 

A Polynesian, or duopitch, roof truss is loaded as 
shown. Determine the force in members HI, GI, 
and GJ. 

 

SOLUTION 

See solution of Problem 6.59 for reactions: 

 1500 lb=A , 1300 lb=N   

We pass a section through HI, GI, and GJ, and use the free body shown. 

(We apply HIF  at H.) 

 

 
2 2

60: (8.5 ft) (1300 lb)(24 ft) (300 lb)(6 ft)
6 4
(300 lb)(12 ft) (300 lb)(18 ft) (150 lb)(24 ft) 0

G HIM F
⎛ ⎞

Σ = + −⎜ ⎟⎜ ⎟+⎝ ⎠
− − − =

 

 2375.4 lb 2375 lbHI HIF F C= − =   

 0: (1300 lb)(18 ft) (300 lb)(6 ft) (300 lb)(12 ft) 
(150 lb)(18 ft) (4.5 ft) 0

I

GJ

M
F

Σ = − −
− − =

 

 3400 lb 3400 lbGJ GJF F T= + =   

 
2 2

4 60: ( 2375.4 lb) 3400 lb 0
5 6 4

x GIF FΣ = − − − − =
+

 

 1779.4 lbGIF = −  1779 lbGIF C=   
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PROBLEM 6.61 

Determine the force in members AF and EJ of the truss shown 
when 1.2 kN.P Q= =  (Hint: Use section aa.) 

 

SOLUTION 

Free body: Entire truss 

 
 0: (8 m) (1.2 kN)(6 m) (1.2 kN)(12 m) 0AM KΣ = − − =  

  2.70 kNK = +  2.70 kN=K   
Free body: Lower portion 

 

 0: (12 m) (2.70 kN)(4 m) (1.2 kN)(6 m) (1.2 kN)(12 m) 0F EJM FΣ = + − − =  

  0.900 kNEJF = +  0.900 kNEJF T=   

  0: 0.9 kN 1.2 kN 1.2 kN 0y AFF FΣ = + − − =  

  1.500 kNAFF = +  1.500 kNAFF T=   
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PROBLEM 6.62 

Determine the force in members AF and EJ of the truss shown 
when 1.2 kNP =  and 0.Q =  (Hint: Use section aa.) 

 

SOLUTION 

Free body: Entire truss 

 
  0: (8 m) (1.2 kN)(6 m) 0AM KΣ = − =  

  0.900 kNK = +  0.900 kN=K   
Free body: Lower portion 

  0: (12 m) (0.900 kN)(4 m) (1.2 kN)(6 m) 0F EJM FΣ = + − =  

  0.300 kNEJF = +  0.300 kNEJF T=   

  0: 0.300 kN 1.2 kN 0y AFF FΣ = + − =  

  0.900 kNAFF = +  1.900 kNAFF T=   
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PROBLEM 6.63 

Determine the force in members EH and GI of the 
truss shown. (Hint: Use section aa.) 

 

SOLUTION 

Reactions: 

 

 0: 0x xF AΣ = =  

 0: 12(45) 12(30) 12(15) (90) 0P yM AΣ = + + − =  

 12 kipsy =A  

 0: 12 12 12 12 0yF PΣ = − − − + =  24 kips=P  

 0: (12 kips)(30 ft) (16 ft) 0G EHM FΣ = − − =  

 22.5 kipsEHF = −  22.5 kipsEHF C=   

 0: 22.5 kips 0x GIF FΣ = − =  22.5 kipsGIF T=   
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PROBLEM 6.64 

Determine the force in members HJ and IL of the truss 
shown. (Hint: Use section bb.) 

 

SOLUTION 

See the solution to Problem 6.63 for free body diagram and analysis to determine the reactions at supports A 
and P. 

 0; 12.00 kipsx y= =A A ; 24.0 kips=P  

 0: (16 ft) (12 kips)(15 ft) (24 kips)(30 ft) 0L HJM FΣ = − + =  

 33.75 kipsHJF = −  33.8 kipsHJF C=   

 0 : 33.75 kips 0x ILF FΣ = − =  

 33.75 kipsILF = +  33.8 kipsILF T=   
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PROBLEM 6.65 

The diagonal members in the center panels of 
the power transmission line tower shown are 
very slender and can act only in tension; such 
members are known as counters. For the given 
loading, determine (a) which of the two 
counters listed below is acting, (b) the force 
in that counter. 

Counters CJ and HE. 

 

SOLUTION 

Free body: Portion ABDFEC of tower 

We assume that counter CJ is acting and show the forces exerted by that counter and by members CH and EJ. 

 

 40: 2(1.2 kN)sin 20 0 1.026 kN
5x CJ CJF F FΣ = − ° = = +  

Since CJ is found to be in tension, our assumption was correct. Thus, the answers are 

  (a)   CJ   

  (b)   1.026 kN T   
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PROBLEM 6.66 

The diagonal members in the center panels of 
the power transmission line tower shown are 
very slender and can act only in tension; such 
members are known as counters. For the given 
loading, determine (a) which of the two 
counters listed below is acting, (b) the force 
in that counter. 

Counters IO and KN. 

 

SOLUTION 

Free body: Portion of tower shown 

 
We assume that counter IO is acting and show the forces exerted by that counter and by members IN and KO. 

 40 : 4(1.2 kN)sin 20 0 2.05 kN
5x IO IOF F FΣ = − ° = = +  

Since IO is found to be in tension, our assumption was correct. Thus, the answers are 

  (a)   IO   

  (b)   2.05 kN T   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

838 

 

 

PROBLEM 6.67 

The diagonal members in the center panels of the truss shown 
are very slender and can act only in tension; such members are 
known as counters. Determine the forces in the counters that 
are acting under the given loading. 

 

SOLUTION 

Free body: Truss 

 
 0: 0x xF FΣ = =  

 0: 4.8(3 ) 4.8(2 ) 4.8 2.4 (2 ) 0H yM a a a a F aΣ = + + − − =  

 13.20 kipsyF = +  13.20 kips=F   

  0: 13.20 kips 3(4.8 kips) 2(2.4 kips) 0yF HΣ = + − − =  

 6.00 kipsH = +  6.00 kips=H   

 

Free body: ABF 

We assume that counter BG is acting. 

  9.60: 13.20 2(4.8) 0
14.6y BGF FΣ = − + − =  

 5.475BGF = +  5.48 kipsBGF T=   
Since BG is in tension, our assumption was correct 

Free body: DEH 

We assume that counter DG is acting. 

 9.60: 6.00 2(2.4) 0
14.6y DGF F+Σ = − + − =  

 1.825DGF = +  1.825 kipsDGF T=   

Since DG is in tension, O.K. 
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PROBLEM 6.68 

The diagonal members in the center panels of the truss shown 
are very slender and can act only in tension; such members are 
known as counters. Determine the forces in the counters that 
are acting under the given loading. 

 

SOLUTION 

Free body: Truss 

 
 0: 0x xF FΣ = =  

 0: 4.8(2 ) 4.8 2.4 2.4(2 ) 0G yM F a a a a aΣ = − + + − − =  

 7.20yF =  7.20 kipsF =    

 

Free body: ABF 

We assume that counter CF is acting. 

  
9.60 : 7.20 2(4.8) 0

14.6y CFF FΣ = + − =  

 3.65CFF = +  3.65 kipsCFF T=   
Since CF is in tension, O.K. 

Free body: DEH 

We assume that counter CH is acting. 

 
9.60: 2(2.4 kips) 0

14.6y CHF F+Σ = − =  

 7.30CHF = +  7.30 kipsCHF T=   
Since CH is in tension, O.K. 
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PROBLEM 6.69 

Classify each of the structures shown as completely, partially, or improperly constrained; if completely 
constrained, further classify as determinate or indeterminate. (All members can act both in tension and in 
compression.) 

 

 

SOLUTION 

Structure (a) 

Number of members: 
 16m =  
Number of joints: 
 10n =  
Reaction components: 

 
4
20, 2 20

r
m r n

=
+ = =

 

Thus:  2m r n+ =   

To determine whether the structure is actually completely constrained and determinate, we must try to find the 
reactions at the supports. We divide the structure into two simple trusses and draw the free-body diagram of 
each truss. 

 
This is a properly supported simple truss – O.K. 

 
This is an improperly supported simple  
truss. (Reaction at C passes through B. Thus,  
Eq. 0BMΣ =  cannot be satisfied.) 

  Structure is improperly constrained  

 
Structure (b) 

 

16
10
4

20, 2 20

m
n
r
m r n

=
=
=
+ = =

 

Thus:  2m r n+ =   

(a) 

(b) 
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PROBLEM 6.69  (Continued) 

 

We must again try to find the reactions at the supports dividing the structure as shown. 

 
Both portions are simply supported simple trusses. 

 Structure is completely constrained and determinate  

Structure (c) 

 

17
10
4
21, 2 20

m
n
r

m r n

=
=
=

+ = =

 

Thus:  2m r n+ >   

This is a simple truss with an extra support which causes reactions (and forces in members) to be 
indeterminate. 

 Structure is completely constrained and indeterminate  

(c)
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PROBLEM 6.70 

Classify each of the structures shown as completely, partially, or improperly constrained; if completely 
constrained, further classify as determinate or indeterminate. (All members can act both in tension and in 
compression.) 

 

 

SOLUTION 

Structure (a): 

Non-simple truss with 4,r =  16,m =  10n =  

so 20 2 ,m r n+ = =  but must examine further. 

FBD Sections: 

  
FBD I: 0AMΣ =  ⇒     1T  

 II: 0xFΣ =  ⇒     2T  

 I: 0xFΣ =  ⇒     xA  

 I: 0yFΣ =  ⇒     yA  

 II: 0EMΣ =  ⇒     yC  

 II: 0yFΣ =  ⇒     yE  

Since each section is a simple truss with reactions determined, 

 structure is completely constrained and determinate.  

Non-simple truss with 3,r =  16,m =  10n =  

Structure (b): 

so  19 2 20m r n+ = < =  structure is partially constrained  
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PROBLEM 6.70  (Continued) 

 

Structure (c): 

 

Simple truss with 3,r =  17,m =  10n =  20 2 ,m r n+ = =  but the horizontal reaction forces  and x xA E  
are collinear and no equilibrium equation will resolve them, so the structure is improperly constrained 
and indeterminate   
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PROBLEM 6.71 

Classify each of the structures shown as completely, partially, or improperly constrained; if completely 
constrained, further classify as determinate or indeterminate. (All members can act both in tension and in 
compression.) 

 

 

SOLUTION 

Structure (a): 

 
Non-simple truss with 4,r = 12,m = 8n =  so 16 2 ,r m n+ = =   
check for determinacy: 

One can solve joint F for forces in EF, FG and then solve joint  
E for yE  and force in DE. 

This leaves a simple truss ABCDGH with 

 3, 9, 6 so 12 2r m n r m n= = = + = =  Structure is completely constrained and determinate  

Structure (b): 

 
Simple truss (start with ABC and add joints alphabetically to complete truss) with 4,r = 13,m = 8n =  

so 17 2 16r m n+ = > =  Constrained but indeterminate  
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PROBLEM 6.71  (Continued) 

 

Structure (c): 

 
Non-simple truss with 3,r = 13,m = 8n =  so 16 2 .+ = =r m n  To further examine, follow procedure in 
Part (a) above to get truss at left. 

Since 1 0≠F  (from solution of joint F), 

1AM aFΣ =  0≠  and there is no equilibrium. 

 Structure is improperly constrained  
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PROBLEM 6.72 

Classify each of the structures shown as completely, partially, or improperly constrained; if completely 
constrained, further classify as determinate or indeterminate. (All members can act both in tension and in 
compression.) 

 

 

SOLUTION 

Structure (a)  
Number of members: 
 12=m  
Number of joints: 
 8n =  
Reaction components: 

 
3
15, 2 16

r
m r n

=
+ = =

 

Thus:  2+m r n�    
  Structure is partially constrained  

 

Structure (b) 

 
13,  8
3
16, 2 16

= =
=

+ = =

m n
r

m r n
 

Thus:  2+ =m r n    

To verify that the structure is actually completely constrained and determinate, we observe that it is a simple 
truss (follow lettering to check this) and that it is simply supported by a pin-and-bracket and a roller. Thus: 

 Structure is completely constrained and determinate  
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PROBLEM 6.72  (Continued) 

 

Structure (c) 

 13, 8
4
17, 2 16

m n
r

m r n

= =
=

+ = =

 

Thus: 2m r n+ �    

 Structure is completely constrained and indeterminate  

This result can be verified by observing that the structure is a simple truss (follow lettering to check thus), 
therefore rigid, and that its supports involve 4 unknowns. 
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PROBLEM 6.73 

Classify each of the structures shown as completely, partially, or improperly constrained; if completely 
constrained, further classify as determinate or indeterminate. (All members can act both in tension and in 
compression.) 

 

 

SOLUTION 

Structure (a): Rigid truss with 3,r =  14,m =  8n =  

so 17 2 16r m n+ = =�  
 so completely constrained but indeterminate  

Structure (b): Simple truss (start with ABC and add joints alphabetically), with 

 3, 13, 8 so 16 2r m n r m n= = = + = =  

 so completely constrained and determinate  

  

Structure (c): 

 
Simple truss with 3,r =  13,m =  8n =  so 16 2 ,r m n+ = =  but horizontal reactions (  and )x xA D  are collinear 
so cannot be resolved by any equilibrium equation. 

 structure is improperly constrained  
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PROBLEM 6.74 

Classify each of the structures shown as completely, partially, or improperly constrained; if completely 
constrained, further classify as determinate or indeterminate. (All members can act both in tension and in 
compression.) 

 

 

SOLUTION 

Structure (a): 

No. of members 12m =  
No. of joints 8 16 2n m r n= + = =   

No. of react. comps. 4 unks  eqnsr = =  

FBD of EH: 

 
 0HMΣ =  ;DEF 0xFΣ = ;GHF 0yFΣ = yH  

Then ABCDGF is a simple truss and all forces can be determined. 
 This example is completely constrained and determinate.  
 
Structure (b): 

No. of members 12m =  

No. of joints 8 15 2 16n m r n= + = =�  

No. of react. comps. 3 unks  eqnsr = �  

 partially constrained  

Note: Quadrilateral DEHG can collapse with joint D moving downward: in (a) the roller at F prevents this 
action. 
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PROBLEM 6.74  (Continued) 

 

Structure (c): 

No. of members 13m =  

No. of joints 8 17 2 16n m r n= + = =�  

No. of react. comps. 4 unks  eqnsr = �  

 completely constrained but indeterminate  

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

851 

 

 

PROBLEM 6.75 

For the frame and loading shown, determine the force 
acting on member ABC (a) at B, (b) at C. 

 

SOLUTION 

FBD ABC: 

 
:  is two-force memberNote BD  

(a) 30: (0.09 m)(200 N) (2.4 m) 0
5C BDM F⎛ ⎞Σ = − =⎜ ⎟

⎝ ⎠
 

 125.0 NBD =F 36.9°   

(b) 40: 200 N (125 N) 0        100 N
5x x xF CΣ = − − = =C  

 3 30: 0        (125 N) 75 N
5 5y BD y yF F CΣ = − = = =C   

 125.0 N=C 36.9°   
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PROBLEM 6.76 

Determine the force in member BD and the components of the 
reaction at C. 

 

SOLUTION 

We note that BD is a two-force member. The force it exerts on ABC, therefore, is directed along the BD. 

Free body: ABC 

 
Attaching BDF at D and resolving it into components, we write 

 0:CMΣ =  450(400 N)(135 mm) (240 mm) 0
510 BDF⎛ ⎞+ =⎜ ⎟

⎝ ⎠
 

 255 NBDF = −  255 NBDF C=   

 2400: ( 255 N) 0
510x xF CΣ = + − =  

 120.0 NxC = +   120.0 Nx =C   

  
4500: 400 N ( 255 N) 0
510y yF CΣ = − + − =  

 625 NyC = +  625 Ny =C   
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PROBLEM 6.77 

Rod CD is fitted with a collar at D that can be moved along 
rod AB, which is bent in the shape of an arc of circle. For the 
position when 30 ,θ = °  determine (a) the force in rod CD, 
(b) the reaction at B. 

 

SOLUTION 

FBD: 

 

(a) 0: (15 in.)(20 lb ) 0C yM BΣ = − =  20 lby =B  

 0: 20 lb sin 30 20 lb 0y CDF FΣ = − + ° − =  80.0 lbCDF T=   

(b) 0: (80 lb)cos30 0x xF BΣ = ° − =  

 69.282 lbx =B  

  so  72.1 lb=B   16.10°   
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PROBLEM 6.78 

Solve Problem 6.77 when 150 .θ = °  

PROBLEM 6.77 Rod CD is fitted with a collar at D that can be moved 
along rod AB, which is bent in the shape of an arc of circle. For the 
position when 30 ,θ = ° determine (a) the force in rod CD, (b) the 
reaction at B. 

 

SOLUTION 

Note that CD is a two-force member, CDF must be directed along DC. 

 
(a) 0: (20 lb)(2 ) ( sin 30 ) 0Σ = − ° =B CDM R F R  

 80 lbCDF =  80.0 lbCDF T=   

(b) 0: (20 lb) ( ) 0C yM R B RΣ = + =  

 20 lbyB = −  20.0 lb=B y  

 0: cos30 0
(20 lb)cos30 0

x CD x

x

F F B
B

Σ = − ° + =
− ° + =

 

 69.28 lbxB =  69.28 lb=Bx  

 72.1 lb=B  16.10°  
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PROBLEM 6.79 

Determine the components of all forces acting on member 
ABCD when 0.θ =  

 

SOLUTION 

Free body: Entire assembly 

 
 0: (8 in.) (60 lb)(20 in.) 0Σ = − =BM A  
  150 lb=A  150.0 lb=A   

 0: 150.0 lb 0 150 lbx x xF B BΣ = + = = −  150.0 lbx =B   

 0: 60.0 lb 0 60.0 lby y yF B BΣ = − = = +  60.0 lby =B   

Free body: Member ABCD We note that D is directed along DE, since DE is a two-force member. 

 0: (12) (60 lb)(4) (150 lb)(8) 0CM DΣ = − + =  

 80 lbD = −  80.0 lb=D   

 0: 150.0 150.0 0 0x x xF C CΣ = + − = =  

  0: 60.0 80.0 0 20.0 lby y yF C CΣ = + − = = +  20.0 lb=C   
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PROBLEM 6.80 

Determine the components of all forces acting on member 
ABCD when 90 .θ = °  

 

SOLUTION 

Free body: Entire assembly 

 

 0: (8 in.) (60 lb)(8 in.) 0Σ = − =BM A  

 60.0 lb= +A  60.0 lb=A   

 0: 60 lb 60 lb 0 0Σ = + − = =x x xF B B  

 0: 0y yF BΣ = =   0=B   

Free body: Member ABCD We note that D is directed along DE, since DE is a two-force member. 

 0: (12 in.) (60 lb)(8 in.) 0CM DΣ = + =  

 40.0 lbD = −  40.0 lb=D   

 0: 60 lb 0Σ = + =x xF C  

 60 lbxC = −  60.0 lbx =C   

  0: 40 lb 0y yF CΣ = − =  

 40 lbyC = +  40.0 lby =C   
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PROBLEM 6.81 

For the frame and loading shown, determine the components of all forces acting 
on member ABC. 

 

SOLUTION 

Free body: Entire frame 

 0: 18 kN 0x xF AΣ = + =  

 18 kNxA = −  18.00 kNx =A   

 0: (18 kN)(4 m) (3.6 m) 0E yM AΣ = − − =  

 20 kNyA = −  20.0 kNy =A   

 0: 20 kN 0yF FΣ = − + =  

 20 kN 20 kNF = + =F  

Free body: Member ABC 

Note: BE is a two-force member. Thus B is directed along line BE. 

 0: (4 m) (18 kN)(6 m) (20 kN)(3.6 m) 0CM BΣ = − + =  

 9 kNB =  9.00 kN=B   

 0: 18 kN 9 kN 0x xF CΣ = − + =  

 9 kNxC =  9.00 kNx =C   

 0: 20 kN 0y yF CΣ = − =  

 20 kNyC =  20.0 kN=Cy   
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PROBLEM 6.82 

Solve Problem 6.81 assuming that the 18-kN load is replaced by a 
clockwise couple of magnitude 72 kN · m applied to member CDEF at 
Point D. 

PROBLEM 6.81 For the frame and loading shown, determine the 
components of all forces acting on member ABC. 

 

SOLUTION 

Free body: Entire frame 

 0: 0x xF AΣ = =  

 0: 72 kN m (3.6 m) 0F yM AΣ = − ⋅ − =  

 20 kN 20 kNy yA = − =A   20.0 kN=A   

 

Free body: Member ABC 

Note: BE is a two-force member. Thus B is directed along line BE. 

 0: (4 m) (20 kN)(3.6 m) 0Σ = + =CM B  

 18 kNB = −  18.00 kN=B   

 0: 18 kN 0x xF C= − + =  

 18 kNxC =  18.00 kNx =C   

  0: 20 kN 0y yF CΣ = − =  

 20 kNyC =  20.0 kNy =C   
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PROBLEM 6.83 

Determine the components of the reactions at A and E if a 750-N 
force directed vertically downward is applied (a) at B, (b) at D. 

 

SOLUTION 

Free-body: Entire Frame 
The following analysis is valid for both (a) and (b) since position of load on its line of action is immaterial. 

 0: (750 N)(240 mm) (400 mm) 0E xM AΣ = − − =  

 450 N 450 Nx xA = − =A  
 0: 450 N 0 450 N 450 Nx x x xF E EΣ = − = = =E  

 0: 750 N 0y y yF A EΣ = + − =  (1) 

(a) Load applied at B. 
 Free body: Member CE 
 CE is a two-force member. Thus, the reaction at E must be directed along CE. 

 240 mm ; 225 N
450 N 480 mm

y
y

E
= =E  

 From Eq. (1): 225 750 0; 525 lby yA + − = =A  

 Thus, reactions are: 
 450 Nx =A , 525 lby =A   

 450Nx =E , 225 lby =E   

(b) Load applied at D. 
 Free body: Member AC 
 AC is a two-force member. Thus, the reaction at A must be directed along AC. 

 160 mm 150.0 N
450 N 480 mm

y
y

A
= =A  

 From Eq. (1): 750 N 0

150 N 750 N 0
y y

y

A E

E

+ − =

+ − =

 

 600 N 600 Ny yE = =E  

 Thus, reactions are:   450 Nx =A , 150.0 Ny =A   

 450 Nx =E , 600 Ny =E   
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PROBLEM 6.84 

Determine the components of the reactions at A and E if a 750-N 
force directed vertically downward is applied (a) at B, (b) at D. 

 

SOLUTION 

Free body: Entire frame 

The following analysis is valid for both (a) and (b) since position of load on its line of action is immaterial. 

 0: (750 N)(80 mm) (200 mm) 0Σ = − − =E xM A  

 300 N 300 Nx xA = − =A  

 0: 300 N 0 300 N 300 Nx x x xF E EΣ = − = = =E  

 0: 750 N 0y y yF A EΣ = + − =  (1) 

 

(a) Load applied at B. 

 Free body: Member CE 

 CE is a two-force member. Thus, the reaction at E must be directed along CE. 

 75 mm 90 N
300 N 250 mm

y
y

E
E= =  

 From Eq. (1): 90 N 750 N 0yA + − =  660 NyA =  

 Thus reactions are: 

 300 Nx =A , 660 Ny =A   

 300 Nx =E , 90.0 N=Ey   

(b) Load applied at D. 

 Free body: Member AC 

 AC is a two-force member. Thus, the reaction at A must be directed along AC. 

 125 mm 150 N
300 N 250 mm

y
y

A
A= =  
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PROBLEM 6.84  (Continued) 

 

 From Eq. (1): 750 N 0

150 N 750 N 0
y y

y

A E

E

+ − =

+ − =

 

 600 N 600 Ny yE = =E  

 Thus, reactions are: 300 Nx =A , 150.0 Ny =A   

 300 Nx =E , 600 Ny =E   
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PROBLEM 6.85 

Determine the components of the reactions at A and E if the frame is 
loaded by a clockwise couple of magnitude 36 N · m applied (a) at B, 
(b) at D. 

 

SOLUTION 

Free body: Entire frame 

The following analysis is valid for both (a) and (b) since the point of application of the couple is immaterial. 

 0: 36 N m (0.4 m) 0E xM AΣ = − ⋅ − =  
 90 N 90.0 Nx xA = − =A  

 0: 90 + 0x xF EΣ = − =  

 90 N 90.0 Nx xE = =E  

 0: 0y y yF A EΣ = + =  (1) 

(a) Couple applied at B. 

 Free body: Member CE 

 AC is a two-force member. Thus, the reaction at E must be directed along EC. 

 0.24 m ; 45.0 N
90 N 0.48 m

y
y

E
= =E  

 From Eq. (1): 45 N 0+ =yA  

 45 N 45.0 Ny yA = − =A  

 Thus, reactions are 
 90.0 Nx =A , 45.0 Ny =A   

  90.0 Nx =E , 45.0 Ny =E   

(b) Couple applied at D. 

 Free body: Member AC 

 AC is a two-force member. Thus, the reaction at A must be directed along AC. 

 0.16 m ; 30 N
90 N 0.48 m

y
y

A
= =A  
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PROBLEM 6.85  (Continued) 

 

 From Eq. (1): 0

30 N 0
y y

y

A E

E

+ =

+ =

 

 30 N 30 Ny yE = − =E  

 Thus, reactions are: 90.0 Nx =A , 30.0 Ny =A   

  90.0 Nx = −E , 30.0 Ny =E   
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PROBLEM 6.86 

Determine the components of the reactions at A and E if the frame is 
loaded by a clockwise couple of magnitude 36 N · m applied (a) at B, 
(b) at D. 

 

SOLUTION 

Free body: Entire frame 

The following analysis is valid for both (a) and (b) since the point of application of the couple is immaterial. 

 0: 36 N m (0.2 m) 0Σ = − ⋅ − =E xM A  
 180 N 180 Nx xA = − =A  

 0: 180 N + 0Σ = − =x xF E  

 180 N 180 N= =Ex xE  

 0: 0y y yF A EΣ = + =  (1) 

(a) Couple applied at B. 

 Free body: Member CE 

 AC is a two-force member. Thus, the reaction at E must be directed along EC. 

 0.075 m 54 N
180 N 0.25 m

= =Ey
y

E
 

 From Eq. (1): 54 N 0yA + =  

 54 N 54.0 Ny yA = − =A  

 Thus reactions are 

  180.0 Nx =A , 54.0 Ny =A   

  180.0 Nx =E , 54.0 N=Ey   

(b) Couple applied at D. 

 Free body: Member AC 

 AC is a two-force member. Thus, the reaction at A must be 
 directed along EC. 

 0.125 m 90 N
180 N 0.25 m

y
y

A
A= =  
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PROBLEM 6.86  (Continued) 

 

 From Eq. (1): 0

90 N 0
y y

y

A E

E

+ =

+ =

 

 90 N 90 Ny yE = − =E  

 Thus, reactions are 

  180.0 Nx =A , 90.0 Ny =A   

  180.0 Nx = −E , 90.0 Ny =E   
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PROBLEM 6.87 

Determine the components of the reactions at A and B, (a) if the 
500-N load is applied as shown, (b) if the 500-N load is moved 
along its line of action and is applied at Point F. 

 

SOLUTION 

Free body: Entire frame 

 
Analysis is valid for either (a) or (b), since position of 100-lb load on its line of action is immaterial. 

  0: (10) (100 lb)(6) 0 60 lbA y yM B BΣ = − = = +  

 0: 60 100 0 40 lby y yF A AΣ = + − = = +  

 0: 0x x xF A BΣ = + =  (1) 

(a) Load applied at E. 

 Free body: Member AC 

 
 Since AC is a two-force member, the reaction at A must be directed along CA. We have 

 40 lb
10 in. 5 in.

xA
=  80.0 lbx =A , 40.0 lby =A   

 From Eq. (1): 80 0 80 lbx xB B− + = = +  

 Thus, 80.0 lbx =B , 60.0 lby =B   
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PROBLEM 6.87  (Continued) 

 

(b) Load applied at F. 

 Free body: Member BCD 

 Since BCD is a two-force member (with forces applied at B and C only), 
 the reaction at B must be directed along CB. We have therefore 

 0xB =  

 The reaction at B is  0x =B  60.0 lby =B   

 From Eq. (1): 0 0 0x xA A+ = =  

 The reaction at A is 0x =A  40.0 lby =A   
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PROBLEM 6.88 

The 48-lb load can be moved along the line of action shown and 
applied at A, D, or E. Determine the components of the reactions at B 
and F if the 48-lb load is applied (a) at A, (b) at D, (c) at E. 

 

SOLUTION 

Free body: Entire frame 

The following analysis is valid for (a), (b) and (c) since the position of the load 
along its line of action is immaterial. 

 0: (48lb)(8 in.) (12 in.) 0F xM BΣ = − =  

 32 lb 32 lbx xB = =B  

 0: 32 lb + 0x xF FΣ = =  

 32 lb 32 lbx xF = − =F  

  0: 48 lb 0y y yF B FΣ = + − =  (1) 

(a) Load applied at A. 

 Free body: Member CDB 

 
 CDB is a two-force member. Thus, the reaction at B must be directed along BC. 

 5 in. 10 lb
32 lb 16 in.

y
y

B
= =B  

 From Eq. (1): 10 lb 48 lb 0yF+ − =  

 38 lb 38 lby yF = =F  

 Thus reactions are: 
 32.0 lbx =B , 10.00 lby =B   

 32.0 lbx =F , 38.0 lby =F   
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PROBLEM 6.88  (Continued) 

 

(b) Load applied at D. 

 Free body: Member ACF. 

 ACF is a two-force member. Thus, the reaction at F must be  
 directed along CF. 

 7 in. 14 lb
32 lb 16 in.

y
y

F
= =F  

 From Eq. (1): 14 lb 48 lb 0yB + − =  

 34 lb 34 lby yB B= =  

 Thus, reactions are: 

 32.0 lbx =B , 34.0 lby =B   

 32.0 lbx =F , 14.00 lby =F   

(c) Load applied at E. 

 Free body: Member CDB 

 
 This is the same free body as in Part (a). 

 Reactions are same as (a)  
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PROBLEM 6.89 

The 48-lb load is removed and a 288-lb · in. clockwise couple is applied 
successively at A, D, and E. Determine the components of the reactions at B 
and F if the couple is applied (a) at A, (b) at D, (c) at E. 

 

SOLUTION 

Free body: Entire frame 

The following analysis is valid for (a), (b), and (c), since the point of 
application of the couple is immaterial. 

 0: 288 lb in. (12 in.) 0F xM BΣ = − ⋅ − =  

 24 lb 24 lbx xB = − =B  

 0: 24 lb + 0x xF FΣ = − =  

 24 lb 24 lbx xF = =F  

 0: 0y y yF B FΣ = + =  (1) 

(a) Couple applied at A. 

 Free body: Member CDB 

 
 CDB is a two-force member. Thus, reaction at B must be directed along BC. 

 5 in. 7.5 lb
24 lb 16 in.

y
y

B
= =B  

 From Eq. (1): 7.5 lb 0yF− + =  

 7.5 lb 7.5 lby yF = =F  

 Thus, reactions are: 
 24.0 lbx =B , 7.50 lby =B   

 24.0 lbx =F , 7.50 lby =F   
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PROBLEM 6.89  (Continued) 

 

(b) Couple applied at D. 

 Free body: Member ACF. 

 

 ACF is a two-force member. Thus, the reaction at F must be directed along CF. 

 7 in. 10.5 lb
24 lb 16 in.

y
y

F
= =F  

 From Eq. (1): 10.5 lb:yB −  

 10.5 lb 10.5 lby yB = + =B  

 Thus, reactions are: 

 24.0 lbx =B , 10.50 lby =B   

 24.0 lbx =F , 10.50 lby =F   

(c) Couple applied at E. 

 Free body: Member CDB 

 
 This is the same free body as in Part (a). 

 Reactions are same as in (a)  
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PROBLEM 6.90 

(a) Show that when a frame supports a pulley at A, an equivalent loading of the frame and of each of its 
component parts can be obtained by removing the pulley and applying at A two forces equal and parallel to 
the forces that the cable exerted on the pulley. (b) Show that if one end of the cable is attached to the frame at 
a point B, a force of magnitude equal to the tension in the cable should also be applied at B. 

 

 

SOLUTION 

First note that, when a cable or cord passes over a frictionless, motionless pulley, 
the tension is unchanged. 

 1 2 1 20: 0CM rT rT T TΣ = − = =  

(a) Replace each force with an equivalent force-couple. 

 

(b) Cut cable and replace forces on pulley with equivalent pair of forces at A as above. 

 

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

873 

 

 

PROBLEM 6.91 

Knowing that the pulley has a radius of 50 mm, determine the 
components of the reactions at B and E. 

 

SOLUTION 

Free body: Entire assembly 

  0 : (300 N)(350 mm) (150 mm) 0E xM BΣ = − − =  

  700 NxB = −  700 Nx =B   

  0: 700 0x xF N EΣ = − + =  

  700 NxE =  700 Nx =E   

   0: 300 N 0y y yF B EΣ = + − =  (1) 

Free body: Member ACE 

 

 0: (700 N)(150 mm) (300 N)(50 mm) (180 mm) 0C yM EΣ = − − =  

  500 NyE =  500 Ny =E  

From Eq. (1):  500 N 300 N 0yB + − =  

  200 NyB = −  200 Ny =B  

Thus, reactions are: 

  700 Nx =B , 200 Ny =B   

  700 Nx =E , 500 Ny =E   
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PROBLEM 6.92 

Knowing that each pulley has a radius of 250 mm, 
determine the components of the reactions at D and E. 

 

SOLUTION 

Free body: Entire assembly 

 

  0: (4.8 kN)(4.25 m) (1.5 m) 0E xM DΣ = − =  

  13.60 kNxD = +  13.60 kNx =D   

  0: 13.60 kN 0x xF EΣ = + =  

  13.60 kNxE = −  13.60 kNx =E   

   0: 4.8 kN 0y y yF D EΣ = + − =  (1) 

Free body: Member ACE 

 
  0 : (4.8 kN)(2.25 m) (4 m) 0A yM EΣ = + =  

  2.70 kNyE = −  2.70 kNy =E   

From Eq. (1): 2.70 kN 4.80 kN 0yD − − =  

  7.50 kNyD = +  7.50 kNy =D   
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PROBLEM 6.93 

Two 9-in.-diameter pipes (pipe 1 and pipe 2) are supported every 7.5 ft 
by a small frame like that shown. Knowing that the combined weight of 
each pipe and its contents is 30 lb/ft and assuming frictionless surfaces, 
determine the components of the reactions at A and G. 

 

SOLUTION 

Free-body: Pipe 2 

 (30 lb/ft)(7.5 ft) 225 lbW = =  

 225 lb
8 17 15
F D= =  

 120 lb=F  

 255 lb=D  

Geometry of pipe 2 4.5 in.r =  

By symmetry: CF CD=  (1) 

Equate horizontal distance: 

 

8 15
17 17
25 15
17 17

25 5
15 3

r r CD

r CD

CD r r

⎛ ⎞+ = ⎜ ⎟
⎝ ⎠
⎛ ⎞= ⎜ ⎟
⎝ ⎠

= =

 

From Eq. (1): 5 5 (4.5 in.)
3 3
7.5 in.

CF r

CF

= =

=

 

Free-body: Member CFG 

 0: (120 lb)(7.5 in.) (16 in.) 0C xM GΣ = − =  

 56.25 lbxG =  56.3 lbx =G   
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PROBLEM 6.93  (Continued) 

 

Free body: Frame and pipes 

 
Note: Pipe 2 is similar to pipe 1. 

 
7.5 in.

120 lb
AE CF= =

= =E F
 

 0: (15 in.) (56.25 lb)(24 in.) (225 lb)(4.5 in.)A yM GΣ = − −  

 (225 lb)(19.5 in.) (120 lb)(7.5 in.) 0− − =  

 510 lbyG =  510 lby =G   

 0: 120 lb 56.25 lb 0x xF AΣ = + + =  

 176.25 lbxA =  176.3 lbx =A   

  0: 510 lb 225 lb 225 lb 0y yF AΣ = + − − =  

 60 lbyA = −  60.0 lby =A   
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PROBLEM 6.94 

Solve Problem 6.93 assuming that pipe 1 is removed and that only 
pipe 2 is supported by the frames. 

PROBLEM 6.93 Two 9-in.-diameter pipes (pipe 1 and pipe 2) are 
supported every 7.5 ft by a small frame like that shown. Knowing 
that the combined weight of each pipe and its contents is 30 lb/ft and 
assuming frictionless surfaces, determine the components of the 
reactions at A and G. 

 

SOLUTION 

Free-body: Pipe 2 (30 lb/ft)(7.5 ft) 225 lbW = =  

 225 lb
8 17 15
F D= =  

 120 lb=F  

 255 lb=D  

 
Geometry of pipe 2 4.5 in.r =  

By symmetry: CF CD=  (1) 
Equate horizontal distance: 

 

8 15
17 17
25 15
17 17

25 5
15 3

r r CD

r CD

CD r r

⎛ ⎞+ = ⎜ ⎟
⎝ ⎠
⎛ ⎞= ⎜ ⎟
⎝ ⎠

= =

 

From Eq. (1): 5 5 (4.5 in.)
3 3
7.5 in.

CF r

CF

= =

=

 

Free body: Member CFG 

 0: (120 lb)(7.5 in.) (16 in.) 0C xM GΣ = − =  

 56.25 lbxG =  56.3 lbx =G   
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PROBLEM 6.94  (Continued) 

 
Free body: Frame and pipe 2 

  56.3 lbx =G   

 

 0: (15 in.) (56.25 lb)(24 in.) (225 lb)(19.5 in.) 0A yM GΣ = − − =  

 382.5 lbyG =  383 lby =G   

 0: 56.25 lbx xF AΣ = +  

 56.25 lbxA = −  56.3 lbx =A   

  0: 382.5 lb 225 lb 0y yF AΣ = + − =  

 157.5 lbyA = −  157.5y =A   
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PROBLEM 6.95 

A trailer weighing 2400 lb is attached to a 2900-lb pickup truck by a ball-and-socket truck hitch at D. 
Determine (a) the reactions at each of the six wheels when the truck and trailer are at rest, (b) the additional 
load on each of the truck wheels due to the trailer. 

 

 

SOLUTION 

(a) Free body: Trailer 

 (We shall denote by A, B, C the reaction at one wheel) 

  0: (2400 lb)(2 ft) (11 ft) 0AM DΣ = − + =  

  436.36 lbD =  
   0: 2 2400 lb 436.36 lb 0yF AΣ = − + =  

  981.82 lbA =  982 lb=A   
 Free body: Truck 

  0: (436.36 lb)(3 ft) (2900 lb)(5 ft) 2 (9 ft) 0BM CΣ = − + =  

  732.83 lbC =  733 lb=C   

   0: 2 436.36 lb 2900 lb 2(732.83 lb) 0yF BΣ = − − + =  

  935.35 lbB =  935 lb=B   
(b) Additional load on truck wheels 
 Use free body diagram of truck without 2900 lb. 

  0: (436.36 lb)(3 ft) 2 (9 ft) 0BM CΣ = + =  

  72.73 lbC = −  72.7 lbCΔ = −   
   0: 2 436.36 lb 2(72.73 lb) 0yF BΣ = − − =  

  290.9 lbB =  291 lbBΔ = +   
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PROBLEM 6.96 

In order to obtain a better weight distribution over the 
four wheels of the pickup truck of Problem 6.95, a 
compensating hitch of the type shown is used to attach 
the trailer to the truck. The hitch consists of two bar 
springs (only one is shown in the figure) that fit into 
bearings inside a support rigidly attached to the truck. 
The springs are also connected by chains to the trailer 
frame, and specially designed hooks make it possible to 
place both chains in tension. (a) Determine the tension T 
required in each of the two chains if the additional load 
due to the trailer is to be evenly distributed over the four 
wheels of the truck. (b) What are the resulting reactions at 
each of the six wheels of the trailer-truck combination? 

PROBLEM 6.95 A trailer weighing 2400 lb is attached 
to a 2900-lb pickup truck by a ball-and-socket truck hitch 
at D. Determine (a) the reactions at each of the six wheels 
when the truck and trailer are at rest, (b) the additional 
load on each of the truck wheels due to the trailer. 

 

SOLUTION 

(a) We small first find the additional reaction Δ at each wheel due the trailer. 
 Free body diagram (Same Δ  at each truck wheel) 

 0: (2400 lb)(2 ft) 2 (14 ft) 2 (23 ft) 0AMΣ = − + Δ + Δ =  

  64.86 lbΔ =  
  0: 2 2400 lb 4(64.86 lb) 0;YF AΣ = − + =  

  1070 lb;A =  1070 lb=A   
 Free body: Truck 
 (Trailer loading only) 

  0: 2 (12 ft) 2 (3 ft) 2 (1.7 ft) 0DM TΣ = Δ + Δ − =  

  

8.824
8.824(64.86 lb)
572.3 lb

T

T

= Δ
=
=  572 lbT =   

 Free body: Truck 
 (Truck weight only) 

  0: (2900 lb)(5 ft) 2 (9 ft) 0BM C′Σ = − + =  
  805.6 lbC′ =  805.6 lb′ =C  
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PROBLEM 6.96  (Continued) 
 

  0: 2 2900 lb 2(805.6 lb) 0yF B′Σ = − + =  

  644.4 lbB′ =  644.4 lb′ =B  

 Actual reactions 

  644.4 lb 64.86 709.2 lbB B′= + Δ = + =  709 lb=B   

  805.6 lb 64.86 870.46 lbC C′= + Δ = + =  870 lb=C   

  (From Part a): 1070 lb=A   
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PROBLEM 6.97 

The cab and motor units of the front-end loader shown are connected by a vertical pin located 2 m behind the 
cab wheels. The distance from C to D is 1 m. The center of gravity of the 300-kN motor unit is located at Gm, 
while the centers of gravity of the 100-kN cab and 75-kN load are located, respectively, at Gc and Gl. 
Knowing that the machine is at rest with its brakes released, determine (a) the reactions at each of the four 
wheels, (b) the forces exerted on the motor unit at C and D. 

 

 

SOLUTION 

(a) Free body: Entire machine 

 
  =A Reaction at each front wheel 

  =B Reaction at each rear wheel 

  0: 75(3.2 m) 100(1.2 m) 2 (4.8 m) 300(5.6 m) 0AM BΣ = − + − =  

  2 325 kNB =  162.5 kN=B   

   0: 2 325 75 100 300 0yF AΣ = + − − − =  

  2 150 kNA =  75.0 kN=A   
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PROBLEM 6.97  (Continued) 
 

(b) Free body: Motor unit 

  0: (1 m) 2 (2.8 m) 300(3.6 m) 0DM C BΣ = + − =  

  1080 5.6C B= −  (1) 

  
 Recalling 162.5 kN, 1080 5.6(162.5) 170 kNB C= = − =  

   170.0 kN=C   

  0: 170 0x xF DΣ = − =  170.0 kNx =D   

   0: 2(162.5) 300 0y yF DΣ = − − =  25.0 kNy =D   
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PROBLEM 6.98 

Solve Problem 6.97 assuming that the 75-kN load has been removed. 

PROBLEM 6.97 The cab and motor units of the front-end loader shown are connected by a vertical pin 
located 2 m behind the cab wheels. The distance from C to D is 1 m. The center of gravity of the 300-kN 
motor unit is located at Gm, while the centers of gravity of the 100-kN cab and 75-kN load are located, 
respectively, at Gc and Gl. Knowing that the machine is at rest with its brakes released, determine (a) the 
reactions at each of the four wheels, (b) the forces exerted on the motor unit at C and D. 

 

 

SOLUTION 

(a) Free body: Entire machine 

  =A Reaction at each front wheel 

  =B Reaction at each rear wheel 

  0: 2 (4.8 m) 100(1.2 m) 300(5.6 m) 0AM BΣ = − − =  

  2 375 kNB =  187.5 kN=B   

   0: 2 375 100 300 0yF AΣ = + − − =  

  2 25 kNA =  12.50 kN=A   

(b) Free body: Motor unit 

 See solution of Problem 6.97 for free body diagram and derivation of Eq. (1). With 187.5 kN,B =  
we have 

  1080 5.6(187.5) 30 kNC = − =  

   30.0 kN=C   

  0: 30 0x xF DΣ = − =  30.0 kNx =D   

   0: 2(187.5) 300 0y yF DΣ = − − =  75.0 kNy =D   
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PROBLEM 6.99 

For the frame and loading shown, determine the components of the 
forces acting on member CFE at C and F. 

 

SOLUTION 

Free body: Entire frame 

 
 0: (40 lb)(13 in.) (10 in.) 0D xM AΣ = + =  

 52 lb,xA = −  52 lbx =A  

Free body: Member ABF 

 0: (52 lb)(6 in.) (4 in.) 0B xM FΣ = − + =  

 78 lbxF = +  
Free body: Member CFE 

From above:  78.0 lbx =F   

 0: (40 lb)(9 in.) (78 lb)(4 in.) (4 in.) 0C yM FΣ = − − =  

 12 lbyF = +  12.00 lby =F   

 0: 78 lb 0x xF CΣ = − =  

 78 lbxC = +  78.0 lbx =C   

  0: 40 lb 12 lb 0; 28 lby y yF C CΣ = − + + = = +  28.0 lby =C   
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PROBLEM 6.100 

For the frame and loading shown, determine the components of the 
forces acting on member CDE at C and D. 

 

SOLUTION 

Free body: Entire frame 

  0: 25 lb 0y yM AΣ = − =  

 25 lbyA =  25 lby =A  

 0: (6.928 2 3.464) (25 lb)(12 in.) 0F xM AΣ = + × − =  

 21.651 lbxA =  21.65 lby =A  

 0: 21.651 lb 0xF FΣ = − =  
 21.651 lbF =  21.65 lb=F  

Free body: Member CDE 

 0: (4 in.) (25 lb)(10 in.) 0C yM DΣ = − =  

 62.5 lbyD = +  62.5 lby =D   

  0: 62.5 lb 25 lb 0y yF CΣ = − + − =  

 37.5 lbyC = +  37.5 lby =C   

Free body: Member ABD 

 0: (3.464 in.) (21.65 lb)(6.928 in.)B xM DΣ = +  
 (25 lb)(4 in.) (62.5 lb)(2 in.)− −  

 21.65 lbxD = +  
Return to free body: Member CDE 
From above 

 21.65 lbxD = +  21.7 lbx =D   

 0: 21.65 lbx xF CΣ = −  

 21.65 lbxC = +  21.7 lbx =C   
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PROBLEM 6.101 

For the frame and loading shown, determine the components of all forces 
acting on member ABE. 

 

SOLUTION 

FBD Frame: 

 0: (1.8 m) (2.1 m)(12 kN) 0E yM FΣ = − =  

 14.00 kNy =F  

 0: 14.00 kN 12 kN 0y yF EΣ = − + − =  

 2 kNyE =  

 2.00 kNy =E   

FBD member BCD: 

 0: (1.2 m) (12 kN)(1.8 m) 0 18.00 kNB y yM C CΣ = − = =  

But C is ⊥ ACF, so   2 ; 36.0 kNx y xC C C= =  

 0: 0 36.0 kNx x x x xF B C B CΣ = − + = = =  

 36.0 kNxB =  on BCD 

 0: 18.00 kN 12 kN 0 6.00 kNy y yF B BΣ = − + − = =  on BCD 

On ABE: 36.0 kNx =B   

 6.00 kNy =B   
FBD member ABE: 

 0: (1.2 m)(36.0 kN) (0.6 m)(6.00 kN)
(0.9 m)(2.00 kN) (1.8 m)( ) 0

A

x

M
E

Σ = −
+ − =

 

 23.0 kNx =E   

 0: 23.0 kN 36.0 kN 0x xF AΣ = − + − =  13.00 kNx =A   

  0: 2.00 kN 6.00 kN 0y yF AΣ = − + − =  4.00 kNy =A   
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PROBLEM 6.102 

For the frame and loading shown, determine the components of all 
forces acting on member ABE. 

PROBLEM 6.101 For the frame and loading shown, determine the 
components of all forces acting on member ABE. 

 

SOLUTION 

FBD Frame: 

 

 0: (1.2 m)(2400 N) (4.8 m) 0F yM EΣ = − =  600 Ny =E   

 
FBD member BC: 

 4.8 8
5.4 9y x xC C C= =  

 0: (2.4 m) (1.2 m)(2400 N) 0 1200 NC y yM B BΣ = − = =  

on ABE: 1200 Ny =B   

 0: 1200 N 2400 N 0 3600 Ny y yF C CΣ = − + − = =  

so 9 4050 N
8x y xC C C= =  

 0: 0 4050 Nx x x xF B C BΣ = − + = =  on BC 

on ABE: 4050 Nx =B   
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PROBLEM 6.102  (Continued) 

 

FBD member AB0E: 

 0: (4050 N) 2 0A xM a aEΣ = − =  

 2025 NxE =  2025 Nx =E   

 0 : (4050 2025) N 0x xF AΣ = − + − =  2025 Nx =A   

 0: 600 N 1200 N 0y yF AΣ = + − =  1800 Ny =A   
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PROBLEM 6.103 

Knowing that P = 15 lb and Q = 65 lb, determine the components of 
the forces exerted (a) on member BCDF at C and D, (b) on member 
ACEG at E. 

 

SOLUTION 

Free body: Entire frame 

 0: ( )(25 in.) ( )(15 in.) (8 in.) 0E xM P Q P Q DΣ = + − + − =  

 

10( )
8

10( )
8

x

x

D P Q

P Q

= +

= +D  

 100: ( ) 0
8x xF E P QΣ = − + + =  

 10 10( ) ; ( )
8 8x xE P Q P Q= + = +E  

Free body: Member BCDF 

From above: 

 10( )
8x P Q= +D  � 

 0: 0x x xF C DΣ = − + =  
10( )
8x P Q= +C  � 

 100: ( ) (4 in.) (15 in.) (25 in.) (10 in.)
8D yM P Q P Q CΣ = − + − + +  

 1 ( 20 20 )
10yC P Q= − +  

 2 2yC Q P= −  2 2y Q P= −C  � 

 0: (2 2 ) 0y yF D Q P P QΣ = + − = − =  

 3yD Q P= − +  3y Q P= − +D  � 
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PROBLEM 6.103  (Continued) 

 

Free body: Member ACEG 

 
From above 

 10( )
8x P Q= +E  � 

and 2yC Q P= −  

  0: 0y y yF E C P QΣ = − − − =  

 (2 2 ) 0yE Q P P Q− − − − =  

 3yE Q P= −  3y Q P= −E  � 

 15 lb and 65 lbP Q= =  

 10 10( ) (15 65) 100 lb
8 8xC P Q= + = + = +  100.0 lbx =C   

 2 2 2(65) 2(15) 100 lbyC Q P= − = − = +  100.0 lby =C   

 10 10( ) (15 65) 100 lb
8 8xD P Q= + = + = +  100.0 lbx =D   

 3 65 3(15) 20 lbyD Q P= − + = − + = −  20.0 lby =D   

 10 10( ) (15 65) 100 lb
8 8xE P Q= + = + = +  100.0 lbx =E   

 3 3(65) 15 180 lbyE Q P= − = − = +  180.0 lby =E   
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PROBLEM 6.104 

Knowing that P = 25 lb and Q = 55 lb, determine the components of 
the forces exerted (a) on member BCDF at C and D, (b) on member 
ACEG at E. 

 

SOLUTION 

Free body: Entire frame 

 0: ( )(25 in.) ( )(15 in.) (8 in.) 0E xM P Q P Q DΣ = + − + − =  

 

10( )
8

10( )
8

x

x

D P Q

P Q

= +

= +D  

 100: ( ) 0
8x xF E P QΣ = − + + =  

 10 10( ) ; ( )
8 8x xE P Q P Q= + = +E  

Free body: Member BCDF 

From above: 

 10( )
8x P Q= +D  � 

 0: 0x x xF C DΣ = − + =  
10( )
8x P Q= +C  � 

 100: ( ) (4 in.) (15 in.) (25 in.) (10 in.)
8D yM P Q P Q CΣ = − + − + +  

 1 ( 20 20 )
10yC P Q= − +  

 2 2yC Q P= −  2 2y Q P= −C  � 

  0: (2 2 ) 0y yF D Q P P QΣ = + − − − =  

 3yD Q P= − +  3y Q P= − +D  � 
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PROBLEM 6.104  (Continued) 

 

Free body: Member ACEG 

 
From above: 

 10( )
8x P Q= +E  � 

and 2yC Q P= −  

  0: 0y y yF E C P QΣ = − − − =  

 (2 2 ) 0yE Q P P Q− − − − =  

 3yE Q P= −  3y Q P= −E  � 

 25 lb and 55 lbP Q= =  

 10 10( ) (25 55) 100 lb
8 8xC P Q= + = + = +  100.0x =C   

 2 2 2(55) 2(25) 60 lbyC Q P= − = − = +  60.0 lby =C   

 10 10( ) (25 55) 100 lb
8 8xD P Q= + = + = +  100.0 lbx =D   

 3 55 3(25) 20 lbyD Q P= − + = − + = +  20.0 lby =D   

 10 10( ) (25 55) 100 lb
8 8xE P Q= + = + = +  100.0 lbx =E   

 3 3(55) 25 140 lbyE Q P= − = − = +  140.0 lby =E   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

894 

 

 

PROBLEM 6.105 

For the frame and loading shown, determine the components of the 
forces acting on member DABC at B and D. 

 

SOLUTION 

Free body: Entire frame 

 0: (0.6 m) (12 kN)(1 m) (6 kN)(0.5 m) 0GM HΣ = − − =  

 25 kN 25 kNH = =H  

 

Free body: Member BEH 

 0: (0.5 m) (25 kN)(0.2 m) 0F xM BΣ = − =  

 10 kNxB = +  

 

Free body: Member DABC 

From above: 10.00 kNx =B   

 0: (0.8 m) (10 kN 12 kN)(0.5 m) 0D yM BΣ = − + + =  

 13.75 kNyB = +  13.75 kNy =B   

 0: 10 kN 12 kN 0x xF DΣ = − + + =  

 22 kNxD = +  22.0 kNx =D   

  0: 13.75 kN 0y yF DΣ = − + =  

 13.75 kNyD = +  13.75 kNy =D   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

895 

 

 

PROBLEM 6.106 

Solve Problem 6.105 assuming that the 6-kN load has been removed. 

PROBLEM 6.105 For the frame and loading shown, determine the 
components of the forces acting on member DABC at B and D. 

 

SOLUTION 

Free body: Entire frame 

 0: (0.6 m) (12 kN)(1 m) 0GM HΣ = − =  

 20 kN 20 kNH = =H  

 

Free body: Member BEH 

 0: (0.5 m) (20 kN)(0.2 m) 0E xM BΣ = − =  

 8 kNxB = +  

 

Free body: Member DABC 

From above: 8.00 kNx = −B   

 0: (0.8 m) (8 kN 12 kN)(0.5 m) 0D yM BΣ = − + + =  

 12.5 kNyB = +  12.50 kNy =B   

 0: 8 kN 12 kN 0x xF DΣ = − + + =  

 20 kNxD = +  20.0 kNx =D   

  0: 12.5 kN 0; 12.5 kNy y yF D DΣ = − + = = +  12.50 kNy =D   
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PROBLEM 6.107 

The axis of the three-hinge arch ABC is a parabola 
with vertex at B. Knowing that P = 112 kN and  
Q = 140 kN, determine (a) the components of the 
reaction at A, (b) the components of the force 
exerted at B on segment AB. 

 

SOLUTION 

 
Free body: Segment AB: 

 0: (3.2 m) (8 m) (5 m) 0A x yM B B PΣ = − − =  (1) 

0.75 (Eq. 1) (2.4 m) (6 m) (3.75 m) 0x yB B P− − =  (2) 

Free body: Segment BC: 

 0: (1.8 m) (6 m) (3 m) 0C x yM B B QΣ = + − =  (3) 

Add (2) and (3): 4.2 3.75 3 0xB P Q− − =  

 (3.75 3 )/4.2xB P Q= +  (4) 

Eq. (1): 3.2(3.75 3 ) 8 5 0
4.2 yP Q B P+ − − =  

 ( 9 9.6 )/33.6yB P Q= − +  (5) 

Given that 112 kN and 140 kNP Q= =  

(a) Reaction at A: 
 Considering again AB as a free body 

 0: 0; 200 kNx x x x xF A B A BΣ = − = = =  200 kNx =A   

 0: 0y y yF A P BΣ = − − =  

 112 kN 10 kN 0yA − − =  

 122 kNyA = +  122.0 kNy =A   
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PROBLEM 6.107  (Continued) 

 
(b) Force exerted at B on AB 

 Eq. (4): (3.75 112 3 140)/4.2 200 kNxB = × + × =  

 200 kNx =B   

 Eq. (5): ( 9 112 9.6 140)/33.6 10 kNyB = − × + × = +  

 10.00 kNy =B   
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PROBLEM 6.108 

The axis of the three-hinge arch ABC is a parabola 
with vertex at B. Knowing that P = 140 kN and  
Q = 112 kN, determine (a) the components of the 
reaction at A, (b) the components of the force exerted 
at B on segment AB. 

 

SOLUTION 

 
Free body: Segment AB: 

 0: (3.2 m) (8 m) (5 m) 0A x yM B B PΣ = − − =  (1) 

0.75 (Eq. 1) (2.4 m) (6 m) (3.75 m) 0x yB B P− − =  (2) 

Free body: Segment BC: 

 0: (1.8 m) (6 m) (3 m) 0C x yM B B QΣ = + − =  (3) 

Add (2) and (3): 4.2 3.75 3 0xB P Q− − =  

 (3.75 3 )/4.2xB P Q= +  (4) 

Eq. (1): 3.2(3.75 3 ) 8 5 0
4.2 yP Q B P+ − − =  

 ( 9 9.6 )/33.6yB P Q= − +  (5) 

Given that 140 kN and 112 kNP Q= =  

(a) Reaction at A: 

 0: 0; 205 kNx x x x xF A B A BΣ = − = = =  205 kNx =A   

  0: 0y y yF A P BΣ = − − =  

 140 kN ( 5.5 kN) 0yA − − − =  

 134.5 kNyA =  134.5 kNy =A   
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PROBLEM 6.108  (Continued) 

 

(b) Force exerted at B on AB 

 Eq. (4): (3.75 140 3 112)/4.2 205 kNxB = × + × =  

 205 kNx =B   

 Eq. (5): ( 9 140 9.6 112)/33.6 5.5 kNyB = − × + × = −  

 5.5 kNy =B   
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PROBLEM 6.109 

Knowing that the surfaces at A and D are frictionless, 
determine the forces exerted at B and C on member BCE. 

 

SOLUTION 

 
Free body of Member ACD 

 0: (2 in.) (18 in.) 0 9H x y x yM C C C CΣ = − = =  (1) 

Free body of Member BCE 

 0: (6 in.) (6 in.) (50 lb)(12 in.) 0B x yM C CΣ = + − =  

Substitute from (1): 9 (6) (6) 600 0y yC C+ − =  

 10 lb; 9 9(10) 90 lby x yC C C= + = = = +  

 90.6 lb=C  6.34°  

 0: 90 lb 0 90 lbx x xF B BΣ = − = =  

  0: 10 lb 50 lb 0 40 lby y yF B BΣ = + − = =  

 98.5 lb=B   24.0°  
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PROBLEM 6.110 

For the frame and loading shown, determine (a) the reaction at C, 
(b) the force in member AD. 

 

SOLUTION 

Free body: Member ABC 

 4 40: (100 lb)(45 in.) (45 in.) (30 in.) 0
5 5C AD BEM F FΣ = + + + =  

 3 2 375 lbAD BFF F+ = −  (1) 

 
 
 
 
Free Body: Member DEF 

 
4 40: (30 in.) (15 in.) 0
5 5F AD BFM F FΣ = + =  

 2BE ADF F= −  (2) 

(a) Substitute from (2) into (1) 

 3 2( 2 ) 375 lbAD ADF F+ − = −  

 375 lbADF = +  375 lb ten.ADF =   

 (2) 2 2(375 lb)
750 lb 750 lb comp.

BE AD

BE BE

F F
F F

= − = −
= − =
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PROBLEM 6.110  (Continued) 

 
(b) Return to free body of member ABC 

 4 40: 100 lb 0
5 5x x AD BEF C F FΣ = + + + =  

 4 4100 (375) ( 750) 0
5 5xC + + + − =  

 200 lb 200 lbx xC = + =C  

  3 30: 0
5 5y y AD BFF C F FΣ = − − =  

 3 3(375) ( 750) 0
5 5yC − − − =  

 225 lb 225 lby yC = − =C  

 
48.37
301.0 lbC

α = °
=  301 lb=C  48.4°  
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PROBLEM 6.111 

Members ABC and CDE are pin-connected at C and supported by 
four links. For the loading shown, determine the force in each link. 

 

SOLUTION 

Member FBDs: 

 
  I II 

From FBD I:  
30: 0 3

2 2 2J x y x y
a a aM C C P C C PΣ = + − = + =  

FBD II: 
30: 0 3 0

2 2K x y x y
a aM C C C CΣ = − = − =    

Solving: ;  as drawn
2 6x y
P PC C= =  

FBD I: 1 20: 0 2
62B y AG AG yM aC a F F C PΣ = − = = =  2

6AGF P C=   

 
1 1 2 20: 0 2

6 22 2x AG BF x BF AG xF F F C F F C P PΣ = − + − = = + = +  

 2 2
3BFF P C=   

FBD II: 1 20: 0 2
62D EH y EH yM a F aC F C PΣ = + = = − = −  2

6EHF P T=   

 
1 1 2 20: 0 2

6 22 2x x DI EH DI EH xF C F F F F C P PΣ = − + = = + = − +  

 2
3DIF P C=   
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PROBLEM 6.112 

Members ABC and CDE are pin-connected at C and supported by 
four links. For the loading shown, determine the force in each link. 

 

SOLUTION 

Member FBDs: 

 
  I II 

FBD I:  10:  0 2
2B y AF AF yM aC a F F CΣ = − = =  

FBD II: 10: 0 2
2D y EH EH yM aC a F F C= − = =  

FBDs combined: 1 1 1 10: 0 2 2
2 2 2 2G AF EH y yM aP a F a F P C CΣ = − − = = +  

 
2y
PC =  2so  

2AFF P C=   

 
2

2EHF P T=   

FBD I: 1 1 10: 0 0
2 22 2 2y AF BG y BG
P PF F F P C F PΣ = + − + = + − + =  

 0BGF =   

FBD II: 1 1 10: 0 0
2 22 2 2y y DG EH DG
P PF C F F FΣ = − + − = − + − =  

 2DGF P C=   
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PROBLEM 6.113 

Members ABC and CDE are pin-connected at C and supported by 
four links. For the loading shown, determine the force in each link. 

 

SOLUTION 

Member FBDs: 

 

  I II 

FBD I: 0: 2 0 2I y x y xM aC aC aP C C PΣ = + − = + =  

FBD II: 0: 2 0 2 0J y x y xM aC aC C CΣ = − = − =  

Solving: ;  as shown
2 4x y
P PC C= =  

FBD I: 10: 0 2
2x BG x BG xF F C F CΣ = − + = =  

2BG
PF C=   

 
1 20: 0

2 42y AF
PF F P P

⎛ ⎞
Σ = − + + =⎜ ⎟⎜ ⎟

⎝ ⎠
 

4AF
PF C=   

FBD II: 
10: 0 2
2x x DG DG xF C F F CΣ = − + = =  

2DG
PF C=   

 
1 20: 0

2 4 2 42y y EH EH
P P PF C P F F

⎛ ⎞
Σ = − + + = = − = −⎜ ⎟⎜ ⎟

⎝ ⎠
 4EH

PF T=   
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PROBLEM 6.114 

Members ABC and CDE are pin-connected at C and supported by 
the four links AF, BG, DG, and EH. For the loading shown, 
determine the force in each link. 

 

SOLUTION 

Free body: Member ABC 

 0: ( ) (2 ) 0H x yM C a C aΣ = − =  

 2x yC C=  

Note: This checks that for 3-force member the forces are concurrent. 

Free body: Member CDE 

 0: (2 ) ( ) ( ) 0F x yM C a C a P aΣ = − + =  

 2 0x yC C P− + =  

 2(2 ) 0y yC C P− + =  
1
3yC P= −  � 

 2 :x yC C=  2
3xC P= −  � 

 20: 0; 0
32 2x

E EF C PΣ = − = − − =  

 
2 2

3
E P= −  

2 2 comp.
3EHF P=  

 0: (2 ) (3 ) (3 ) 0E yM D a C a P aΣ = + − =  

 (2 ) (3 ) (3 ) 0
3
PD a a P a− − =  

 2D P= +  2DGF P T=   
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PROBLEM 6.114  (Continued) 

 

Return to free body of ABC 

 0: 0
2y y

AF CΣ = + =  

 0
32

A P− =  

 2
3

A P= +  2
3AFF P T=   

 0: (2 ) (3 ) 0A xM B a C aΣ = − =  

 
2(2 ) (3 ) 0
3

B a P a+ =  

 B P= −  BGF P C=   
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PROBLEM 6.115 

Solve Problem 6.113 assuming that the force P is replaced by a 
clockwise couple of moment M0 applied to member CDE at D. 

PROBLEM 6.113 Members ABC and CDE are pin-connected at C 
and supported by four links. For the loading shown, determine the 
force in each link. 

 

SOLUTION 

Free body: Member ABC 

 0: (2 ) ( ) 0J y xM C a C aΣ = + =  

 2x yC C= −  

Free body: Member CDE 

  00: (2 ) ( ) 0K y xM C a C a MΣ = − − =  

 0(2 ) ( 2 )( ) 0y yC a C a M− − − =  0

4y
MC

a
=  � 

 2 :x yC C= −  0

2x
MC

a
= −  � 

  00: 0; 0
22 2x x
MD DF C

a
Σ = + = − =  

 0

2
M

D
a

=  0

2DG
M

F T
a

=   

 00: ( ) ( ) 0D yM E a C a MΣ = − + =  

 
0

0( ) ( ) 0
4
M

E a a M
a

⎛ ⎞− + =⎜ ⎟
⎝ ⎠

 

 03
4

ME
a

= −  03
4EH

MF C
a

=   

Return to Free Body of ABC 

 00: 0; 0
22 2x x
MB BF C

a
Σ = + = − =  

 0

2
M

B
a

=  0

2BG
M

F T
a

=   

 00: ( ) ( ); ( ) ( ) 0
4B y
MM A a C a A a a

a
Σ = + + =  

 0

4
MA

a
= −  0

4AF
MF C

a
=   
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PROBLEM 6.116 

Solve Problem 6.114 assuming that the force P is replaced by a 
clockwise couple of moment M0 applied to member CDE at D. 

PROBLEM 6.114 Members ABC and CDE are pin-connected at C 
and supported by the four links AF, BG, DG, and EH. For the 
loading shown, determine the force in each link. 

 

SOLUTION 

Free body: Member ABC 

 0: ( ) (2 ) 0H x yM C a C aΣ = − =  

 2x yC C=  

Free body: Member CDE 

 00: (2 ) ( ) 0F x yM C a C a MΣ = − − =  

 0(2 )(2 ) ( ) 0y yC a C a M− − =  0

3y
MC

a
=  � 

 2 :x yC C=  02
3x
MC
a

=  � 

 02
0: 0; 0

32 2x x
ME EF C
a

Σ = − = − =  

 
02 2

3
ME
a

=  
02 2

3EH
MF
a

=   

 0: 0
2y y

EF D CΣ = + + =  

 
0 02 2 1 0

3 32
M M

D
a a

+ + =  

 0MD
a

= −  0
DG

MF C
a

=   
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PROBLEM 6.116  (Continued) 

 

Return to free body of ABC 

 00: 0; 0
32 2y y
MA AF C

a
Σ = + = + =  

 
02

3
MA
a

= −  
02

3AF
MF C
a

=   

 0: (2 ) (3 ) 0A xM B a C aΣ = − =  

 
02(2 ) (3 ) 0

3
M

B a a
a

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 

 0MB
a

= +  0
BG

MF T
a

=   
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PROBLEM 6.117 

Four beams, each of length 3a, are held together by single nails at A, B, C, and D. Each beam is attached to a 
support located at a distance a from an end of the beam as shown. Assuming that only vertical forces are 
exerted at the connections, determine the vertical reactions at E, F, G, and H. 

 

 

SOLUTION 

We shall draw the free body of each member. Force P will be applied to member AFB. Starting with member 
AED, we shall express all forces in terms of reaction E. 

Member AFB: 
 0: (3 ) ( ) 0DM A a E aΣ = + =  

 
3
EA = −  

 0: (3 ) (2 ) 0AM D a E aΣ = − − =  

 
2
3
ED = −  

Member DHC: 

 20: (3 ) ( ) 0
3C
EM a H a⎛ ⎞Σ = − − =⎜ ⎟

⎝ ⎠
 

 2H E= −  (1) 

 20: (2 ) ( ) 0
3H
EM a C a⎛ ⎞Σ = − + =⎜ ⎟

⎝ ⎠  

 
4
3
EC = +  

Member CGB: 

 40: (3 ) ( ) 0
3B
EM a G a⎛ ⎞Σ = + − =⎜ ⎟

⎝ ⎠
 

 4G E= +  (2) 

 40: (2 ) ( ) 0
3G
EM a B a⎛ ⎞Σ = + + =⎜ ⎟

⎝ ⎠
 

 8
3
EB = −  
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PROBLEM 6.117  (Continued) 

 

Member AFB: 

  0: 0yF F A B PΣ = − − − =  

 8 0
3 3
E EF P⎛ ⎞ ⎛ ⎞− − − − − =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 3F P E= −  (3) 

 0: ( ) (3 ) 0AM F a B aΣ = − =  

 8( 3 )( ) (3 ) 0
3
EP E a a⎛ ⎞− − − =⎜ ⎟

⎝ ⎠
 

 3 8 0;
5
PP E E E− + = = −  

5
P=E   

Substitute 5
PE = −  into Eqs. (1), (2), and (3). 

 2 2
5
PH E ⎛ ⎞= − = − −⎜ ⎟

⎝ ⎠
 2

5
PH = +  2

5
P=H   

 4 4
5
PG E ⎛ ⎞= + = −⎜ ⎟

⎝ ⎠
 4

5
PG = −  4

5
P=G   

 3 3
5
PF P E P ⎛ ⎞= − = − −⎜ ⎟

⎝ ⎠
 8

5
PF = +  8

5
P=F   
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PROBLEM 6.118 

Four beams, each of length 2a, are nailed together at their midpoints to form the support system shown. 
Assuming that only vertical forces are exerted at the connections, determine the vertical reactions at A, D, E, 
and H. 

 

 

SOLUTION 

Note that, if we assume P is applied to EG, each individual member FBD looks like 

so left right middle2 2F F F= =  

 

 
Labeling each interaction force with the letter corresponding to the joint of its application, we see that 

 

2 2

2 2

2 2

2 ( 4 8 16 ) 2

B A F

C B D

G C H

P F G C B F E

= =

= =

= =

+ = = = = =

 

From  16 ,
15
PP F F F+ = =  so 

15
P=A   

 
2
15
P=D   

 4
15

P=H   

 8
15
P=E   
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PROBLEM 6.119 

Each of the frames shown consists of two L-shaped members connected by two rigid links. For each frame, 
determine the reactions at the supports and indicate whether the frame is rigid. 

 

 

SOLUTION 

Note: In all three cases, the right member has only three forces acting, two of which are parallel. Thus the 
third force, at B, must be parallel to the link forces. 

(a) FBD whole: 

 

 40: 2 5 0 2.06
4 17 17A
aM aP B a B B P1Σ = − − + = =  2.06P=B   14.04°   

 40: 0
17x xF A BΣ = − =  2x P=A  

 10:  0
217y y y
PF A P BΣ = − + = =A  2.06P=A   14.04°   

 rigid  

(b) FBD whole: 

 
 Since B passes through A, 2 0 only if 0AM aP PΣ = = =  

 no equilibrium if 0P ≠  not rigid  
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PROBLEM 6.119  (Continued) 

 

(c) FBD whole: 

 

 1 3 4 170: 5 2 0
4 417 17A
aM a B B aP B PΣ = + − = =  1.031P=B   14.04°   

 40: 0
17x x xF A B A PΣ = + = = −  

 
1 30: 0

4 417y y y
P PF A P B A PΣ = − + = = − =  1.250P=A   36.9°   

 System is rigid  
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PROBLEM 6.120 

Each of the frames shown consists of two L-shaped members connected by two rigid links. For each frame, 
determine the reactions at the supports and indicate whether the frame is rigid. 

 

 

SOLUTION 

(a) Member FBDs: 

 

 I II 

 FBD I: 1 10: 2 0 2 ;AM aF aP F PΣ = − = = 0: 0y y yF A P PΣ = − = =A  

 FBD II: 2 20: 0 0BM aF FΣ = − = =  

 1 10: 0, 2 2x x x xF B F B F P PΣ = + = = − = − =B  

 0: 0y yF BΣ = =  so 2P=B   

 FBD I: 1 2 2 10: 0 0 2 2x x x xF A F F A F F P PΣ = − − + = = − = − =A  
 so 2.24P=A 26.6°   

 frame is rigid  
(b) FBD left:  FBD whole: 

 
 I II 

 FBD I: 50:  0 5
2 2 2E x y x y
a a aM P A A A A PΣ = + − = − = −  

 FBD II: 0:  3 5 0 5 3B x y x yM aP aA aA A A PΣ = + − = − = −  
 This is impossible unless 0P = not rigid  
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PROBLEM 6.120  (Continued) 

 
(c) Member FBDs: 

 
  I II 

 FBD I: 0: 0yF A PΣ = − =  P=A   

 1 10: 2 0 2DM aF aA F PΣ = − = =  

 2 1 20: 0 2xF F F F PΣ = − = =  

 FBD II: 1
10: 2 0

2B
FM aC aF C PΣ = − = = =  P=C   

 1 20: 0 0x x xF F F B B P PΣ = − + = = − =  

 0: 0x y yF B C B C PΣ = + = = − = −  P=B   

 Frame is rigid  
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PROBLEM 6.121 

Each of the frames shown consists of two L-shaped members connected by two rigid links. For each frame, 
determine the reactions at the supports and indicate whether the frame is rigid. 

 

 

SOLUTION 

(a) Member FBDs: 

 
  I II 

 FBD II: 0: 0y yF BΣ = =       20: 0BM aFΣ = =      2 0F =  

 FBD I: 20: 2 0AM aF aPΣ = − =  but 2 0F =  

 so 0P =  not rigid for 0P ≠   

(b) Member FBDs: 

 
 Note: 7 Unknowns 1 2( , , , , , , )x y x yA A B B F F C  but only 6 independent equations.  

 System is statically indeterminate  

 System is, however, rigid  
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PROBLEM 6.121  (Continued) 

 

(c) FBD whole: FBD right: 

 
  I II 

 FBD I: 0: 5 2 0A yM aB aPΣ = − =  
2
5y P=B  

 20: 0
5y yF A P PΣ = − + =  

3
5y P=A  

 FBD II: 50: 0 5 2
2 2c x y x y x
a aM B B B B PΣ = − = = =B  

 FBD I: 0: 0x x x x xF A B A BΣ = + = = −  2x P=A  

 2.09P=A   16.70°   

 2.04P=B   11.31°   

 System is rigid  

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

920 

 

 

PROBLEM 6.122 

An 84-lb force is applied to the toggle vise at C. Knowing that θ = 90°, 
determine (a) the vertical force exerted on the block at D, (b) the force 
exerted on member ABC at B. 

 

SOLUTION 

We note that BD is a two-force member. 

Free body: Member ABC 

We have 2 2(7) (24) 25 in.
7 24( ) , ( )
25 25BD x BD BD y BD

BD

F F F F

= + =

= =

 

 0: ( ) (24) ( ) (7) 84(16) 0A BD x BD yM F FΣ = + − =  

 

7 24(24) (7) 84(16)
25 25

336 1344
25

100 lb

BD BD

BD

BD

F F

F

F

⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

=

 

 24tan 73.7
7

α α= = °  

(b) Force exerted at B: 100.0 lbBD =F  73.7°  

(a) Vertical force exerted on block 

 24 24( ) (100 lb) 96 lb
25 25BD y BDF F= = =  

  ( ) 96.0 lbBD y =F   
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PROBLEM 6.123 

Solve Problem 6.122 when θ = 0. 

PROBLEM 6.122 An 84-lb force is applied to the toggle vise at C. 
Knowing that θ = 90°, determine (a) the vertical force exerted on 
the block at D, (b) the force exerted on member ABC at B. 

 

SOLUTION 

We note that BD is a two-force member. 

Free body: Member ABC 

We have 2 2(7) (24) 25 in.
7 24( ) , ( )
25 25BD x BD BD y BD

BD

F F F F

= + =

= =

 

 0: ( ) (24) ( ) (7) 84(40) 0A BD x BD yM F FΣ = + − =  

 

7 24(24) (7) 84(40)
25 25

336 3360
25

250 lb

BD BD

BD

BD

F F

F

F

⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

=

 

 24tan 73.7
7

α α= = °  

(b) Force exerted at B: 250.0 lbBD =F  73.7°  

(a) Vertical force exerted on block 

 24 24( ) (250 lb) 240 lb
25 25BD y BDF F= = =  

 ( ) 240 lbBD y =F   
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PROBLEM 6.124 

The control rod CE passes through a horizontal hole in the body 
of the toggle system shown. Knowing that link BD is 250 mm 
long, determine the force Q required to hold the system in 
equilibrium when β = 20°. 

 

SOLUTION 

We note that BD is a two-force member. 

Free body: Member ABC 

 

Since 1 33.404250, sin ; 7.679
250

BD θ θ−= = = °  

 0: ( sin )187.94 ( cos )68.404 (100 N)328.89 0C BD BDM F Fθ θΣ = − + =  

 
[187.94sin 7.679 68.404cos7.679 ] 32889

770.6 N
BD

BD

F
F

° − ° =
=

 

 0: (770.6 N)cos7.679 0x xF CΣ = ° = =  

 763.7 NxC = +  

Member CQ:     

 0: 763.7 Nx xF Q CΣ = = =  

 764 N=Q   

Dimensions in mm 
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PROBLEM 6.125 

Solve Problem 6.124 when (a) β = 0, (b) β = 6°. 

PROBLEM 6.124 The control rod CE passes 
through a horizontal hole in the body of the 
toggle system shown. Knowing that link BD is 
250 mm long, determine the force Q required to 
hold the system in equilibrium when β = 20°. 

 

SOLUTION 

We note that BD is a two-force member. 

(a) 0:β =  Free body: Member ABC 

Since 35 mm250 mm, sin ; 8.048
250 mm

BD θ θ= = = °  

 0: (100 N)(350 mm) sin (200 mm) 0C BDM F θΣ = − =  

 1250 NBDF =  

 0: cos 0x BD xF F CθΣ = − =  

 (1250 N)(cos 8.048 ) 0 1237.7 Nx xC° − = =C  

Member CE: 

 0: (1237.7 N) 0xF QΣ = − =  
 1237.7 NQ =  1238 N=Q   

(b) 6β = °  Free body: Member ABC 

 

Since 1 14.094 mm250 mm, sin
250 mm

BD θ −= =  

 3.232θ = °  

 0: ( sin )198.90 ( cos )20.906 (100 N)348.08 0C BD BDM F Fθ θΣ = + − =  

 
[198.90sin 3.232 20.906cos3.232 ] 34808

1084.8 N
BD

BD

F
F

° + ° =
=

 

Dimensions in mm 
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PROBLEM 6.125  (Continued) 

 

 0: cos 0x BD xF F CθΣ = − =  

 (1084.8 N)cos3.232 0xC° − =  

 1083.1 NxC = +  

Member DE:  0:Σ = =x xF Q C  

 1083.1 NQ =  1083 N=Q   
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PROBLEM 6.126 

The press shown is used to emboss a small seal at E. Knowing 
that P = 250 N, determine (a) the vertical component of the force 
exerted on the seal, (b) the reaction at A. 

 

SOLUTION 

FBD Stamp D: 

 0: cos 20 0, cos 20y BD BDF E F E FΣ = − ° = = °  

 
FBD ABC: 

 
 0: (0.2 m)(sin 30 )( cos 20 ) (0.2 m)(cos30 )( sin 20 )A BD BDM F FΣ = ° ° + ° °  

 [(0.2 m)sin 30 (0.4 m)cos15 ](250 N) 0− ° + ° =  

 793.64 NBDF C=  

and, from above, 

 (793.64 N)cos 20E = °  

 (a) 746 N=E   

 0: (793.64 N)sin 20 0x xF AΣ = − ° =  

 271.44 Nx =A  

 0: (793.64 N)cos 20 250 N 0y yF AΣ = + ° − =  

 495.78 Ny =A  

 so     (b) 565 N=A  61.3°  
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PROBLEM 6.127 

The press shown is used to emboss a small seal at E. Knowing 
that the vertical component of the force exerted on the seal must 
be 900 N, determine (a) the required vertical force P, (b) the 
corresponding reaction at A. 

 

SOLUTION 

FBD Stamp D: 

 0: 900 N cos 20 0, 957.76 Ny BD BDF F F CΣ = − ° = =  

 

(a)  
 FBD ABC: 

 

 0: [(0.2 m)(sin 30 )](957.76 N)cos 20 [(0.2 m)(cos30 )](957.76 N)sin 20AMΣ = ° ° + ° °  

 [(0.2 m)sin 30 (0.4 m)cos15 ] 0P− ° + ° =  

 301.70 N,P =  302 N=P   

(b) 0: (957.76 N)sin 20 0x xF AΣ = − ° =  

 327.57 Nx =A  

 0: (957.76 N)cos 20 301.70 N 0y yF AΣ = − + ° − =  

 598.30 Ny =A  

 so 682 N=A  61.3°  
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PROBLEM 6.128 

Water pressure in the supply system exerts a downward force of 
135 N on the vertical plug at A. Determine the tension in the fusible 
link DE and the force exerted on member BCE at B. 

 

SOLUTION 

Free body: Entire linkage 

 0: 135 0yF C+ Σ = − =  

 135 NC = +  

 

Free body: Member BCE 

 0: 0x xF BΣ = =  

 0: (135 N)(6 mm) (10 mm) 0B DEM TΣ = − =  

 81.0 NDET =   

 0: 135 81 0y yF BΣ = + − =  

 216 NyB = +  216 N=B   
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PROBLEM 6.129 

A couple M of magnitude 1.5 kN ⋅ m is applied to the crank of the engine system shown. For each of the two 
positions shown, determine the force P required to hold the system in equilibrium. 

 

 

SOLUTION 

(a) FBDs: 

 

 Note: 50 mmtan
175 mm
2
7

θ =

=

 

 FBD whole: 0: (0.250 m) 1.5 kN m 0 6.00 kNA y yM C CΣ = − ⋅ = =  

 FBD piston: 6.00 kN0: sin 0
sin sin

y
y y BC BC

C
F C F Fθ

θ θ
Σ = − = = =  

 0: cos 0x BCF F PθΣ = − =  

 6.00 kNcos 7 kips
tanBCP F θ

θ
= = =  

  21.0 kN=P   

 

 

 

 
 

Dimensions in mm 
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PROBLEM 6.129  (Continued) 

 

(b) FBDs: 

 

 Note: 2tan  as above
7

θ =  

 FBD whole: 0: (0.100 m) 1.5 kN m 0 15 kNA y yM C CΣ = − ⋅ = =  

 0: sin 0
sin

y
y y BC BC

C
F C F Fθ

θ
Σ = − = =  

 0:  cos 0x BCF F PθΣ = − =  

 15 kNcos
tan 2/7

y
BC

C
P F θ

θ
= = =  52.5 kN=P   

 

Dimensions in mm 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

930 

 

PROBLEM 6.130 

A force P of magnitude 16 kN is applied to the piston of the engine system shown. For each of the two 
positions shown, determine the couple M required to hold the system in equilibrium. 

 

 

SOLUTION 

(a) FBDs: 

 

 Note: 50 mmtan
175 mm
2
7

θ =

=

 

 FBD piston: 0: cos 0
cosx BC BC

PF F P Fθ
θ

Σ = − = =  

 
20: sin 0 sin tan
7y y BC y BCF C F C F P Pθ θ θΣ = − = = = =  

 FBD whole: 0: (0.250 m) 0A yM C MΣ = − =  

 

2(0.250 m) (16 kN)
7

1.14286 kN m

M ⎛ ⎞= ⎜ ⎟
⎝ ⎠

= ⋅  1143 N m= ⋅M   

 

 

 

 
 

Dimensions in mm 
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PROBLEM 6.130  (Continued) 

 

(b) FBDs: 

 

 Note: 2tan  as above
7

θ =  

 FBD piston: as above 2tan
7yC P Pθ= =  

 FBD whole: 20: (0.100 m) 0 (0.100 m) (16 kN)
7A yM C M MΣ = − = =  

 0.45714 kN mM = ⋅  457 N m= ⋅M   

 

Dimensions in mm 
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PROBLEM 6.131 

The pin at B is attached to member ABC and can slide freely along 
the slot cut in the fixed plate. Neglecting the effect of friction, 
determine the couple M required to hold the system in equilibrium 
when 30 .θ = °  

 

SOLUTION 

Free body: Member ABC 

 0: (25 lb)(13.856 in.) (3 in.) 0CM BΣ = − =  

  115.47 lbB = +  

 0: 25 lb 0y yF CΣ = − + =  

  25 lbyC = +  

 0: 115.47 lb 0x xF CΣ = − =  

  115.47 lbxC = +  
Free body: Member CD 

  
1 5.196sin ; 40.505

8
β β−= = °  

  cos (8 in.)cos 40.505 6.083 in.CD β = ° =  

  0: (25 lb)(5.196 in.) (115.47 lb)(6.083 in.) 0DM MΣ = − − =  

  832.3 lb in.M = + ⋅  

   832 lb in.= ⋅M   
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PROBLEM 6.132 

The pin at B is attached to member ABC and can slide freely along 
the slot cut in the fixed plate. Neglecting the effect of friction, 
determine the couple M required to hold the system in equilibrium 
when 60 .θ = °  

 

SOLUTION 

Free body: Member ABC 

  0: (25 lb)(8 in.) (5.196 in.) 0CM BΣ = − =  

  38.49 lbB = +  

  0: 38.49 lb 0x xF CΣ = − =  

  38.49 lbxC = +  

  0: 25 lb 0y yF CΣ = − + =  

  25 lbyC = +  

Free body: Member CD 

  1 3sin ; 22.024
8

β β−= = °  

  cos (8 in.)cos 22.024 7.416 in.CD β = ° =  

  0: (25 lb)(3 in.) (38.49 lb)(7.416 in.) 0DM MΣ = − − =  

  360.4 lb in.M = + ⋅  360 lb in.= ⋅M   
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PROBLEM 6.133 

Arm ABC is connected by pins to a collar at B and to crank CD at C. 
Neglecting the effect of friction, determine the couple M required to 
hold the system in equilibrium when 0.θ =  

 

SOLUTION 

Free body: Member ABC 

  0: 240 N 0x xF CΣ = − =  

  240 NxC = +  

  0: (240 N)(500 mm) (160 mm) 0CM BΣ = − =  

  750 NB = +  

  0: 750 N 0y yF CΣ = − =  

  750 NyC = +  

 

Free body: Member CD 

 0: (750 N)(300 mm) (240 N)(125 mm) 0DM MΣ = + − =  

  
3195 10 N mmM = − × ⋅  

   195.0 kN m= ⋅M   
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PROBLEM 6.134 

Arm ABC is connected by pins to a collar at B and to crank CD at C. 
Neglecting the effect of friction, determine the couple M required to 
hold the system in equilibrium when 90 .θ = °  

 

SOLUTION 

Free body: Member ABC 

  0: 0x xF CΣ = =  

  0: (160 mm) (240 N)(90 mm) 0B yM CΣ = − =  

  135 NyC = +  

 

 

Free body: Member CD 

  0: (135 N)(300 mm) 0DM MΣ = − =  

  
340.5 10 N mmM = + × ⋅  

   40.5 kN m= ⋅M   
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PROBLEM 6.135 

Two rods are connected by a slider block as shown. Neglecting the 
effect of friction, determine the couple MA required to hold the 
system in equilibrium. 

 

SOLUTION 

Note:  AC⊥D  

Member FBDs: 0:  sin115 250 lb in. 0BM lDΣ = ° − ⋅ =  

  
250 lb in.

2(15 in.)cos 25 sin115

10.1454 lb

D ⋅=
° °

=

 

  0: (15 in.)(10.1454 lb) 0A AM MΣ = − =  

   152.2 lb in.A = ⋅M   
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PROBLEM 6.136 

Two rods are connected by a slider block as shown. Neglecting the 
effect of friction, determine the couple MA required to hold the 
system in equilibrium. 

 

SOLUTION 

Note:  BD⊥C  

Member FBD’s: 0: 250 lb in. 0BM lCΣ = − ⋅ =  

  
250 lb in.

2(15 in.)cos 25

9.1948 lb

C

C

⋅=
°

=

 

  0: (15 in.) sin 65 0A AM M CΣ = − ° =  

  (15 in.)(9.1948 lb)sin 65AM = °  

   125.0 lb in.A = ⋅M   
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PROBLEM 6.137 

Rod CD is attached to the collar D and passes through a 
collar welded to end B of lever AB. Neglecting the effect of 
friction, determine the couple M required to hold the system 
in equilibrium when 30 .θ = °  

 

SOLUTION 

Note:  CD⊥B  

FBD DC: 0: sin 30 (300 N)cos30 0x yF D′Σ = ° − ° =  

  300 N 519.62 N
tan 30yD = =

°
 

FBD machine: 

 

 0.200 m0:  519.62 N 0
sin 30AM MΣ = − =

°
 

  207.85 N mM = ⋅  208 N m= ⋅M   
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PROBLEM 6.138 

Rod CD is attached to the collar D and passes through a collar welded 
to end B of lever AB. Neglecting the effect of friction, determine the 
couple M required to hold the system in equilibrium when 30 .θ = °  

 

SOLUTION 

FBD DC: 

 0: sin 30 (150 N)cos30 0x yF D′Σ = ° − ° =  

  (150 N) ctn 30 259.81 NyD = ° =  

 

FBD machine: 

 0: (0.100 m)(150 N) (259.81 N) 0AM d MΣ = + − =  

  0.040 md b= −  

  0.030718 m
tan 30

b =  

so   0.053210 mb =  

  
0.0132100 m

18.4321 N m

d

M

=

= ⋅
 

   18.43 N m.= ⋅M   
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PROBLEM 6.139 

Two hydraulic cylinders control the position 
of the robotic arm ABC. Knowing that in the 
position shown the cylinders are parallel, 
determine the force exerted by each cylinder 
when 160 NP =  and 80 N.Q =  

 

SOLUTION 

Free body: Member ABC 

 

 40: (150 mm) (160 N)(600 mm) 0
5B AEM FΣ = − =  

 800 NAEF = +  800 NAEF T=   

 30: (800 N) 80 N 0
5x xF BΣ = − + − =  

 560 NxB = +  

  
40: (800 N) 160 N 0
5y yF BΣ = − + − =  

 800 NyB = +  

Free body: Member BDF 

 
40: (560 N)(400 mm) (800 N)(300 mm) (200 mm) 0
5F DGM FΣ = − − =  

 100 NDGF = −  100.0 NDGF C=   
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PROBLEM 6.140 

Two hydraulic cylinders control the position of the robotic arm ABC. In the position shown, the cylinders are 
parallel and both are in tension. Knowing the 600 NAEF =  and 50 N,DGF = determine the forces P and Q applied 
at C to arm ABC. 

 

 

SOLUTION 

 

 
 

 

 

 

 

 

Free body: Member ABC 

 40: (600 N)(150 mm) (600 mm) 0
5BM PΣ = − =  

 120 NP = +  120.0 N=P   

 40: (600)(750 mm) (600 mm) 0
5C yM BΣ = − =  

 600 NyB = +  

Free body: Member BDF 

 0: (400 mm) (600 N)(300 mm)F xM BΣ = −  

 
4 (50 N)(200 mm) 0
5

− =  

 470 NxB = +  

Return to free body: Member ABC 

 30: (600 N) 470 N 0
5xF QΣ = − + − =  

 110 NQ = +  110.0 N=Q   
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PROBLEM 6.141 

A log weighing 800 lb is lifted by a pair of tongs as shown. Determine 
the forces exerted at E and F on tong DEF. 

 

SOLUTION 

FBD AB: 

 

 

FBD DEF: 

 

 

By symmetry:  400 lby yA B= =  

and  
6 (400 lb)
5
480 lb

x xA B=

=

=

 

Note: = −D B  

so 480 lb
400 lb

x

y

D
D

=
=

 

 (10.5 in.)(400 lb) (15.5 in.)(480 lb) (12 in.) 0F xM EΣ = + − =  

 970 lbxE =  970 lb=E   

 0: 480 lb 970 lb 0
490 lb

x x

x

F F
F

Σ = − + − =
=

 

 0: 400 lb 0

400 lb
y y

y

F F

F

Σ = − =

=

  

  633 lb=F  39.2°   
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PROBLEM 6.142 

A 39-ft length of railroad rail of weight 44 lb/ft is lifted by the tongs 
shown. Determine the forces exerted at D and F on tong BDF. 

 

SOLUTION 

Free body: Rail 

 
 
Free body: Upper link 

 
 
Free Body: Tong BDF 

 

 

 
 (39 ft)(44 lb/ft) 1716 lbW = =  

By symmetry 1 858 lb
2y yE F W= = =  

 

By symmetry, 1( ) ( ) 858 lb
2AB y AC yF F W= = =  

Since AB is a two-force member, 

 
( )( ) 9.6( ) (858) 1372.8 lb

9.6 6 6
AB yAB x

AB x
FF F= = =  

 

 0: (Attach at )D ABM F AΣ =  

 
(8) ( ) (18) (0.8) 0

(8) (1372.8 lb)(18) (858 lb)(0.8) 0
x AB x y

x

F F F

F

− − =

− − =  

 3174.6 lbxF = +  3290 lb=F  15.12°   

 0: ( ) 0x x AB x xF D F FΣ = − + + =  

 ( ) 1372.8 3174.6 4547.4 lbx AB x xD F F= + = + =  

 0: ( ) 0y y AB y yF D F FΣ = + − =  

 0yD =  4550 lb=D   
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PROBLEM 6.143 

The tongs shown are used to apply a total upward force of 45 kN on a pipe cap. 
Determine the forces exerted at D and F on tong ADF. 

 

SOLUTION 

FBD whole: 

 
 

FBD ADF: 

 

 

 

 

 

By symmetry 22.5 kN= =A B  

 

 

 

 

 

 0: (75 mm) (100 mm)(22.5 kN) 0FM CDΣ = − =  

  30.0 kN=CD   

 0: 0x xF F CDΣ = − =  

 30 kNxF CD= =  

 0: 22.5 kN 0y yF FΣ = − =  

 22.5 kNyF =  

so 37.5 kN=F 36.9°   
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PROBLEM 6.144 

If the toggle shown is added to the tongs of Problem 6.143 and a single 
vertical force is applied at G, determine the forces exerted at D and F 
on tong ADF. 

 

SOLUTION 

Free body: Toggle 

By symmetry 1 (45 kN) 22.5 kN
2yA = =  

AG is a two-force member 

  
22.5 kN
22 mm 55 mm

56.25 kN

x

x

A

A

=

=
 

Free body: Tong ADF 

  0: 22.5 kN 0y yF FΣ = − =  

  22.5 kNyF = +  

  0 : (75 mm) (22.5 kN)(100 mm) (56.25 kN)(160 mm) 0FM DΣ = − − =  

  150 kND = +  150.0 kN=D   

 

  0: 56.25 kN 150 kN 0x xF FΣ = − + =  

  93.75 kNxF =  
 

   96.4 kN=F  13.50°   
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PROBLEM 6.145 

The pliers shown are used to grip a 0.3-in.-diameter rod. 
Knowing that two 60-lb forces are applied to the handles, 
determine (a) the magnitude of the forces exerted on the rod, 
(b) the force exerted by the pin at A on portion AB of the 
pliers. 

 

SOLUTION 

Free body: Portion AB 

(a)  0: (1.2 in.) (60 lb)(9.5 in.) 0AM QΣ = − =  

   475 lbQ =   

 
(b)  0: (sin 30 ) 0x xF Q AΣ = ° + =  

  (475 lb)(sin 30 ) 0xA° + =  

  237.5 lbxA = −  237.5 lby =A  

  0: (cos30 ) 60 lb 0y yF Q AΣ = − ° + − =  

  (475 lb)(cos30 ) 60 lb 0− ° + − =yA  

  471.4 lbyA = +  471.4 lby =A   

   528 lb=A  63.3°   
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PROBLEM 6.146 

In using the bolt cutter shown, a worker applies two 300-N 
forces to the handles. Determine the magnitude of the forces 
exerted by the cutter on the bolt. 

 

SOLUTION 

 FBD cutter AB: FBD handle BC: 

 
  I Dimensions in mm II 

FBD I:   0: 0x xF BΣ = =                             FBD II:  0: (12 mm) (448 mm)300 N 0C yM BΣ = − =  

  11,200.0 NyB =  

Then  FBD I:  0: (96 mm) (24 mm) 0A yM B FΣ = − =          4 yF B=  

   44,800 N 44.8 kNF = =   
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PROBLEM 6.147 

Determine the magnitude of the gripping forces exerted along 
line aa on the nut when two 50-lb forces are applied to the 
handles as shown. Assume that pins A and D slide freely in 
slots cut in the jaws. 

 

SOLUTION 

FBD jaw AB: 0: 0x xF BΣ = =  

 0: (0.5 in.) (1.5 in.) 0BM Q AΣ = − =  

 
3
QA =  

 0: 0y yF A Q BΣ = + − =  

 4
3y
QB A Q= + =  

FBD handle ACE: By symmetry and FBD jaw DE: 

  
3
0
4
3

x x

y y

QD A

E B
QE B

= =

= =

= =

 

 40: (5.25 in.)(50 lb) (0.75 in.) (0.75 in.) 0
3 3C
Q QMΣ = + − =  

  350 lbQ =   
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PROBLEM 6.148 

Determine the magnitude of the gripping forces produced 
when two 300-N forces are applied as shown. 

 

SOLUTION 

We note that AC is a two-force member 

FBD handle CD: 

  2.80: (126 mm)(300 N) (6 mm)
8.84DM AΣ = − −  

  1(30 mm) 0
8.84

A⎛ ⎞
+ =⎜ ⎟

⎝ ⎠
 

 Dimensions in mm 2863.6 8.84  NA =  

FBD handle AB: 

  10: (132 mm)(300 N) (120 mm) (2863.6 8.84  N)
8.84

(36 mm) 0

Σ = −

+ =

BM

F

 

   8.45 kNF =   
 Dimensions in mm 
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PROBLEM 6.149 

Knowing that the frame shown has a sag at B of 1a = in., determine 
the force P required to maintain equilibrium in the position shown. 

 

SOLUTION 

We note that AB and BC are two-force members 

Free body: Toggle 

By symmetry: 
2

10 in.
10 10 5

2

y

yx

x y

PC

CC
a

P PC C
a a a

=

=

= = ⋅ =

 

Free body: Member CDE 

 0: (6 in.) (20 in.) (50 lb)(10 in.) 0E x yM C CΣ = − − =  

 

5 ( ) (20) 500
2

30 10 500

P Pb
a

P
a

− =

⎛ ⎞− =⎜ ⎟
⎝ ⎠  (1) 

For 1.0 in.
30 10 500
1

a

P

=

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 

 20 500P =  25.0 lb=P   
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PROBLEM 6.150 

Knowing that the frame shown has a sag at B of 0.5a = in., 
determine the force P required to maintain equilibrium in the 
position shown. 

 

SOLUTION 

We note that AB and BC are two-force members 

Free body: Toggle 

By symmetry: 
2

10 in.
10 10 5

2

y

yx

x y

PC

CC
a

P PC C
a a a

=

=

= = ⋅ =

 

Free body: Member CDE 

 0: (6 in.) (20 in.) (50 lb)(10 in.) 0E x yM C CΣ = − − =  

 

5 (6) (20) 500
2

30 10 500

− =

⎛ ⎞− =⎜ ⎟
⎝ ⎠

P P
a

P
a  (1) 

For 0.5 in.
30 10 500
0.5

a

P

=

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 

 50 500P =  10.00 lb=P   
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PROBLEM 6.151 

The garden shears shown consist of two blades and two handles. The two handles are connected by pin C and 
the two blades are connected by pin D. The left blade and the right handle are connected by pin A; the right 
blade and the left handle are connected by pin B. Determine the magnitude of the forces exerted on the small 
branch at E when two 80-N forces are applied to the handles as shown. 

 

 

SOLUTION 

By symmetry vertical components Cy, Dy, Ey are 0. Then by considering 0yFΣ =  on the blades or handles, we 
find that Ay and By are 0. 

Thus forces at A, B, C, D, and E are horizontal. 

Free body: Right handle 

 0: (30 mm) (80 N)(270 mm) 0CM AΣ = − =  

 720 NA = +  

 0: 720 N 80 N 0xF CΣ = − − =  

 800 NC = +  

Free body: Left blade 

 0: (180 mm) (720 N)(60 mm) 0DM EΣ = − =  

 240 NE =   
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PROBLEM 6.152 

The telescoping arm ABC is used to provide an elevated platform for 
construction workers. The workers and the platform together have a 
mass of 200 kg and have a combined center of gravity located 
directly above C. For the position when θ  = 20°, determine (a) the 
force exerted at B by the single hydraulic cylinder BD, (b) the force 
exerted on the supporting carriage at A. 

 

SOLUTION 

Geometry: (5 m)cos 20 4.6985 m
(2.4 m)cos 20 2.2553 m
(2.4 m)sin 20 0.8208 m

0.5 1.7553 m
0.9 1.7208 m

a
b
c
d b
e c

= ° =
= ° =
= ° =
= − =
= + =

 

 1.7208tan ; 44.43
1.7553

e
d

β β= = = °  

 

Free body: Arm ABC 

We note that BD is a two-force member 

 2(200 kg)(9.81 m/s ) 1.962 kNW = =  

(a) 0: (1.962 kN)(4.6985 m) sin 44.43 (2.2553 m) cos 44.43(0.8208 m) 0A BD BDM F FΣ = − ° + =  

 9.2185 (0.9927) 0: 9.2867 kNBD BDF F− = =  

(b) 9.29 kNBD =F  44.4°   

 0: cos 0x x BDF A F βΣ = − =  

 (9.2867 kN)cos 44.43 6.632 kNxA = ° =  6.632 kNx =A  

 0: 1.962 kN sin 0y y BDF A F βΣ = − + =  

 1.962 kN (9.2867 kN)sin 44.43 4.539 kNyA = − ° = −  

  4.539 kNy =A  

 8.04 kN=A  34.4°   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

954 

 

 

PROBLEM 6.153 

The telescoping arm ABC can be lowered until end C is close 
to the ground, so that workers can easily board the platform. 
For the position when θ = −20°, determine (a) the force exerted 
at B by the single hydraulic cylinder BD, (b) the force exerted 
on the supporting carriage at A. 

 

SOLUTION 

Geometry: (5 m)cos 20 4.6985 m
(2.4 m)cos 20 2.2552 m
(2.4 m)sin 20 0.8208 m

0.5 1.7553 m
0.9 0.0792 m

a
b
c
d b
e c

= ° =
= ° =
= ° =
= − =
= − =

 

 0.0792tan ; 2.584
1.7552

e
d

β β= = = °  

Free body: Arm ABC 

We note that BD is a two-force member 

 
2(200 kg)(9.81 m/s )

1962 N 1.962 kN
W
W

=
= =

 

(a) 0: (1.962 kN)(4.6985 m) sin 2.584 (2.2553 m) cos 2.584 (0.8208 m) 0A BD BDM F FΣ = − ° − ° =  

 9.2185 (0.9216) 0 10.003 kNBD BDF F− = =  

(b) 10.00 kNBD =F  2.58°   

 0: cos 0x x BDF A F βΣ = − =  

 (10.003 kN)cos 2.583 9.993 kNxA = ° =  9.993 kNx =A  

 0: 1.962 kN sin 0y y BDF A F βΣ = − + =  

 1.962 kN (10.003 kN)sin 2.583 1.5112 kNyA = − ° = −  

  1.5112 kNy =A  

 10.11 kN=A  8.60°   
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PROBLEM 6.154 

The position of member ABC is controlled by the hydraulic 
cylinder CD. Knowing that θ  = 30°, determine for the loading 
shown (a) the force exerted by the hydraulic cylinder on pin C, 
(b) the reaction at B. 

 

SOLUTION 

Geometry: In �BCD 

Law of cosines 2 2 2( ) (0.5) (1.5) 2(0.5)(1.5)cos 60
1.3229 m

CD
CD

= + − °
=

 

Law of sines sin sin 60
0.5 m 1.3229 m
sin 0.3273 19.107

β

β β

°=

= = °

 

Free body: Entire system 

Move force FCD along its line of action so it acts at D. 

(a) 0: (10 kN)(0.69282 m) sin (1.5 m) 0B CDM F βΣ = − =  

 
6.9282 kN m sin 19.107 (1.5 m) 0

14.111 kN
CD

CD

F
F

⋅ − ° =
=

 

 14.11 kNCD =F  19.11°  

(b) 0: cos 0x x CDF B F βΣ = + =  

 

(14.111 kN)cos 19.107 0
13.333 kN

x

x

B
B

+ ° =
= −  13.333 kNx =B  

 0: 10 kN sin 19.107 0y y CDF B FΣ = − − ° =  

 

10 kN (14.111 kN)sin 19.107 0

14.619 kN
y

y

B

B

− − ° =

= +  14.619 kNy =B  

 19.79 kN=B  47.6°  
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PROBLEM 6.155 

The motion of the bucket of the front-end loader shown is 
controlled by two arms and a linkage that are pin-connected 
at D. The arms are located symmetrically with respect to 
the central, vertical, and longitudinal plane of the loader; 
one arm AFJ and its control cylinder EF are shown. The 
single linkage GHDB and its control cylinder BC are located 
in the plane of symmetry. For the position and loading 
shown, determine the force exerted (a) by cylinder BC,  
(b) by cylinder EF. 

 

SOLUTION 

Free body: Bucket 

 0: (4500 lb)(20 in.) (22 in.) 0J GHM FΣ = − =  

 4091 lbGHF =  

Free body: Arm BDH 

 0: (4091 lb)(24 in.) (20 in.) 0D BCM FΣ = − − =  

 4909 lbBCF = −  

  4.91 kipsBCF C=   

Free body: Entire mechanism 

(Two arms and cylinders AFJE) 

 
Note: Two arms thus 2 EFF  

 18 in.tan
65 in.
15.48

β

β

=

= °

 

 0: (4500 lb)(123 in.) (12 in.) 2 cos (24 in.) 0A BC EFM F F βΣ = + + =  

 (4500 lb)(123 in.) (4909 lb)(12 in.) 2 cos 15.48 (24 in.) 0EFF− + ° =  

 10.690 lbEFF = −  10.69 kipsEFF C=   
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PROBLEM 6.156 

The bucket of the front-end loader shown carries a 3200-lb 
load. The motion of the bucket is controlled by two 
identical mechanisms, only one of which is shown. 
Knowing that the mechanism shown supports one-half 
of the 3200-lb load, determine the force exerted (a) by 
cylinder CD, (b) by cylinder FH. 

 

SOLUTION 

Free body: Bucket (One mechanism) 

 0: (1600 lb)(15 in.) (16 in.) 0D ABM FΣ = − =  

 1500 lbABF =  

Note: There are 2 identical support mechanisms. 

Free body: One arm BCE 

 
8tan
20
21.8

β

β

=

= °
 

 0: (1500 lb)(23 in.) cos 21.8 (15 in.) sin 21.8 (5 in.) 0E CD CDM F FΣ = + ° − ° =  

 2858 lbCDF = −  2.86 kipsCDF C=   

Free body: Arm DFG 

 

 0: (1600 lb)(75 in.) sin 45 (24 in.) cos 45 (6 in.) 0G FH FHM F FΣ = + ° − ° =  

 9.428 kipsFHF = −  9.43 kipsFHF C=   
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PROBLEM 6.157 

The motion of the backhoe bucket shown is 
controlled by the hydraulic cylinders AD, CG, and 
EF. As a result of an attempt to dislodge a portion 
of a slab, a 2-kip force P is exerted on the bucket 
teeth at J. Knowing that θ = 45°, determine the 
force exerted by each cylinder. 

 

SOLUTION 

Free body: Bucket 

 0HMΣ = (Dimensions in inches) 

 4 3(10) (10) cos (16) sin (8) 0
5 5CG CGF F P Pθ θ+ + + =  

 (16 cos 8 sin )
14CG
PF θ θ= − +  (1) 

Free body: Arm ABH and bucket 
 (Dimensions in inches) 

 

 4 30: (12) (10) cos (86) sin (42) 0
5 5B AD ADM F F P Pθ θΣ = + + − =  

 (86cos 42 sin )
15.6AD

PF θ θ= − −  (2) 

Free body: Bucket and arms IEB + ABH 

Geometry of cylinder EF 16 in.tan
40 in.
21.801

β

β

=

= °
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PROBLEM 6.157  (Continued) 

 

 

 0: cos (18 in.) cos (28 in.) sin (120 in.) 0I EFM F P Pβ θ θΣ = + − =  

 

(120 sin 28 cos )
cos 21.8 (18)

(120 sin 28 cos )
16.7126

EF
PF

P

θ θ

θ θ

−=
°

= −  (3) 

For 2 kips, 45P θ= = °  

Eq. (1): 2 (16 cos 45 8 sin 45 ) 2.42 kips
14CGF = − ° + ° = −  2.42 kipsCGF C=   

Eq. (2): 2 (86 cos 45 42 sin 45 ) 3.99 kips
15.6ADF = − ° − ° = −  3.99 kipsADF C=   

Eq. (3): 2 (120 sin 45 28 cos 45 ) 7.79 kips
16.7126EFF = ° − ° = +  7.79 kipsEFF T=   
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PROBLEM 6.158 

Solve Problem 6.157 assuming that the 2-kip force P 
acts horizontally to the right (θ  = 0). 

PROBLEM 6.157 The motion of the backhoe bucket 
shown is controlled by the hydraulic cylinders AD, 
CG, and EF. As a result of an attempt to dislodge a 
portion of a slab, a 2-kip force P is exerted on the 
bucket teeth at J. Knowing that θ  = 45°, determine the 
force exerted by each cylinder. 

 

SOLUTION 

Free body: Bucket 

 0HMΣ = (Dimensions in inches) 

 4 3(10) (10) cos (16) sin (8) 0
5 5CG CGF F P Pθ θ+ + + =  

 (16 cos 8 sin )
14CG
PF θ θ= − +  (1) 

Free body: Arm ABH and bucket 
 (Dimensions in inches) 

 

 4 30: (12) (10) cos (86) sin (42) 0
5 5B AD ADM F F P Pθ θΣ = + + − =  

 (86cos 42 sin )
15.6AD

PF θ θ= − −  (2) 

Free body: Bucket and arms IEB + ABH 

Geometry of cylinder EF 16 in.tan
40 in.
21.801

β

β

=

= °
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PROBLEM 6.158  (Continued) 

 

 

 0: cos (18 in.) cos (28 in.) sin (120 in.) 0I EFM F P Pβ θ θΣ = + − =  

 

(120 sin 28 cos )
cos 21.8 (18)

(120 sin 28 cos )
16.7126

EF
PF

P

θ θ

θ θ

−=
°

= −  (3) 

For 2 kips, 0P θ= =  

Eq. (1): 2 (16 cos 0 8 sin 0) 2.29 kips
14CGF = − + = −  2.29 kipsCGF C=   

Eq. (2): 2 (86 cos 0 42 sin 0) 11.03 kips
15.6ADF = − − = −  11.03 kipsADF C=   

Eq. (3): 2 (120 sin 0 28 cos 0) 3.35 kips
16.7126

= − = −EFF  3.35 kipsEFF C=   
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PROBLEM 6.159 

The gears D and G are rigidly attached to shafts that 
are held by frictionless bearings. If rD = 90 mm and 
rG = 30 mm, determine (a) the couple M0 that must 
be applied for equilibrium, (b) the reactions at A and B. 

 

SOLUTION 

 

 
 

 

 
 

 
 

 

 
 

 

 

 

 

 

(a) Projections on yz plane 

 Free body: Gear G 

 0: 30 N m (0.03 m) 0; 1000 NGM J JΣ = ⋅ − = =  

 Free body: Gear D 

 00: (1000 N)(0.09 m) 0DM MΣ = − =  

 0 90 N mM = ⋅  0 (90.0 N m)= ⋅M i   

(b) Gear G and axle FH 

 0: (0.3 m) (1000 N)(0.18 m) 0FM HΣ = − =  

 600 NH =  
 0: 600 1000 0yF FΣ = + − =  

 400 NF =  

 Gear D and axle CE  

 0: (1000 N)(0.18 m) (0.3 m) 0CM EΣ = − =  

 600 NE =  

 0: 1000 600 0yF CΣ = − − =  

 400 NC =  
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PROBLEM 6.159  (Continued) 

 

Free body: Bracket AE 

 0: 400 400 0yF AΣ = − + =  0=A   

 0: (400 N)(0.32 m) (400 N)(0.2 m) 0A AM MΣ = + − =  

 48 N mAM = − ⋅  (48.0 N m)A = − ⋅M i   

Free body: Bracket BH 

 0: 600 600 0yF BΣ = − + =  0=B   

 0: (600 N)(0.32 m) (600 N)(0.2 m) 0B BM MΣ = + − =  

 72 N mBM = − ⋅  (72.0 N m)B = − ⋅M i   
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PROBLEM 6.160 

In the planetary gear system shown, the radius of the central gear A is a = 18 mm, 
the radius of each planetary gear is b, and the radius of the outer gear E is (a + 2b). 
A clockwise couple of magnitude MA = 10 N ⋅ m is applied to the central gear 
A and a counterclockwise couple of magnitude MS = 50 N ⋅ m is applied to the 
spider BCD. If the system is to be in equilibrium, determine (a) the required 
radius b of the planetary gears, (b) the magnitude ME of the couple that must 
be applied to the outer gear E. 

 

SOLUTION 

FBD Central Gear: 

 
FBD Gear C: 

 
FBD Spider: 

 
FBD Outer Gear: 

 

 

By symmetry: 1 2 3F F F F= = =  

 100: 3( ) 10 N m 0, N m
3A A

A
M r F F

r
Σ = − ⋅ = = ⋅  

 

 

 4 40: ( ) 0,C BM r F F F FΣ = − = =  

 0: 0x xF C′ ′Σ = =  

 0: 2 0, 2y y yF C F C F′ ′ ′Σ = − = =  

Gears B and D are analogous, each having a central force of 2F 

 

 0: 50 N m 3( )2 0A A BM r r FΣ = ⋅ − + =  

 2050 N m 3( ) N m 0A B
A

r r
r

⋅ − + ⋅ =  

 2.5 1 ,A B B

A A

r r r
r r
+ = = +  1.5B Ar r=  

Since 18 mm,Ar =  

(a) 27.0 mmBr =   

 0: 3( 2 ) 0A A B EM r r F MΣ = + − =  

 
10 N m3(18 mm 54 mm) 0
54 mm EM⋅+ − =  

(b) 40.0 N mE = ⋅M   
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PROBLEM 6.161* 

Two shafts AC and CF, which lie in the vertical xy plane, are connected by a universal joint at C. The bearings 
at B and D do not exert any axial force. A couple of magnitude 500 lb ⋅ in. (clockwise when viewed from the 
positive x axis) is applied to shaft CF at F. At a time when the arm of the crosspiece attached to shaft CF is 
horizontal, determine (a) the magnitude of the couple that must be applied to shaft AC at A to maintain 
equilibrium, (b) the reactions at B, D, and E. (Hint: The sum of the couples exerted on the crosspiece must be 
zero.) 

 

 

SOLUTION  

We recall from Figure 4.10, that a universal joint exerts on members it connects a force of unknown direction 
and a couple about an axis perpendicular to the crosspiece. 

Free body: Shaft DF 

 
 0: cos30 500 lb in. 0x CM MΣ = ° − ⋅ =  

 577.35 lb in.CM = ⋅  

Free body: Shaft BC 

We use here , ,x y z′ ′  with x′ along BC  

 
 0: (577.35 lb in) ( 5 in) ( ) 0C R y zM M i i i B j B k′ ′ ′ ′Σ = − − ⋅ + − × + =  
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PROBLEM 6.161*  (Continued) 

 

Equate coefficients of unit vectors to zero: 

 i: 577.35 lb in 0AM − ⋅ =  577.35 lb in.AM = ⋅  

 j: 0zB =  577 lb in.AM = ⋅   

 k: 0yB =  0B =  0=B  

 0: 0, since 0,B C BΣ = + = =F  0=C  

Return to free body of shaft DF 

 0DΣ =M  (Note that 0C =  and 577.35 lb in.CM = ⋅ ) 

 (577.35 lb in.)(cos30 sin 30 ) (500 lb in.)⋅ ° + ° − ⋅i j i  

 (6 in.) ( ) 0x y zE E E+ × + + =i i j k  

 (500 lb in.) (288.68 lb in.) (500 lb in.)⋅ + ⋅ − ⋅i j i  

 (6 in.) (6 in.) 0y zE E+ − =k j  

Equate coefficients of unit vectors to zero:  

 j: 288.68 lb in. (6 in.) 0zE⋅ − =  48.1 lbzE =  

 k: 0yE =  

 0: 0Σ = + + =F C D E  

 0 (48.1 lb) 0y z xD D E+ + + + =j k i k  

 i: 0xE =  

 j: 0yD =  

 k: 48.1 lb 0zD + =  48.1 lbzD = −  

Reactions are: 0=B   

 (48.1 lb)= −D k   

 (48.1 lb)=E k   
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PROBLEM 6.162* 

Solve Problem 6.161 assuming that the arm of the crosspiece attached to shaft CF is vertical. 

PROBLEM 6.161 Two shafts AC and CF, which lie in the vertical xy plane, are connected by a universal 
joint at C. The bearings at B and D do not exert any axial force. A couple of magnitude 500 lb · in. (clockwise 
when viewed from the positive x axis) is applied to shaft CF at F. At a time when the arm of the crosspiece 
attached to shaft CF is horizontal, determine (a) the magnitude of the couple that must be applied to shaft AC 
at A to maintain equilibrium, (b) the reactions at B, D, and E. (Hint: The sum of the couples exerted on the 
crosspiece must be zero.) 

 

 

SOLUTION 

Free body: Shaft DF 

 

 0: 500 lb in. 0x CM MΣ = − ⋅ =  
 500 lb in.CM = ⋅  

Free body: Shaft BC 

 
We resolve (520 lb in.)− ⋅ i  into components along x′  and y′  axes: 

 (500 lb in.)(cos30 sin 30 )C ′ ′− = − ⋅ ° + °M i j  

 0: (500 lb in.)(cos30 sin 30 ) (5 in.) ( ) 0C A y zM B B′′ ′ ′ ′ ′Σ = − ⋅ ° + ° + × + =M i i j i j k  

 (433 lb in.) (250 lb in.) (5 in.) (5 in.) 0A y zM B B′′ ′ ′− ⋅ − ⋅ + − =i i j k j  
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PROBLEM 6.162*  (Continued) 

 

Equate to zero coefficients of unit vectors: 

 : 433 lb in. 0AM′ − ⋅ =i  433 lb in.AM = ⋅   

 : 250 lb in. (5 in.) 0zB′ − ⋅ − =j  50 lbzB = −  

 : 0y′ =k B  

Reactions at B:  (50 lb)= −B k  

 0: 0Σ = − =F B C  

 (50 lb) 0− − =Ck  (50 lb)= −C k  

Return to free body of shaft DF: 

 0: (6 in.) ( ) (4 in.) ( 50 lb)D x y zE E EΣ = × + + − × −M i i j k i k  
 (500 lb in.) (500 lb in.) 0− ⋅ + ⋅ =i i  
 (6 in.) (6 in.) (200 lb in.) 0y zE E− − ⋅ =k j j  

 : 0yE =k  

 : (6 in.) 200 lb in. 0zE− − ⋅ =j  33.3 lbzE = −  

 0: 0FΣ = + + =C D E  

 (50 lb) (33.3 lb) 0y z xD D E− + + + − =k j k i k  

 
: 0
: 50 lb 33.3 lb 0

x

z

E
D

=
− − + =

i
k

 

 83.3 lbzD =  

Reactions are:  (50 lb)= −B k   

 (83.3 lb)=D k   

 (33.3 lb)= −E k   
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PROBLEM 6.163* 

The large mechanical tongs shown are used to grab and lift a thick 7500-kg 
steel slab HJ. Knowing that slipping does not occur between the tong grips 
and the slab at H and J, determine the components of all forces acting on 
member EFH. (Hint: Consider the symmetry of the tongs to establish 
relationships between the components of the force acting at E on EFH and 
the components of the force acting at D on CDF.) 

 

SOLUTION 

Free body: Pin A 2(7500 kg)(9.81 m/s ) 73.575 kNT W mg= = = =  

 
0: ( ) ( )

10: ( ) ( )
2

x AB x AC x

y AB y AC y

F F F

F F F W

Σ = =

Σ = = =
 

Also: ( ) 2( )AC x AC yF F W= =  

 
Free body: Member CDF 

 10: (0.3) (2.3) (1.8) (0.5 m) 0
2D x yM W W F FΣ = + − − =  

or 1.8 0.5 1.45x yF F W+ =  (1) 
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PROBLEM 6.163*  (Continued) 

 

 0: 0x x xF D F WΣ = − − =  

or x xE F W− =  (2) 

 10: 0
2y y yF F D WΣ = − + =  

or 1
2y yE F W− =  (3) 

Free body: Member EFH 

 10: (1.8) (1.5) (2.3) (1.8 m) 0
2E x y xM F F H WΣ = + − + =  

or: 1.8 1.5 2.3 0.9+ = −x y xF F H W  (4) 

 0: 0x x x xF E F HΣ = + − =  

or x x xE F H+ =  (5) 

Subtract (2) from (5): 2 x xF H W= −  (6) 

Subtract (4) from 3 × (1): 3.6 5.25 2.3x xF W H= −  (7) 

Add (7) to 2.3 × (6): 8.2 2.95xF W=  

 0.35976xF W=  (8) 

Substitute from (8) into (1): 

 
(1.8)(0.35976 ) 0.5 1.45yW F W+ =

 

 
0.5 1.45 0.64756 0.80244yF W W W= − =

 

 
1.6049yF W=

 (9) 

Substitute from (8) into (2): 0.35976 ; 1.35976x xE W W E W− = =  

Substitute from (9) into (3): 11.6049 2.1049
2y yE W W E W− = =  

From (5): 1.35976 0.35976 1.71952x x xH E F W W W= + = + =  

Recall that: 1
2yH W=  
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PROBLEM 6.163*  (Continued) 

 

Since all expressions obtained are positive, all forces are directed as shown on the free-body diagrams. 

Substitute 73.575 kNW =  

 100.0 kNx =E  154.9 kNy =E   

 26.5 kNx =F  118.1 kNy =F   

 126.5 kNx =H  36.8 kNy =H   
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PROBLEM 6.164 

Using the method of joints, determine the force in each member 
of the truss shown. State whether each member is in tension or 
compression. 

 

SOLUTION 

Free body: Truss.  

From the symmetry of the truss and loading, we find 600 lb= =C D  

 

Free body: Joint B 300 lb
2 15
BCAB FF = =  

 671 lbABF T=  600 lbBCF C=   

Free body: Joint C 

 30: 600 lb 0
5y ACF FΣ = + =  

 1000 lbACF = −  1000 lbACF C=   

 40: ( 1000 lb) 600 lb 0
5x CDF FΣ = − + + =  200 lbCDF T=   

From symmetry: 

 1000 lb , 671 lb ,AD AC AE ABF F C F F T= = = =  600 lbDE BCF F C= =   
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PROBLEM 6.165 

Using the method of joints, determine the force in each 
member of the double-pitch roof truss shown. State whether 
each member is in tension or compression. 

 

SOLUTION 

Free body: Truss 

 
 0: (18 m) (2 kN)(4 m) (2 kN)(8 m) (1.75 kN)(12 m)

(1.5 kN)(15 m) (0.75 kN)(18 m) 0
AM HΣ = − − −

− − =
 

  4.50 kN=H  

 

0: 0
0: 9 0

9 4.50,

x x

y y

y

F A
F A H

A

Σ = =
Σ = + − =

= −  4.50 kNyA =  

Free body: Joint A 

 

 

3.50 kN
2 15

7.8262 kN

ACAB

AB

FF

F C

= =

=  7.83 kNABF C=   

  7.00 kNACF T=   
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PROBLEM 6.165  (Continued) 

 

Free body: Joint B 

 2 2 10: (7.8262 kN) 0
5 5 2x BD BCF F FΣ = + + =  

or 0.79057 7.8262 kNBD BCF F+ = −  (1) 

 1 1 10: (7.8262 kN) 2 kN 0
5 5 2y BD BCF F FΣ = + − − =  

or 1.58114 3.3541BD BCF F− = −  (2) 

Multiply (1) by 2 and add (2): 

 

3 19.0065
6.3355 kN

BD

BD

F
F

= −
= −  6.34 kNBDF C=   

Subtract (2) from (1): 

 
2.37111 4.4721

1.8861 kN
BC

BC

F
F

= −
= −  1.886 kNBCF C=   

Free body: Joint C 

 2 10: (1.8861 kN) 0
5 2y CDF FΣ = − =  

 1.4911 kNCDF = +  1.491 kNCDF T=   

 
1 10: 7.00 kN (1.8861 kN) (1.4911 kN) 0
2 5x CEF FΣ = − + + =  

 5.000 kNCEF =  5.00 kNCEF T=   

 

 

Free body: Joint D 

 2 1 2 10: (6.3355 kN) (1.4911 kN) 0
5 2 5 5x DF DEF F FΣ = + + − =  

or 0.79057 5.5900 kNDF DEF F+ = −  (1) 

  1 1 1 20: (6.3355 kN) (1.4911 kN) 2 kN 0
5 2 5 5y DF DEF F FΣ = − + − − =  

or 0.79057 1.1188 kNDF DEF F− = − (2) 

Add (1) and (2): 2 6.7088 kNDFF = −  
 3.3544 kNDFF = −  3.35 kNDFF C=   

Subtract (2) from (1): 1.58114 4.4712 kNDEF = −  
 2.8278 kNDEF = −  2.83 kNDEF C=   
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PROBLEM 6.165  (Continued) 

 

Free body: Joint F 

 1 20: (3.3544 kN) 0
2 5x FGF FΣ = + =  

 4.243 kNFGF = −  4.24 kNFGF C=   

 1 10: 1.75 kN (3.3544 kN) ( 4.243 kN) 0
5 2y EFF FΣ = − − + − − =  

 2.750 kNEFF =  2.75 kNEFF T=   

 

 

Free body: Joint G 

 1 1 10: (4.243 kN) 0
2 2 2x GH EGF F FΣ = − + =  

or: 4.243 kNGH EGF F− = −  (1) 

 1 1 10: (4.243 kN) 1.5 kN 0
2 2 2y GH EGF F FΣ = − − − − =  

or: 6.364 kNGH EGF F+ = −  (2) 

Add (1) and (2):  2 10.607GHF = −  

 5.303GHF = −  5.30 kNGHF C=   

Subtract (1) from (2):  2 2.121 kNEGF = −  

 1.0605 kNEGF = −  1.061 kNEGF C=   

Free body: Joint H 

 

 3.75 kN
1 1
EHF =  3.75 kNEHF T=   

We can also write: 3.75 kN
12

GHF
=  5.30 kN (Checks)GHF C=  
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PROBLEM 6.166 

The truss shown was designed to support the roof of 
a food market. For the given loading, determine the 
force in members FG, EG, and EH. 

 

SOLUTION 

Reactions at supports. Because of the symmetry of the loading 

 10,
2x yA A O= = = (Total load) 4.48 kN= =A O   

We pass a section through members FG, EG, and EH, and use the Free body shown. 

 1.75 mSlope Slope 
6 m

FG FI= =  

 5.50 mSlope 
2.4 m

EG =  

 0: (0.6 kN)(7.44 m) (1.24 kN)(3.84 m)EMΣ = +  

 

(4.48 kN)(7.44 m)
6 (4.80 m) 0

6.25 FGF

−

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 

 5.231 kNFGF = −  5.23 kNFGF C=   

 0: (5.50 m) (0.6 kN)(9.84 m)G EHM FΣ = +  

 

(1.24 kN)(6.24 m) (1.04 kN)(2.4 m)
(4.48 kN)(9.84 m) 0

+ +
− =  5.08 kNEHF T=   

  5.50 1.750: ( 5.231 kN) 4.48 kN 0.6 kN 1.24 kN 1.04 kN 0
6.001 6.25y EGF FΣ = + − + − − − =  

 0.1476 kNEGF = −  0.1476 kNEGF C=   
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PROBLEM 6.167 

The truss shown was designed to support the roof of 
a food market. For the given loading, determine the 
force in members KM, LM, and LN. 

 

SOLUTION 

Because of symmetry of loading, 1 (Load)
2

=O  4.48 kN=O   

We pass a section through KM, LM, LN, and use free body shown 

 3.840: (3.68 m)
4

(4.48 kN 0.6 kN)(3.6 m) 0

M LNM F⎛ ⎞Σ = ⎜ ⎟
⎝ ⎠
+ − =

 

 3.954 kNLNF = −  3.95 kNLNF C=   

 0: (4.80 m) (1.24 kN)(3.84 m)
(4.48 kN 0.6 kN)(7.44 m) 0

L KMM FΣ = − −
+ − =

 

 5.022 kNKMF = +  5.02 kNKMF T=   

 4.80 1.120: ( 3.954 kN) 1.24 kN 0.6 kN 4.48 kN 0
6.147 4y LMF F+Σ = + − − − + =  

 1.963 kNLMF = −  1.963 kNLMF C=   
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PROBLEM 6.168 

For the frame and loading shown, determine the components of all 
forces acting on member ABC. 

 

SOLUTION 

Free body: Entire frame 

 0: (4) (20 kips)(5) 0E xM AΣ = − − =  

 25 kips,xA = −  25.0 kipsx =A   

 0: 20 kips 0y yF AΣ = − =  

 20 kipsyA =  20.0 kipsy =A   

Free body: Member ABC 

Note: BE is a two-force member, thus B is directed along line BE and 2
5y xB B=  

 0: (25 kips)(4 ft) (20 kips)(10 ft) (2 ft) (5 ft) 0C x yM B BΣ = − + + =  

 2100 kip ft (2 ft) (5 ft) 0
5x xB B− ⋅ + + =  

 25 kipsxB =  25.0 kipsx =B   

 2 2( ) (25) 10 kips
5 5y xB B= = =  10.00 kipsy =B   

 0: 25 kips 25 kips 0x xF CΣ = − − =  

 50 kipsxC =  50.0 kipsx =C   

 0: 20 kips 10 kips 0y yF CΣ = + − =  

 10 kipsyC = −  10.00 kipsy =C   
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PROBLEM 6.169 

Solve Problem 6.168 assuming that the 20-kip load is replaced by a 
clockwise couple of magnitude 100 kip ⋅ ft applied to member EDC 
at Point D. 

PROBLEM 6.168 For the frame and loading shown, determine the 
components of all forces acting on member ABC. 

 

SOLUTION 

Free body: Entire frame 

 0: 0y yF AΣ = =  

 0: (4 ft) 100 kip ft 0E xM AΣ = − − ⋅ =  

 25 kipsxA = −  25.0 kipsx =A  

 25.0 kips=A   

Free Body: Member ABC 

Note: BE is a two-force member, thus B is directed along line BE and 2
5y xB B=  

 0: (25 kips)(4 ft) (2 ft) (5 ft) 0C x yM B BΣ = + + =  

 2100 kip ft (2 ft) (5 ft) 0
5x xB B⋅ + + =  

 25 kipsxB = −  25.0 kipsx =B   

 2 2 ( 25) 10 kips;
5 5y xB B= = − = −  10.00 kipsy =B   

 0: 25 kips 25 kips 0 0x x xF C CΣ = − + + = =  

 0: 10 kips 0y yF CΣ = + + =  

 10 kipsyC = −  10 kipsyC =  

 10.00 kips=C   
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PROBLEM 6.170 

Knowing that the pulley has a radius of 0.5 m, determine the 
components of the reactions at A and E. 

 

SOLUTION 

FBD Frame: 

 0: (7 m) (4.5 m)(700 N) 0A yM EΣ = − =  450 Ny =E   

 0: 700 N 450 N 0y yF AΣ = − + =  250 Ny =A   

  0: 0x x x x xF A E A EΣ = − = =  

 
 Dimensions in m 

FBD Member ABC: 

 0: (1 m)(700 N) (1 m)(250 N) (3 m) 0C xM AΣ = − − =  

 150.0 Nx =A   

 so 150.0 Nx =E   
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PROBLEM 6.171 

For the frame and loading shown, determine the reactions at A, B, 
D, and E. Assume that the surface at each support is frictionless. 

 

SOLUTION 

 
 

 
 

 

 
Free body: Entire frame 

 0: (1000 lb)sin 30 0xF A BΣ = − + ° =  

 500 0A B− + =  (1) 

 0: (1000 lb)cos30 0yF D EΣ = + − ° =  

 866.03 0D E+ − =  (2) 
Free body: Member ACE 

 0: (6 in.) (8 in.) 0CM A EΣ = − + =  

 
3
4

E A=  (3) 

Free body: Member BCD 

 0: (8 in.) (6 in.) 0CM D BΣ = − + =  

 
3
4

D B=  (4) 

Substitute E and D from (3) and (4) into (2): 

 

3 3 866.06 0
4 4

1154.71 0

A B

A B

− + − =

+ − =  (5) 
(1) 500 0A B− + =  (6) 
(5) (6)+  2 654.71 0A − =  327.4 lbA =  327 lb=A   

(5) (6)−  2 1654.71 0B − =  827.4 lbB =  827 lb=B   

(4) 3 (827.4)
4

D =  620.5 lbD =  621 lb=D   

(3) 3 (327.4)
4

E =  245.5 lbE =  246 lb=E   
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PROBLEM 6.172 

For the system and loading shown, determine (a) the force P required 
for equilibrium, (b) the corresponding force in member BD, (c) the 
corresponding reaction at C. 

 

SOLUTION 

Member FBDs: 

I: 

 
 

II: 

 
 

 

FBD I: 

 

 0: ( sin 30 ) [ (1 cos30 )](100 N) (50 N) 0C BDM R F R RΣ = ° − − ° − =  

 126.795 NBDF =  ( ) 126.8 NBDb F T=   

 0: (126.795 N)cos30 0x xF CΣ = − + ° =  109.808 Nx =C  

 0: (126.795 N)sin 30 100 N 50 N 0y yF CΣ = + ° − − =  

 86.603 Ny =C  ( ) so 139.8 Nc =C  38.3°   

FBD II: 

 0: [(126.795 N)cos30 ] 0AM aP aΣ = − ° =  ( ) 109.8 Na =P   
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PROBLEM 6.173 

A small barrel weighing 60 lb is lifted by a pair of tongs as 
shown. Knowing that 5a = in., determine the forces exerted at B 
and D on tong ABD. 

 

SOLUTION 

We note that BC is a two-force member. 

Free body: Tong ABD 

 3
15 5

yx
x y

BB B B= =  

 0: (3 in.) 3 (5 in.) (60 lb)(9 in.) 0D y yM B BΣ = + − =  

 30 lbyB =  

 3 : 90 lbx y xB B B= =  

 0: 90 lb 0x xF DΣ = − + =  90 lbx =D  

 0: 60 lb 30 lb 0y yF DΣ = − − =  30 lby =D  

  94.9 lb=B  18.43°   

  94.9 lb=D  18.43°   
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PROBLEM 6.174 

A 20-kg shelf is held horizontally by a self-locking brace that consists 
of two Parts EDC and CDB hinged at C and bearing against each other 
at D. Determine the force P required to release the brace. 

 

SOLUTION 

Free body: Shelf 

  2(20 kg)(9.81 m/s ) 196.2 NW = =  

  0: (200 mm) (196.2 N)(125 mm) 0A yM BΣ = − =  

  122.63 NyB =  

Free body: Portion ACB 

  0: (150 mm) (150 mm) (122.63 N)(200 mm) 0A xM B PΣ = − − − =  

  163.5xB P= − −  (1) 

 

 

 0: (122.63 N)(92 mm) (94 mm) 0
(122.63 N)(92 mm) ( 163.5 )(44 mm) 0

Σ = + + =
+ + − − =

C xM B
P

 

  92.9 NP =  92.9 N=P    
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PROBLEM 6.175 

The specialized plumbing wrench shown is used in confined areas (e.g., under a 
basin or sink). It consists essentially of a jaw BC pinned at B to a long rod. 
Knowing that the forces exerted on the nut are equivalent to a clockwise (when 
viewed from above) couple of magnitude 135 lb ⋅ in., determine (a) the magnitude 
of the force exerted by pin B on jaw BC, (b) the couple M0 that is applied to the 
wrench. 

 

SOLUTION 

 

 
 

 

 
 

 

 

 

 

 
Free body: Jaw BC 
This is a two-force member 

 
5
8

2.4
1.5 in. in.

y x
y x

C C C C= =  

 0:x x xF B CΣ = =  (1) 

 0: 2.4y y y xF B C CΣ = = =  (2) 

Free body: Nut 0:x x xF C DΣ = =  

 135 lb in.MΣ = ⋅  

 (1.125 in.) 135 lb in.xC = ⋅  

 120 lbxC =  
(a) Eq. (1): 120 lbx xB C= =  

 Eq. (2): 2.4(120 lb) 288 lby yB C= = =  

 ( )1/22 2 2 2 1/2(120 288 )x yB B B= + = +  312 lbB =   

(b) Free body: Rod 

 00: (0.625 in.) (0.375 in.) 0D y xM M B BΣ = − + − =  

 0 (288)(0.625) (120)(0.375) 0M− + − =  

  0 135.0 lb in.= ⋅M   
 

endbook.net



 

endbook.net



CCHHAAPPTTEERR  77  

endbook.net



endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

989 

 

 

PROBLEM 7.1 

Determine the internal forces (axial force, shearing force, 
and bending moment) at Point J of the structure indicated. 

Frame and loading of Problem 6.79. 

 

SOLUTION 

From Problem 6.79: On JD 80 lb=D  

FBD of JD: 

 

 0: 80 lb 0yF VΣ = − =  80.0 lb=V    

 0: 0xF FΣ = =  0F =   

 0: (80 lb)(6 in.) 0JM MΣ = − =  480 lb in.= ⋅M    
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PROBLEM 7.2 

Determine the internal forces (axial force, shearing force, and 
bending moment) at Point J of the structure indicated. 

Frame and loading of Problem 6.80. 

 

SOLUTION 

From Problem 6.80: On JD 40 lb=D  

FBD of JD: 

 

 0: 40 lb 0yF VΣ = − =  40.0 lb=V    

 0: 0xF FΣ = =  0F =   

 0: (40 lb)(6 in.) 0JM MΣ = − =  240 lb in.= ⋅M    

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

991 

 

 

PROBLEM 7.3 

Determine the internal forces at Point J when α = 90°. 

 

SOLUTION 

Free body: Entire bracket 

 

 0: (1.4 kN)(0.6 m) (0.175 m) 0DM AΣ = − =  

 4.8 kN 4.8 kNA = + =A  

 0: 4.8 0 4.8 kNx x xF DΣ = − = =D  

 0: 1.4 0 1.4 kNy y yF DΣ = − = =D  

Free body: JCD 

 

 0: 4.8 kN 0xF FΣ = − =  4.80 kN=F   

 0: 1.4 kN 0yF VΣ = − =  1.400 kN=V   

 0: (4.8 kN)(0.2 m) (1.4 kN)(0.3 m) 0JM MΣ = + − =  

 1.38 kN mM = + ⋅  1.380 kN m= ⋅M   
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PROBLEM 7.4 

Determine the internal forces at Point J when α = 0. 

 

SOLUTION 

Free body: Entire bracket 

 
 0: 0 0y y yF DΣ = = =D  

 0: (1.4 kN)(0.375 m) (0.175 m) 0A xM DΣ = − =  

 3 kN 3 kNx xD = + =D  

Free body: JCD 

 
 0: 3 kN 0xF FΣ = − =  3.00 kN=F   

 0: 0yF VΣ = − =  0V =   

 0: (3 kN)(0.2 m) 0JM MΣ = − =  

 0.6 kN mM = + ⋅  0.600 kN m= ⋅M   
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PROBLEM 7.5 

Determine the internal forces at Point J of the structure shown. 

 

SOLUTION 

FBD ABC: 

 
FBD CJ: 

 

 

 

 

0: (0.375 m)(400 N) (0.24 m) 0D yM CΣ = − =  

 625 Ny =C  

0: (0.45 m) (0.135 m)(400 N) 0B xM CΣ = − + =  

 120 Nx =C  
 

 

 

 

 0: 625 N 0yF FΣ = − =  625 N=F   

0: 120 N 0xF VΣ = − =  120.0 N=V   

 0: (0.225 m)(120 N) 0JM MΣ = − =  

  27.0 N m= ⋅M   
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PROBLEM 7.6 

Determine the internal forces at Point K of the structure shown. 

 

SOLUTION 

FBD AK: 

 0: 0xF VΣ = =  

 0=V   

 0: 400 N 0yF FΣ = − =  

 400 N=F   

 0: (0.135 m)(400 N) 0KM MΣ = − =  

 54.0 N m= ⋅M  
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PROBLEM 7.7 

A semicircular rod is loaded as shown. Determine the internal forces at Point J. 

 

SOLUTION 

FBD Rod: 

 0: (2 ) 0B xM A rΣ = =  

 0x =A  

 0: (120 N)cos60 0xF V′Σ = − ° =  

 60.0 N=V   

 

FBD AJ: 

 0: (120 N)sin 60 0yF F′Σ = + ° =  

 103.923 NF = −  

 103.9 N=F   

 0: [(0.180 m)sin 60 ](120 N) 0JM MΣ = − ° =  

 18.7061M =  

 18.71=M   
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PROBLEM 7.8 

A semicircular rod is loaded as shown. Determine the internal forces at 
Point K. 

 

SOLUTION 

FBD Rod: 

 0: 120 N 0 120 Ny y yF BΣ = − = =B  

 0: 2 0 0A x xM rBΣ = = =B  

 0: (120 N)cos30 0xF V′Σ = − ° =  

 103.923 NV =  

 103.9 N=V   

FBD BK: 

 0: (120 N)sin 30 0yF F′Σ = + ° =  

 60 NF = −  

 60.0 N=F   

 0: [(0.180 m)sin 30 ](120 N) 0KM MΣ = − ° =  

   10.80 N m= ⋅M   
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PROBLEM 7.9 

An archer aiming at a target is pulling with a 45-lb force on the bowstring. 
Assuming that the shape of the bow can be approximated by a parabola, 
determine the internal forces at Point J. 

 

SOLUTION 

FBD Point A: 

By symmetry 1 2T T=  

 1 1 2
30: 2 45 lb 0 37.5 lb
5xF T T T⎛ ⎞Σ = − = = =⎜ ⎟

⎝ ⎠
 

Curve CJB is parabolic: 2x ay=  

FBD BJ: 

At : 8 in.B x =  

2

  32 in.
8 in. 1

128 in.(32 in.)

y

a

=

= =

 

 
2

128
yx =  

 2Slope of parabola tan
128 64

dx y y
dy

θ= = = =  

At J: 1 16tan 14.036
64Jθ − ⎡ ⎤= = °⎢ ⎥⎣ ⎦

 

So 1 4tan 14.036 39.094
3

α −= − ° = °  

 0: (37.5 lb)cos(39.094 ) 0xF V′Σ = − ° =  29.1 lb=V   
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PROBLEM 7.9  (Continued) 

 

 0: (37.5 lb)sin (39.094 ) 0yF F′Σ = + ° =  

 23.647F = −  23.6 lb=F   

 
3 40: (16 in.) (37.5 lb) [(8 2) in.] (37.5 lb) 0
5 5JM M ⎡ ⎤ ⎡ ⎤Σ = + + − =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

 540 lb in.= ⋅M   
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PROBLEM 7.10 

For the bow of Problem 7.9, determine the magnitude and location 
of the maximum (a) axial force, (b) shearing force, (c) bending 
moment. 

PROBLEM 7.9 An archer aiming at a target is pulling with a 45-lb 
force on the bowstring. Assuming that the shape of the bow can be 
approximated by a parabola, determine the internal forces at Point J. 

 

SOLUTION 

Free body: Point A 

 

 30: 2 45 lb 0
5xF T⎛ ⎞Σ = − =⎜ ⎟

⎝ ⎠
 37.5 lbT =  � 

 

Free body: Portion of bow BC 

 0: 30 lb 0y CF FΣ = − =  30 lbC =F   � 

 0: 22.5 lb 0x CF VΣ = − =  22.5 lbC =V   � 

 0: (22.5 lb)(32 in.) (30 lb)(8 in.) 0C CM MΣ = + − =  

 960 lb in.C = ⋅M   � 

Equation of parabola 

 2x ky=  

At B: 2 18 (32)
128

k k= =  

 

Therefore, equation is 
2

128
yx =  (1) 

The slope at J is obtained by differentiating (1): 

 2 , tan
128 64x
y dy dx yd

dy
θ= = =  (2) 
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PROBLEM 7.10  (Continued) 

 

(a) Maximum axial force 

 0: (30 lb)cos (22.5 lb)sin 0VF F θ θΣ = − + − =  

 

 

 Free body: Portion bow CK 

 30cos 22.5sinF θ θ= −  

 F is largest at ( 0)C θ =  

 30.0 lb atmF C=   

(b) Maximum shearing force 

 0: (30 lb)sin (22.5 lb)cos 0VF V θ θΣ = − + + =  

 30sin 22.5cosV θ θ= +  

 V is largest at B (and D) 

 Where 1
max

1tan 26.56
2

θ θ − ⎛ ⎞= = = °⎜ ⎟
⎝ ⎠

 

 30sin 26.56 22.5cos 26.56mV = ° + °  33.5 lbmV = at B and D  

(c) Maximum bending moment 

 0: 960 lb in. (30 lb) (22.5 lb) 0KM M x yΣ = − ⋅ + + =  

 960 30 22.5M x y= − −  

 M is largest at C, where 0.x y= =  960 lb in. at mM C= ⋅   
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PROBLEM 7.11 

Two members, each consisting of a straight and a 
quarter-circular portion of rod, are connected as 
shown and support a 75-lb load at A.  Determine the 
internal forces at Point J. 

 

SOLUTION 

 

 
 

 

 
 

 

 

 

Free body: Entire frame 

 0: (75 lb)(12 in.) (9 in.) 0CM FΣ = − =  

  100 lb=F  � 

 0: 0x xF CΣ = =  

 0: 75 lb 100 lb 0y yF CΣ = − − =  

 175 lbyC = +  175 lb=C  � 

Free body: Member BEDF 

 0: (12 in.) (100 lb)(15 in.) 0BM DΣ = − =  

  125 lb=D  � 

 0: 0x xF BΣ = =  

 0: 125 lb 100 lb 0y yF BΣ = + − =  

 25 lbyB = −  25 lb=B  � 

Free body: BJ 

 0: (25 lb)sin 30 0xF FΣ = − ° =  

  12.50 lb=F  30.0°  

 0: (25 lb)cos30 0yF VΣ = − ° =  

  21.7 lb=V  60.0°  

 0: (25 lb)(3 in.) 0JM MΣ = − + =  

  75.0 lb in.= ⋅M   
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PROBLEM 7.12 

Two members, each consisting of a straight and a quarter-
circular portion of rod, are connected as shown and 
support a 75-lb load at A. Determine the internal forces at 
Point K. 

 

SOLUTION 

 

 

 

 
 

 

 
 

 

Free body: Entire frame 

 0: (75 lb)(12 in.) (9 in.) 0CM FΣ = − =  

  100 lb=F  � 

 0: 0x xF CΣ = =  

 0: 75 lb 100 lb 0y yF CΣ = − − =  

 175 lbyC = +  175 lb=C  � 

Free body: Member BEDF 

 0: (12 in.) (100 lb)(15 in.) 0BM DΣ = − =  

  125 lb=D  � 

 0: 0x xF BΣ = =  

 0: 125 lb 100 lb 0y yF BΣ = + − =  

 25 lbyB = −  25 lb=B  � 

Free body: DK 

We found in Problem 7.11 that  

 125 lb=D  on BEDF.  

Thus  125 lb=D  on DK. � 

  0: (125 lb)cos30 0xF FΣ = − ° =  

  108.3 lb=F  60.0°  
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PROBLEM 7.12  (Continued) 

 

   0: (125 lb)sin 30 0yF VΣ = − ° =  

  62.5 lb=V  30.0°  

 0: (125 lb) 0KM M dΣ = − =  

 
(125 lb) (125 lb)(0.8038 in.)
100.5 lb in.

M d= =
= ⋅

 

  100.5 lb in.= ⋅M   
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PROBLEM 7.13 

A semicircular rod is loaded as shown. Determine the internal 
forces at Point J knowing that θ  = 30°. 

 

SOLUTION 

FBD AB: 
4 30: 2 (280 N) 0
5 5AM r C r C r⎛ ⎞ ⎛ ⎞Σ = + − =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 400 N=C  

 
40: (400 N) 0
5x xF AΣ = − + =  

 320 Nx =A  

 
30: (400 N) 280 N 0
5y yF AΣ = + − =  

FBD AJ: 40.0 Ny =A  

 0: (320 N)sin 30 (40.0 N)cos30 0xF F′Σ = − ° − ° =  

 194.641 NF =  

  194.6 N=F  60.0°   

 0: (320 N)cos30 (40 N)sin 30 0yF V′Σ = − ° + ° =  

 257.13 NV =  

  257 N=V  30.0°   

 0 0: (0.160 m)(194.641 N) (0.160 m)(40.0 N) 0M MΣ = − − =  

 24.743M =  

  24.7 N m= ⋅M   
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PROBLEM 7.14 

A semicircular rod is loaded as shown. Determine the magnitude 
and location of the maximum bending moment in the rod. 

 

SOLUTION 

 

 

 
 

 

 

 

 

 
 

 

 

 

 

Free body: Rod ACB 

 4 30: (0.16 m) (0.16 m)
5 5
(280 N)(0.32 m) 0

A CD CDM F F⎛ ⎞ ⎛ ⎞Σ = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
− =

 

  400 NCD =F  � 

 40: (400 N) 0
5x xF AΣ = + =  

 320 NxA = −  320 Nx =A  � 

 + 30: (400 N) 280 N 0
5y yF AΣ = + − =  

 40.0 NyA = +  40.0 Ny =A  � 

Free body:  (For 90°)AJ θ �  

 0: (320 N)(0.16 m)sin (40.0 N)(0.16 m)(1 cos ) 0JM Mθ θΣ = − − − =  

 51.2sin 6.4cos 6.4M θ θ= + −  (1) 

For maximum value between A and C: 

 0: 51.2cos 6.4sin 0dM
d

θ θ
θ

= − =  

 51.2tan 8
6.4

θ = =  82.87θ = °  � 

Carrying into (1): 

 51.2sin82.87 6.4cos82.87 6.4 45.20 N mM = ° + ° − = + ⋅   � 
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PROBLEM 7.14  (Continued) 

 

Free body:  (For 90°)BJ θ �  

 0: (280 N)(0.16 m)(1 cos ) 0JM M φΣ = − − =  

 (44.8 N m)(1 cos )M φ= ⋅ −  

Largest value occurs for 90 ,φ = °  that is, at C, and is 

  44.8 N mCM = ⋅  � 

We conclude that 

 max 45.2 N mM = ⋅      for     82.9θ = °   
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PROBLEM 7.15 

Knowing that the radius of each pulley is 150 mm, 
that α = 20°, and neglecting friction, determine the 
internal forces at (a) Point J, (b) Point K. 

 

SOLUTION 

Tension in cable = 500 N. Replace cable tension by forces at pins A and B. Radius does not enter  
computations: (cf. Problem 6.90) 

(a) Free body: AJ 

 
 0: 500 N 0xF FΣ = − =  

 500 NF =  500 N=F   

 0: 500 N 0yF VΣ = − =  

 500 NV =  500 N=V   

 0: (500 N)(0.6 m) 0JMΣ = =  

 300 N mM = ⋅  300 N m= ⋅M   

(b) Free body: ABK 

 
 0: 500 N 500 N (500 N)sin 20 0xF VΣ = − + ° − =  

 171.01 NV =  171.0 N=V   
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PROBLEM 7.15  (Continued) 

 

 0: 500 N (500 N)cos20 0yF FΣ = − − ° + =  

 969.8 NF =  970 N=F   

 0: (500 N)(1.2 m) (500 N)sin 20 (0.9 m) 0KM MΣ = − ° − =  

 446.1 N mM = ⋅  

  446 N m= ⋅M   
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PROBLEM 7.16 

Knowing that the radius of each pulley is 150 mm, 
that α = 30°, and neglecting friction, determine the 
internal forces at (a) Point J, (b) Point K. 

 

SOLUTION 

Tension in cable = 500 N. Replace cable tension by forces at pins A and B. Radius does not enter  
computations: (cf. Problem 6.90) 

(a) Free body: AJ: 

 

 0: 500 N 0xF FΣ = − =  

 500 NF =  500 N=F   

 0: 500 N 0yF VΣ = − =  

 500 NV =  500 N=V   

 0: (500 N)(0.6 m) 0JMΣ = =  

 300 N mM = ⋅  300 N m= ⋅M   

(b) FBD: Portion ABK 

 
 0: 500 N 500 N (500 N)sin 30xF VΣ = − + ° −  250 N=V   

 0: 500 N (500 N)cos30 0yF FΣ = − − ° + =  933 N=F   

 0: (500 N)(1.2 m) (500 N)sin 30 (0.9 m) 0KM MΣ = − ° − =  375 N m= ⋅M   
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PROBLEM 7.17 

Knowing that the radius of each pulley is 200 mm and 
neglecting friction, determine the internal forces at Point J 
of the frame shown. 

 

SOLUTION 

Free body: Frame and pulleys 

 0: (1.8 m) (360 N)(2.6 m) 0A xM BΣ = − − =  

 520 NxB = −  520 Nx =B  � 

 0: 520 N 0x xF AΣ = − =  

 520 NxA = +  520 Nx =A  � 

 0: 360 N 0y y yF A BΣ = + − =  

 360 Ny yA B+ =  (1) 

Free body: Member AE 

 0: (2.4 m) (360 N)(1.6 m) 0E yM AΣ = − − =  

 240 NyA = −  240 Ny =A  � 

 

From (1): 360 N 240 NyB = +  

 600 NyB = +  600 Ny =B  � 

Free body: BJ 

We recall that the forces applied to a pulley may be applied directly to its axle. 

 3 40: (600 N) (520 N)
5 5

3360 N (360 N) 0
5

yF

F

Σ = +

− − − =

 

 200 NF = +  200 N=F   
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PROBLEM 7.17  (Continued) 

 

 4 3 40: (600 N) (520 N) (360 N) 0
5 5 5xF VΣ = − − + =  

 120.0 NV = +  120.0 N=V   

 0: (520 N)(1.2 m) (600 N)(1.6 m) (360 N)(0.6 m) 0JM MΣ = − + + =  

 120.0 N mM = + ⋅  120.0 N m= ⋅M    
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PROBLEM 7.18 

Knowing that the radius of each pulley is 200 mm and 
neglecting friction, determine the internal forces at Point K 
of the frame shown. 

 

SOLUTION 

Free body: Frame and pulleys 
 0: (1.8 m) (360 N)(2.6 m) 0A xM BΣ = − − =  

 520 NxB = −  520 Nx =B  � 

 0: 520 N 0x xF AΣ = − =  

 520 NxA = +  520 Nx =A  � 

 0: 360 N 0y y yF A BΣ = + − =  

 360 Ny yA B+ =  (1) 

Free body: Member AE 

 0: (2.4 m) (360 N)(1.6 m) 0E yM AΣ = − − =  

 240 NyA = −  240 Ny =A  � 

 

From (1): 360 N 240 NyB = +  

 600 NyB = +  600 Ny =B  � 

Free body: AK 
 0: 520 N 0xF FΣ = − =  

 520 NF = +  520 N=F   

 0: 360 N 240 N 0yF VΣ = − − =  

 120.0 NV = +  120.0 N=V   

 0: (240 N)(1.6 m) (360 N)(0.8 m) 0KM MΣ = − − =  

 96.0 N mM = + ⋅  96.0 N m= ⋅M   
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PROBLEM 7.19 

A 5-in.-diameter pipe is supported every 9 ft by a small frame 
consisting of two members as shown. Knowing that the combined 
weight of the pipe and its contents is 10 lb/ft and neglecting the 
effect of friction, determine the magnitude and location of the 
maximum bending moment in member AC. 

 

SOLUTION 

 

 
 

 

 

 

 
 

 

 

 

 
 

 
 
 

 

 

Free body: 10-ft section of pipe 

 40: (90 lb) 0
5xF DΣ = − =  72 lb=D  � 

 30: (90 lb) 0
5yF EΣ = − =  54 lb=E  � 

Free body: Frame 

 0: (18.75 in.) (72 lb)(2.5 in.)

(54 lb)(8.75 in.) 0
B yM AΣ = − +

+ =

 

 34.8 lbyA = +  34.8 lby =A  � 

 4 30: 34.8 lb (72 lb) (54 lb) 0
5 5y yF BΣ = + − − =  

 55.2 lbyB = +  55.2 lby =B  � 

 3 40: (72 lb) (54 lb) 0
5 5x x xF A BΣ = + − + =  

 0x xA B+ =  (1) 

Free body: Member AC 

 0: (72 lb)(2.5 in.) (34.8 lb)(12 in.) (9 in.) 0C xM AΣ = − − =  

 26.4 lbxA = −  26.4 lbx =A  � 

From (1): 26.4 lbx xB A= − = +  

  26.4 lbx =B  � 

 

 

 

 
 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1014 

 

 

 

 

 

 

PROBLEM 7.19  (Continued) 

 

Free body: Portion AJ  

For 12.5 in. ( ) :x AJ AD� �  

 3 40: (26.4 lb) (34.8 lb) 0
5 5JM x x MΣ = − + =  

 
max

12
150 lb in. for 12.5 in.

M x
M x

=
= ⋅ =

 

  max 150.0 lb in. atM D= ⋅  � 

For 12.5 in.( ):x AJ AD� �  

 3 40: (26.4 lb) (34.8 lb) (72 lb)( 12.5) 0
5 5JM x x x MΣ = − + − + =  

 
max

900 60
150 lb in. for 12.5 in.

M x
M x

= −
= ⋅ =

 

Thus:  max 150.0 lb in.M = ⋅ at D   
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PROBLEM 7.20 

For the frame of Problem 7.19, determine the magnitude and 
location of the maximum bending moment in member BC. 

PROBLEM 7.19 A 5-in.-diameter pipe is supported every 9 ft 
by a small frame consisting of two members as shown. Knowing 
that the combined weight of the pipe and its contents is 10 lb/ft 
and neglecting the effect of friction, determine the magnitude 
and location of the maximum bending moment in member AC. 

 

SOLUTION 

 

 
 

 

 

 

 
 

 

 

 

 
 

 
 

 

Free body: 10-ft section of pipe 

 40: (90 lb) 0
5xF DΣ = − =  72 lb=D  � 

 30: (90 lb) 0
5yF EΣ = − =  54 lb=E  � 

Free body: Frame 

 0: (18.75 in.) (72 lb)(2.5 in.)

(54 lb)(8.75 in.) 0
B yM AΣ = − +

+ =

 

 34.8 lbyA = +  34.8 lby =A  � 

 4 30: 34.8 lb (72 lb) (54 lb) 0
5 5y yF BΣ = + − − =  

 55.2 lbyB = +  55.2 lby =B  � 

 3 40: (72 lb) (54 lb) 0
5 5x x xF A BΣ = + − + =  

 0x xA B+ =  (1) 

Free body: Member AC 

 0: (72 lb)(2.5 in.) (34.8 lb)(12 in.)
(9 in.) 0

C

x

M
A

Σ = −
− =

 

 26.4 lbxA = −  26.4 lbx =A  � 

From (1): 26.4 lbx xB A= − = +  

  26.4 lbx =B  � 
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PROBLEM 7.20  (Continued) 

 

Free body: Portion BK  

For 8.75 in.( ):x BK BE� �  

 3 40: (55.2 lb) (26.4 lb) 0
5 5KM x x MΣ = − − =  

 

max

12
105.0 lb in. for 8.75 in.

M x
M x

=
= ⋅ =

 

  max 105.0 lb in. atM E= ⋅  � 

For 8.75 in.( ):x BK BE� �  

 3 40: (55.2 lb) (26.4 lb) (54 lb)( 8.75 in.) 0
5 5KM x x x MΣ = − − − − =  

 
max

472.5 42
105.0 lb in. for 8.75 in.

M x
M x

= −
= ⋅ =

 

Thus  max 105.0 lb in.M = ⋅  at E  
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PROBLEM 7.21 

A force P is applied to a bent rod that is supported by a roller and a pin and bracket. For each of the three 
cases shown, determine the internal forces at Point J. 

 

 

SOLUTION 

(a) FBD Rod: 

  
 

 FBD AJ: 

  
 

(b) FBD Rod: 

  
 
 

 

 

 0: 0x xF AΣ = =  

 0: 2 0
2D y y
PM aP aA AΣ = − = =  

 

 

 

  0: 0xFΣ = =V   

 0: 0
2y
PF FΣ = − =  

2
P=F   

  0: 0JMΣ = =M   

 

 

 4 30: 2 2 0
5 5AM a D a D aP⎛ ⎞ ⎛ ⎞Σ = + − =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 5

14
PD =  

 4 50: 0
5 14x xF A PΣ = − =  

2
7x
PA =  

 
3 50: 0
5 14y yF A P PΣ = − + =  

11
14y

PA =  
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 FBD AJ: 

  

 

(c) FBD Rod: 

  
 

 FBD AJ: 

  

PROBLEM 7.21  (Continued) 

 

 0:xFΣ =  
2 0
7

P V− =  2
7
P=V   

 0:yFΣ =  
11 0
14

P F− =  
11
14

P=F   

 20: 0
7J
PM a MΣ = − =  2

7
aP=M   

 

 

 0:AMΣ =  
4 0

2 5
a D aP⎛ ⎞ − =⎜ ⎟
⎝ ⎠

 5
2
PD =  

 0:xFΣ =  
4 5 0
5 2x

PA − =  2xA P=  

 3 50: 0
5 2y y

PF A PΣ = − − =  5
2y
PA =  

 
 

 0:xFΣ =  2 0P V− =  2P=V   

 0:yFΣ =  
5 0
2
P F− =  

5
2
P=F   

 0: (2 ) 0JM a P MΣ = − =  2aP=M   
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PROBLEM 7.22 

A force P is applied to a bent rod that is supported by a roller and a pin and bracket. For each of the three 
cases shown, determine the internal forces at Point J. 

 

 

SOLUTION 

(a) FBD Rod: 0: 2 0DM aP aAΣ = − =  

 
2
P=A  

 0: 0
2x
PF VΣ = − =  

2
P=V    

   

 

 FBD AJ: 0:yFΣ =  0=F   

 

  0: 0
2J
PM M aΣ = − =  

2
aP=M    

 

 

(b) FBD Rod: 

  40: 0
2 5D
aM aP A⎛ ⎞Σ = − =⎜ ⎟
⎝ ⎠

 

  5
2
P=A  
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PROBLEM 7.22  (Continued) 
 

 FBD AJ: 3 50: 0
5 2x

PF VΣ = − =  
3
2
P=V   

 

 4 50: 0
5 2y

PF FΣ = − =  2P=F   

 
3
2

aP=M    

(c) FBD Rod: 

  
3 40: 2 2 0
5 5DM aP a A a A⎛ ⎞ ⎛ ⎞Σ = − − =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

  
5
14
PA =  

  3 50: 0
5 14x

PF V ⎛ ⎞Σ = − =⎜ ⎟
⎝ ⎠

 3
14
P=V    

  4 50: 0
5 14y

PF FΣ = − =  
2
7
P=F    

 
3 50: 0
5 14J

PM M a ⎛ ⎞Σ = − =⎜ ⎟
⎝ ⎠

 3
14

aP=M    
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PROBLEM 7.23 

A semicircular rod of weight W and uniform cross section is supported as 
shown. Determine the bending moment at Point J when θ  = 60°. 

 

SOLUTION 

FBD Rod: 

 20: 2 0A
rM W rB

π
Σ = − =  

 W
π

=B  

 0: sin 60 cos 60 0
3y

W WF F
π′Σ = + ° − ° =  

 0.12952F W= −  

FBD BJ: 

 

 0
30: 0
2 3

W r WM r F M
π π

⎛ ⎞ ⎛ ⎞Σ = − + + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 1 10.12952 0.28868
2

M Wr Wr
π π

⎛ ⎞= + − =⎜ ⎟
⎝ ⎠

 

 On BJ 0.289J Wr=M   
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PROBLEM 7.24 

A semicircular rod of weight W and uniform cross section is supported as 
shown. Determine the bending moment at Point J when θ  = 150°. 

 

SOLUTION 

FBD Rod: 

 0: 0y y yF A W WΣ = − = =A  

 20: 2 0B x
rM W rA

π
Σ = − =  

 x
W
π

=A  

 

 

FBD AJ: 

 

 50: cos 30 sin 30 0 0.69233
6x

W WF F F W
π′Σ = ° + ° − = =  

 0 0: 0.25587 0
6

W WM r r F M
π

⎛ ⎞ ⎛ ⎞Σ = + − − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 0.25587 10.69233
6

M Wr
π

⎡ ⎤= + −⎢ ⎥⎣ ⎦
 

 (0.4166)M Wr=  

  On AJ 0.417Wr=M   
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PROBLEM 7.25 

A quarter-circular rod of weight W and uniform cross section is supported 
as shown. Determine the bending moment at Point J when θ  = 30°. 

 

SOLUTION 

FBD Rod: 

 0: 0x xFΣ = =A  

 
2 20: 0B y y

r WM W rA
π π

Σ = − = =A  

  

 

 

 

 

FBD AJ: 15 ,α = °  30weight of segment
90 3

WW °= =
°

 

 
12

sin sin15 0.9886r rr rπα
α

= = ° =  

 
20: cos30 cos30 0

3y
W WF F
π′Σ = ° − ° − =  

 3 2 1
2 3

W
π

⎛ ⎞= −⎜ ⎟
⎝ ⎠

F  

 0
2 cos15 0

3
W WM M r F r
π

⎛ ⎞Σ = + − + ° =⎜ ⎟
⎝ ⎠

 0.0557Wr=M   
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PROBLEM 7.26 

A quarter-circular rod of weight W and uniform cross section is supported as 
shown. Determine the bending moment at Point J when θ  = 30°. 

 

SOLUTION 

FBD Rod: 

 20: 0A
rM rB W

π
Σ = − =  

 2W
π

=B  

 

 

 

 

FBD BJ: 15
12
πα = ° =  

 
12

sin15 0.98862rr rπ= ° =  

 Weight of segment 30
90 3

WW °= =
°

 

 
20: cos30 sin 30 0

3y
W WF F

π′Σ = − ° − ° =  

 3 1
6

W
π

⎛ ⎞
= +⎜ ⎟⎜ ⎟
⎝ ⎠

F  

 0 0: ( cos15 ) 0
3

WM rF r MΣ = − ° − =  

 3 1 cos150.98862
6 3

M rW Wr
π

⎛ ⎞ °⎛ ⎞= + −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠
 0.289Wr=M    
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PROBLEM 7.27 

For the rod of Problem 7.25, determine the magnitude and location of the 
maximum bending moment. 

PROBLEM 7.25 A quarter-circular rod of weight W and uniform cross 
section is supported as shown. Determine the bending moment at Point J 
when θ  = 30°. 

 

SOLUTION 

FBD Rod: 0: 0x xF AΣ = =  

 
2 20: 0B y y

r WM W rA A
π π

Σ = − = =  

 , sin
2

rrθα α
α

= =  

 Weight of segment 
2

2 4W Wπ
α α

π
= =  

 
4 20: cos2 cos 2 0x

WF F Wα α α
π π′Σ = − − + =  

  
2 2(1 2 )cos 2 (1 )cosW WF α α θ θ
π π

= − = −  

FBD AJ: 0
2 40: ( cos ) 0WM M F r r Wαα
π π

⎛ ⎞Σ = + − + =⎜ ⎟
⎝ ⎠

 

 2 4(1 cos cos ) sin cosW W rM r αθ θ θ α α
π π α

= + − −  

But, 1 1sin cos sin 2 sin
2 2

α α α θ= =  

so 2 (1 cos cos sin )rM W θ θ θ θ
π

= − + −  

 2 (sin sin cos cos ) 0dM rW
d

θ θ θ θ θ
θ π

= − + − =  

for (1 )sin 0θ θ− =  

 0 for 0,1, ( 1, 2, )dM n n
d

θ π
θ

= = =  

Only 0 and 1 in valid range 
At 0 0, at 1 radMθ θ= = =  

 at    57.3θ = °  max 0.1009M M Wr= =   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1026 

 

 

PROBLEM 7.28 

For the rod of Problem 7.26, determine the magnitude and location of the maximum 
bending moment. 

PROBLEM 7.26 A quarter-circular rod of weight W and uniform cross section is 
supported as shown. Determine the bending moment at Point J when θ = 30°. 

 

SOLUTION 

FBD Bar: 

 
2 20: 0A

r WM rB W
π π

Σ = − = =B  

 so 0
2 4
θ πα α= � �  

 sinrr α
α

=  

 Weight of segment 
2

2W π
α=  

 4 Wα
π

=  

 
4 20: cos2 sin 2 0x

WF F Wα α α
π π′Σ = − − =  

 

2 (sin 2 2 cos 2 )

2 (sin cos )

WF

W

α α α
π

θ θ θ
π

= +

= +
 

 

FBD BJ:  

 0
40: ( cos ) 0M rF r W Mαα
π

Σ = − − =  

 2 4(sin cos ) sin cosrM Wr Wαθ θ θ α α
π α π

⎛ ⎞= + − ⎜ ⎟
⎝ ⎠

 

But, 1 1sin cos sin 2 sin
2 2

α α α θ= =  
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PROBLEM 7.28  (Continued) 

 

so 2 (sin cos sin )WrM θ θ θ θ
π

= + −  

or 2 cosM Wrθ θ
π

=  

 2 (cos sin ) 0 at tan 1dM Wr
d

θ θ θ θ θ
θ π

= − = =  

Solving numerically 0.8603 radθ =  

and 0.357Wr=M    

 at 49.3θ = °   

(Since 0M =  at both limits, this is the maximum) 
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PROBLEM 7.29 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, (b) determine the maximum absolute values of the shear and 
bending moment. 

 

SOLUTION 

(a) 

  

 From A to B: 

 0:yF V PΣ = = −  

  1 0: xM M PΣ = = −  

 From B to C: 

 0: 0 2yF P P V V PΣ = − − − = = −  

  2 0: ( ) 0 2x x aM P P x a M M P PΣ = + − + = = − +  

 
(b) max| | 2 ;V P= max| | 3 aM P=    
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PROBLEM 7.30 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

(a) Reactions: 

 2
3
P=A  

 
3
P=C  

 From A to B: 

 20:
3y
PF VΣ = = +  

 1
20:
3
PM M xΣ = = +  

 From B to C: 

 0:
3y
PF VΣ = = −  

 2 0: ( )
3
PM M L xΣ = = + −  

  

(b) max
2| | ;
3
PV = max

2| |
9
PLM =    
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PROBLEM 7.31 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, (b) determine the maximum absolute values of the shear and 
bending moment. 

 

SOLUTION 

FBD beam: 

(a) By symmetry: 1 ( )
2 2y

LA D w= =      
4y

wL= =A D  

 

 Along AB: 

  0: 0
4 4y

wL wLF V VΣ = − = =  

  0: 0
4

(straight)
4

J
wLM M x

wLM x

Σ = − =

=

 

 Along BC: 

  10: 0
4y

wLF wx VΣ = − − =  

  14
wLV wx= −  

 Straight with 10 at
4
LV x= =  

  
1

1 10: 0
2 4 4k
x L wLM M wx x⎛ ⎞Σ = + − + =⎜ ⎟

⎝ ⎠
 

  
2

2
1 12 8 2

w L LM x x
⎛ ⎞

= + −⎜ ⎟⎜ ⎟
⎝ ⎠

 

 Parabola with 2
1

3 at
32 4

LM wL x= =  

 Section CD by symmetry 

(b) From diagrams: max| | on  and 
4

wLV AB CD=   

  
2

max
3| |  at center

32
wLM =   
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PROBLEM 7.32 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

(a) Along AB: 

  0: 0yF wx V V wxΣ = − − = = −  

 

 

 Straight with at
2 2

wL LV x= − =  

  
210: 0

2 2J
xM M wx M wxΣ = + = = −  

 Parabola with 
2

at
8 2

wL LM x= − =  

 Along BC: 

  
10: 0

2 2y
LF w V V wLΣ = − − = = −  

  10: 0
4 2k
L LM M x w⎛ ⎞Σ = + + =⎜ ⎟

⎝ ⎠
 

  12 4
wL LM x⎛ ⎞= − +⎜ ⎟

⎝ ⎠
 

 Straight with 2
1

3 at
8 2

LM wL x= − =  

(b) From diagrams:  max| | on 
2

wLV BC=   

   
2

max
3| | at

8
wLM C=   
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PROBLEM 7.33 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

Free body: Portion AJ 

  0: 0yF P VΣ = − − =  V P= −   

  0: 0Σ = + − =J xM M P PL  ( )M P L x= −   
 

(a) The V and M diagrams are obtained by plotting the functions V and M. 

 
(b)   max| |V P=   

   max| |M PL=   
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PROBLEM 7.34 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, (b) determine the maximum absolute values of the shear and 
bending moment. 

 

SOLUTION 

(a) FBD Beam: 00: 0C yM LA MΣ = − =  

  0
y

M
L

=A  

  0: 0y yF A CΣ = − + =  

  0M
L

=C  

 Along AB: 

  
0

0

0: 0 y
M

F V
L

MV
L

Σ = − − =

= −

 

  
0

0

0: 0J
M

M x M
L

MM x
L

Σ = + =

= −

 

 Straight with 0 at 
2

MM B= −  

 Along BC: 

  
0 00: 0        y

M MF V V
L L

Σ = − − = = −  

  
0

0 00: 0        1K
M xM M x M M M
L L

⎛ ⎞Σ = + − = = −⎜ ⎟
⎝ ⎠

 

 Straight with 0 at         0 at 
2

MM B M C= =  

(b) From diagrams:  max| |V P=  everywhere  

   0
max| |  at 

2
MM B=   
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PROBLEM 7.35 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

(a) Just to the right of A: 

  1 10 15 kN 0yF V MΣ = = + =  

 Just to the left of C: 

  2 215 kN 15 kN mV M= + = + ⋅  

 Just to the right of C: 

  3 315 kN 5 kN mV M= + = + ⋅  

 Just to the right of D: 

  4 415 kN 12.5 kN mV M= − = + ⋅  

 Just to the right of E: 

  5 535 kN 5 kN mV M= − = + ⋅  

 At B: 12.5 kN mBM = − ⋅  

 

 
(b)  max| | 35.0 kNV =  max| | 12.50 kN mM = ⋅   
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PROBLEM 7.36 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 

  0: (3.2 m) (40 kN)(0.6 m) (32 kN)(1.5 m) (16 kN)(3 m) 0AM BΣ = − − − =  

  37.5 kNB = +  37.5 kN=B   

  0: 0x xF AΣ = =  

 0: 37.5 kN 40 kN 32 kN 16 kN 0y yF AΣ = + − − − =  

  50.5 kNyA = +  50.5 kN=A   

(a) Shear and bending moment. 

 

 Just to the right of A: 1 50.5 kNV =   1 0M =   

 Just to the right of C: 

  20: 50.5 kN 40 kN 0yF VΣ = − − =  2 10.5 kNV = +   

  2 20: (50.5 kN)(0.6 m) 0M MΣ = − =  2 30.3 kN mM = + ⋅   

 

 Just to the right of D: 

  30: 50.5 40 32 0yF VΣ = − − − =  3 21.5 kNV = −   

  3 30: (50.5)(1.5) (40)(0.9) 0M MΣ = − + =  3 39.8 kN mM = + ⋅   
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PROBLEM 7.36  (Continued) 

 

 Just to the right of E: 

  40: 37.5 0yF VΣ = + =  4 37.5 kNV = −   

  4 40: (37.5)(0.2) 0M MΣ = − + =  4 7.50 kN mM = + ⋅   

 At B: 0B BV M= =   

 

(b) max| | 50.5 kNV =   

 

 

 

 

 

 

 

 

 

   max| | 39.8 kN mM = ⋅   
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PROBLEM 7.37 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, (b) determine the maximum absolute values of the shear and 
bending moment. 

 

SOLUTION 

Free body: Entire beam 

 

  0: (6 ft) (6 kips)(2 ft) (12 kips)(4 ft) (4.5 kips)(8 ft) 0AM EΣ = − − − =  

  16 kipsE = +  16 kips=E   

  0: 0x xF AΣ = =  

 0: 16 kips 6 kips 12 kips 4.5 kips 0y yF AΣ = + − − − =  

  6.50 kipsyA = +  6.50 kips=A   

(a) Shear and bending moment 

 Just to the right of A: 

  1 16.50 kips 0V M= + =    

 

 Just to the right of C: 

  20: 6.50 kips 6 kips 0yF VΣ = − − =  2 0.50 kipsV = +   

  2 20: (6.50 kips)(2 ft) 0M MΣ = − =  2 13 kip ftM = + ⋅   

 

 Just to the right of D: 

  30: 6.50 6 12 0yF VΣ = − − − =  3 11.5 kipsV = +   

  3 30: (6.50)(4) (6)(2) 0M MΣ = − − =  3 14 kip ftM = + ⋅   
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PROBLEM 7.37  (Continued) 

 

 Just to the right of E: 
 
  40: 4.5 0yF VΣ = − =  4 4.5 kipsV = +   

  4 40: (4.5)2 0M MΣ = − − =  4 9 kip ftM = − ⋅   

 At B: 0B BV M= =   

 

(b) max| | 11.50 kipsV =   

 

 

 

 

 

 

 

 

 

 

 

  max| | 14.00 kip ftM = ⋅   
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PROBLEM 7.38 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 
  0: (120 lb)(10 in.) (300 lb)(25 in.) (45 in.) (120 lb)(60 in.) 0CM EΣ = − + − =  

  300 lbE = +  300 lb=E    

  0: 0x xF CΣ = =  

  0: 300 lb 120 lb 300 lb 120 lb 0y yF CΣ = + − − − =  

  240 lbyC = +  240 lb=C    

(a) Shear and bending moment 

 Just to the right of A:  

  10: 120 lb 0yF VΣ = − − =  1 1120 lb, 0V M= − =   

 

 Just to the right of C: 

  20: 240 lb 120 lb 0yF VΣ = − − =  2 120 lbV = +   

  20: (120 lb)(10 in.) 0CM MΣ = + =  2 1200 lb in.M = − ⋅   

 

 Just to the right of D: 

  30: 240 120 300 0yF VΣ = − − − =  3 180 lbV = −   

  3 30: (120)(35) (240)(25) 0,M MΣ = + − =  3 1800 lb in.M = + ⋅   
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PROBLEM 7.38  (Continued) 

 

 Just to the right of E: 

  40: 120 lb 0yF V+Σ = − =  4 120 lbV = +   

  4 40: (120 lb)(15 in.) 0M MΣ = − − =  4 1800 lb in.M = − ⋅   

 At B:  0B BV M= =   

 

(b) max| | 180.0 lbV =   

 

 

 

 

 

 

 

 

  max| | 1800 lb in.M = ⋅  
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PROBLEM 7.39 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 
  0: (5 m) (60 kN)(2 m) (50 kN)(4 m) 0AM BΣ = − − =  

  64.0 kNB = +  64.0 kN=B   

  0: 0x xF AΣ = =  

  0: 64.0 kN 6.0 kN 50 kN 0y yF AΣ = + − − =  

  46.0 kNyA = +  46.0 kN=A   

(a) Shear and bending-moment diagrams. 

 From A to C: 

  0: 46 0yF VΣ = − =  46 kNV = +   

  0: 46 0yM M xΣ = − =  (46 )kN mM x= ⋅   

 From C to D: 

  0: 46 60 0yF VΣ = − − =  14 kNV = −   

  0: 46 60( 2) 0jM M x xΣ = − + − =  

  (120 14 )kN mM x= − ⋅  

 For 2 m: 92.0 kN mCx M= = + ⋅   

 For 3 m: 78.0 kN mDx M= = + ⋅   
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PROBLEM 7.39  (Continued) 

 

 From D to B: 

  0: 64 25 0yF V μΣ = + − =  

  (25 64)kNV μ= −  

  0: 64 (25 ) 0
2jM Mμμ μ ⎛ ⎞Σ = − − =⎜ ⎟

⎝ ⎠  

  
2(64 12.5 )kN mM μ μ= − ⋅  

 For 0: 64 kNBVμ = = −  0BM =   

 

(b) max| | 64.0 kNV =   

 

 

 

 

 

 

 

 

 

 

  max| | 92.0 kN mM = ⋅   
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PROBLEM 7.40 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 

  0: (60 kN)(6 m) (5 m) (80 kN)(2 m) 0BM CΣ = − + =  

  104 kNC = +  104 kN=C  

  0: 104 60 80 0yF BΣ = − − + =  36 kN=B  

From A to C: 0: 30 0yF x VΣ = − − =  30V x= −  

  1 0: (30 ) 0
2
xM x M⎛ ⎞Σ = + =⎜ ⎟

⎝ ⎠
 215M x= −  

 

 

From C to D: 

 

  0: 104 60 0yF VΣ = − − =  44 kNV = +  

  2 0: (60)( 1) (104)( 2) 0M x x MΣ = − − − + =  44 148M x= −  

 

 
 
 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1044 

PROBLEM 7.40  (Continued) 
 

From D to B: 0: 36 kNyF VΣ = = −  

  3 0: (36)(7 ) 0M x MΣ = − − =  

  36 252M x= − +  

 

 

 

(b)  max| | 60.0 kNV =  max| | 72.0 kN m.M = ⋅   
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PROBLEM 7.41 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

(a) By symmetry:  

 18 kips (4 kips)(5 ft) 18 kips
2y yA B= = + = =A B  

 Along AC: 

  0 : 18 kips 0 18 kipsyF V VΣ = − = =  

  0: (18 kips) (18 kips)JM M x M xΣ = − =  

  36 kip ft at ( 2 ft)M C x= ⋅ =  

 Along CD: 

  10: 18 kips 8 kips (4 kips/ft) 0yF x VΣ = − − − =  

  110 kips (4 kips/ft)V x= −  

  10 at 2.5 ft (at center)V x= =  

  
1

1 1 10: (4 kips/ft) (8 kips) (2 ft )(18 kips) 0
2K
xM M x x xΣ = + + − + =  

  
2

1 136 kip ft (10 kips/ft) (2 kips/ft)M x x= ⋅ + −  

  148.5 kip ft  at  2.5 ftM x= ⋅ =  
 Complete diagram by symmetry 

(b) From diagrams:  max| | 18.00 kips on  and V AC DB=   

   max| | 48.5 kip ft at centerM = ⋅   
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PROBLEM 7.42 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the 
shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 

 

 

 

  0: (10 ft) (15 kips)(3 ft) (12 kips)(6 ft) 0AM BΣ = − − =  

  11.70 kipsB = +  11.70 kips=B   

  0: 0x xF AΣ = =  

  0: 15 12 11.70 0y yF AΣ = − − + =  

  15.30 kipsyA = +  15.30 kips=A   

(a) Shear and bending-moment diagrams 

 From A to C: 

   0: 15.30 2.5 0yF x VΣ = − − =  

  (15.30 2.5 ) kipsV x= −  

  0: (2.5 ) 15.30 0
2J
xM M x x⎛ ⎞Σ = + − =⎜ ⎟

⎝ ⎠
 

  
215.30 1.25M x x= −  

 For 0:x =  15.30 kipsAV = +  0AM =   

 For 6 ft:x =  0.300 kipCV = +  46.8 kip ftCM = + ⋅   
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PROBLEM 7.42  (Continued) 
 

 From C to B: 

   0: 11.70 0yF VΣ = + =  11.70 kipsV = −   

  0: 11.70 0JM MμΣ = − =  

  (11.70 ) kip ftM μ= ⋅  

 For 4 ft:μ =  46.8 kip ftCM = + ⋅   

 For 0:μ =  0BM =   

  (b) max| | 15.30 kipsV =   

 

 

 

 

 

 

 

   max| | 46.8 kip ftM = ⋅   
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PROBLEM 7.43 

Assuming the upward reaction of the ground on beam AB to be uniformly 
distributed and knowing that a = 0.3 m, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of the shear 
and bending moment. 

 

SOLUTION 

(a) FBD Beam: 0: (1.5 m) 2(3.0 kN) 0yF wΣ = − =  

  4.0 kN/mw =  

 Along AC: 

  0: (4.0 kN/m) 0

(4.0 kN/m)
yF x V

V x

Σ = − =

=
 

  
2

0: (4.0 kN/m) 0
2
(2.0 kN/m)

J
xM M x

M x

Σ = − =

=

 

 Along CD: 

  0: (4.0 kN/m) 3.0 kN 0yF x VΣ = − − =  

  (4.0 kN/m) 3.0 kNV x= −  

  0: ( 0.3 m)(3.0 kN) (4.0 kN/m) 0
2K
xM M x xΣ = + − − =  

  
20.9 kN m (3.0 kN) (2.0 kN/m)M x x= ⋅ − +  

 Note: 0V =  at 0.75 m,x =  where 0.225 kN m= − ⋅M  

 Complete diagrams using symmetry. 

(b)   max| | 1.800 kN at  and V C D=   

   max| | 0.225 kN m at centerM = ⋅   
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PROBLEM 7.44 

Solve Problem 7.43 knowing that 0.5 m.a =  

PROBLEM 7.43 Assuming the upward reaction of the ground on beam AB 
to be uniformly distributed and knowing that a = 0.3 m, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum absolute values 
of the shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 

   0: (1.5 m) 3 kN 3 kN 0y gF wΣ = − − =  4 kN/mgw =   

(a) Shear and bending moment 
 From A to C: 

   0: 4 0 (4 ) kNyF x V V xΣ = − = =  

  
20: (4 ) 0, (2 ) kN m

2J
xM M x M xΣ = − = = ⋅  

 For 0:x =  0A AV M= =   

 For 0.5 m:x =  2 kN,CV =  0.500 kN mCM = ⋅   

 From C to D:  0: 4 3 kN 0yF x VΣ = − − =  

  (4 3) kNV x= −  

  0: (3 kN)( 0.5) (4 ) 0
2J
xM M x xΣ = + − − =  

  
2(2 3 1.5) kN mM x x= − + ⋅  

 For 0.5 m:x =  1.00 kN,CV = −     0.500 kN mCM = ⋅   

 For 0.75 m:x =  0,CV =     0.375 kN mCM = ⋅   

 For 1.0 m:x =  1.00 kN,CV =     0.500 kN mCM = ⋅   
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PROBLEM 7.44  (Continued) 

 
 From D to B: 

   0: 4 0 (4 ) kNyF V Vμ μΣ = + = = −  

  
20: (4 ) 0, 2

2JM M Mμμ μΣ = − = =  

 For 0:μ =  0B BV M= =   

 For 0.5 m:μ =  2 kN,DV = −  0.500 kN mDM = ⋅   

 

 (b) max| | 2.00 kNV =   

 

 

 

 

 

 

 

 

  max| | 0.500 kN mM = ⋅   
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PROBLEM 7.45 

Assuming the upward reaction of the ground on beam AB to be 
uniformly distributed, (a) draw the shear and bending-moment 
diagrams, (b) determine the maximum absolute values of the shear 
and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 

   0: (12 ft) (3 kips/ft)(6 ft) 0y gF wΣ = − =  1.5 kips/ftgw =   

(a) Shear and bending-moment diagrams. 
 From A to C: 

   0: 1.5 3 0

( 1.5 ) kips
yF x x V

V x

Σ = − − =

= −
 

  
2

0: (3 ) (1.5 ) 0
2 2

( 0.75 ) kip ft

J
x xM M x x

M x

Σ = + − =

= − ⋅

 

 For 0:x =  0A AV M= =   

 For 3 ft:x =  4.5 kipsCV = −  6.75 kip ftCM = − ⋅   

 From C to D: 

   0: 1.5 9 0, (1.5 9) kipsyF x V V xΣ = = − = = −  

  0: 9( 1.5) (1.5 ) 0
2J
xM M x xΣ = + − − =  

  
20.75 9 13.5M x x= − +  

 

 For 3 ft:x =  4.5 kips,CV = −  6.75 kip ftCM = − ⋅   

 For 6 ft:x =  0,CV =  13.50 kip ftCM = − ⋅   
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PROBLEM 7.45  (Continued) 

 

 For 9 ft :x =  4.5 kips,DV =  6.75 kip ftDM = − ⋅   

 At B:  0B BV M= =   
 

 (b) max| | 4.50 kipsV =   

 

 

 

 Bending moment diagram consists of three distinct arcs of parabola. 

 

   max| | 13.50 kip ftM = ⋅   

 
 

 Since entire diagram is below the x axis: 0M �  everywhere  
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PROBLEM 7.46 

Assuming the upward reaction of the ground on beam AB to be 
uniformly distributed, (a) draw the shear and bending-moment diagrams, 
(b) determine the maximum absolute values of the shear and bending 
moment. 

 

SOLUTION 

 

 
 

 

 

 
 

 

 

 

Free body: Entire beam 

  0: (12 ft) (3 kips/ft)(6 ft) 0y gF wΣ = − =  

  1.5 kips/ftgw =   

(a) Shear and bending-moment diagrams from A to C: 

  0: 1.5 0 (1.5 )kipsyF x V V xΣ = − = =  

 0: (1.5 )
2J
xM M xΣ = −  2(0.75 )kip ftM x= ⋅  

 For 0:x =  0A AV M= =   

 For 3 ft : 4.5 kips,Cx V= =  6.75 kip ftCM = ⋅   

 From C to D: 

  0: 1.5 3( 3) 0yF x x VΣ = − − − =  

 (9 1.5 )kipsV x= −  

 30: 3( 3) (1.5 ) 0
2 2J

x xM M x x−Σ = + − − =  

 2 2[0.75 1.5( 3) ]kip ftM x x= − − ⋅  

 For 3 ft : 4.5 kips,Cx V= =  6.75 kip ftCM = ⋅   

 For 6 ft: 0,= =x VcL  13.50 kip ft= ⋅McL   

 For 9 ft: 4.5 kips,Dx V= = −  6.75 kip ftDM = ⋅   

 At B: 0B BV M= =   

(b)  max| | 4.50 kipsV =   

  max| | 13.50 kip ftM = ⋅   

 Bending-moment diagram consists or three distinct arcs of parabola,  
 all located above the x axis. 
  Thus: 0 everywhereM �   
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PROBLEM 7.47 

Assuming the upward reaction of the ground on beam AB to be 
uniformly distributed and knowing that P = wa, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum absolute 
values of the shear and bending moment. 

 

SOLUTION 

 
 

 

 
 

 

 

 

 

 

 

 

 

 
 

 

 
 

 

Free body: Entire beam 

 0: (4 ) 2 0y gF w a wa waΣ = − − =  

  3
4gw w=   

(a) Shear and bending-moment diagrams 

 From A to C: 

  
30: 0
4

1
4

yF wx wx V

V wx

Σ = − − =

= −

 

 30 : ( ) 0
2 4 2J
x xM M wx wx⎛ ⎞Σ = + − =⎜ ⎟

⎝ ⎠
 

 21
8

M wx= −  

 For 0:x =  0A AV M= =   

 For :x a=  1
4CV wa= −  21

8CM wa= −   

 From C to D: 

  
30: 0
4yF wx wa VΣ = − − =  

 3
4

V x a w⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

 30: 0
2 4 2J
a xM M wa x wx⎛ ⎞ ⎛ ⎞Σ = + − − =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 23
8 2

aM wx wa x⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 (1) 
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PROBLEM 7.47  (Continued) 

 

For :x a=  1
4CV wa= −  21

8CM wa= −   

For 2 :x a=  1
2DV wa= +  0DM =   

Because of the symmetry of the loading, we can deduce the values of V and 
M for the right-hand half of the beam from the values obtained for its  
left-hand half. 

(b)  max
1| |
2

V wa=   

 

 To find max| | ,M  we differentiate Eq. (1) and set 0:dM
dx =  

 2 2
2

3 40,
4 3
3 4 4 1
8 3 3 2 6

dM wx wa x a
dx

waM w a wa

= − = =

⎛ ⎞ ⎛ ⎞= − − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

  2
max

1| |
6

M wa=   

 Bending-moment diagram consists of four distinct arcs of parabola. 
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PROBLEM 7.48 

Solve Problem 7.47 knowing that P = 3wa. 

PROBLEM 7.47 Assuming the upward reaction of the ground on beam AB 
to be uniformly distributed and knowing that P = wa, (a) draw the shear and 
bending-moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

 
 

 

 
 

 

 

 

 
 

 

 

 

Free body: Entire beam 

  0: (4 ) 2 3 0y gF w a wa waΣ = − − =  

  5
4gw w=   

(a) Shear and bending-moment diagrams 

 From A to C: 

  
50: 0
4

1
4

yF wx wx V

V wx

Σ = − − =

= +

 

 50 : ( ) 0
2 4 2J
x xM M wx wx⎛ ⎞Σ = + − =⎜ ⎟

⎝ ⎠
 

 21
8

M wx= +  

 For 0:x =  0A AV M= =   

 For :x a=  1
4CV wa= +  21

8CM wa= +   

 From C to D: 

  
50: 0
4yF wx wa VΣ = − − =  

 5
4

V x a w⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

 50: 0
2 4 2J
a xM M wa x wx⎛ ⎞ ⎛ ⎞Σ = + − − =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 25
8 2

aM wx wa x⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 (1) 
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PROBLEM 7.48  (Continued) 

 

 For :x a=  1 ,
4CV wa= +  21

8CM wa= +   

 For 2 :x a=  3 ,
2DV wa= +  2

DM wa= +   

Because of the symmetry of the loading, we can deduce the values 
of V and M for the right-hand half of the beam from the values 
obtained for its left-hand half. 

(b)  max
3| |
2

V wa=   

 To find max| | ,M  we differentiate Eq. (1) and set 0:dM
dx =  

 

5 0
4
4 (outside portion )
5

dM wx wa
dx

x a a CD

= − =

= �

 

 The maximum value of | M | occurs at D: 

  2
max| |M wa=   

 Bending-moment diagram consists of four distinct arcs of parabola. 
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PROBLEM 7.49 

Draw the shear and bending-moment diagrams for the beam AB, and 
determine the shear and bending moment (a) just to the left of C, (b) just 
to the right of C. 

 

SOLUTION 

 

 

 
 

 

 
 

 

Free body: Entire beam 

 0: (0.6 m) (600 N)(0.2 m) 0AM BΣ = − =  

 200 NB = +  200 N=B   

 0: 0x xF AΣ = =  

  0: 600 N 200 N 0y yF AΣ = − + =  

 400 NyA = +  400 N=A   

We replace the 600-N load by an equivalent force-couple system at C 

Just to the right of A: 

 1 400 NV = + ,   1 0M =   

(a) Just to the left of C: 

  2 400 NV = +   

 2 (400 N)(0.4 m)M =  2 160.0 N mM = + ⋅   

(b) Just to the right of C: 3 200 NV = −   

 3 (200 N)(0.2 m)M =  3 40.0 N mM = + ⋅   

 Just to the left of B:  4 200 NV = − ,   4 0M =   
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PROBLEM 7.50 

Two small channel sections DF and EH have been 
welded to the uniform beam AB of weight W = 3 kN to 
form the rigid structural member shown. This member is 
being lifted by two cables attached at D and E. Knowing 
that θ = 30° and neglecting the weight of the channel 
sections, (a) draw the shear and bending-moment 
diagrams for beam AB, (b) determine the maximum 
absolute values of the shear and bending moment in the 
beam. 

 

SOLUTION 

FBD Beam + channels: 

(a) By symmetry: 1 2T T T= =  

 0: 2 sin 60 3 kN 0yF TΣ = ° − =  

 

1

1

3 kN
3
3

2 3
3 kN
2

x

y

T

T

T

=

=

=

 

 FBD Beam: 
3(0.5 m) kN

2 3
0.433 kN m

M =

= ⋅

 

 With cable force replaced by equivalent force-couple system at F and G 

 Shear Diagram: V is piecewise linear 

 0.6 kN/m with 1.5 kNdV
dx

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

 discontinuities at F and H. 

 (0.6 kN/m)(1.5 m) 0.9 kNFV − = − =  

 V increases by 1.5 kN to 0.6 kN+  at F +  

 0.6 kN (0.6 kN/m)(1 m) 0GV = − =  

 Finish by invoking symmetry 
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PROBLEM 7.50  (Continued) 

 

 Moment diagram: M is piecewise parabolic 

 decreasing withdM V
dx

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

 with discontinuities of .433 kN at F and H. 

 
1 (0.9 kN)(1.5 m)
2
0.675 kN m

FM − = −

= − ⋅
 

 M increases by 0.433 kN m to –0.242 kN ⋅ m at F+ 

 
10.242 kN m (0.6 kN)(1 m)
2

0.058 kN m

GM = − ⋅ +

= ⋅
 

 Finish by invoking symmetry 

(b)   max| | 900 NV =   

   at F −  and G+  

   max 675 N mM = ⋅   

   at F and G 
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PROBLEM 7.51 

Solve Problem 7.50 when 60 .θ = °  

PROBLEM 7.50 Two small channel sections DF and EH 
have been welded to the uniform beam AB of weight 
W 3 kN=  to form the rigid structural member shown. This 
member is being lifted by two cables attached at D and E. 
Knowing that 30θ = °  and neglecting the weight of the 
channel sections, (a) draw the shear and bending-moment 
diagrams for beam AB, (b) determine the maximum absolute 
values of the shear and bending moment in the beam. 

 

SOLUTION 

Free body: Beam and channels 

From symmetry: 

 y yE D=  

 

Thus: tanx x yE D D θ= =  (1) 

  0: 3 kN 0y y yF D EΣ = + − =  1.5 kNy y= =D E   

From (1): (1.5 kN) tanx θ=D   (1.5 kN) tanθ=E   

We replace the forces at D and E by equivalent force-couple systems at F and H, where 

 

 0 (1.5 kN tan )(0.5 m) (750 N m) tanM θ θ= = ⋅  (2) 

 

We note that the weight of the beam per unit length is 

 3 kN 0.6 kN/m 600 N/m
5 m

Ww
L

= = = =  

(a) Shear and bending moment diagrams 
 From A to F: 
  0: 600 0 ( 600 )NyF V x V xΣ = − − = = −  

 20: (600 ) 0, ( 300 )N m
2J
xM M x M xΣ = + = = − ⋅  

 For 0:x =  0A AV M= =   

 For 1.5 m:x =  900 N, 675 N mF FV M= − = − ⋅   
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PROBLEM 7.51  (Continued) 

 

 From F to H: 

  0: 1500 600 0yF x VΣ = − − =  

 (1500 600 )NV x= −  

 00: (600 ) 1500( 1.5) 0
2J
xM M x x MΣ = + − − − =  

 
2

0 300 1500( 1.5)N mM M x x= − + − ⋅  

 For 1.5 m:x =  0600 N, ( 675) N mF FV M M= + = − ⋅   

 For 2.5 m:x =  00, ( 375) N mG GV M M= = − ⋅   

 From G To B,  The V and M diagrams will be obtained by symmetry, 

 (b)        max| | 900 NV =   

  
 Making 60θ = °  in Eq. (2): 0 750 tan 60° 1299 N mM = = ⋅  

 Thus, just to the right of F: 1299 675 624 N mM = − = ⋅   

 and 1299 375 924 N mGM = − = ⋅   

 

 max( ) | | 900 Nb V =   

 

 max| | 924 N mM = ⋅   

 

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1063 

 

 

PROBLEM 7.52 

Draw the shear and bending-moment diagrams for the 
beam AB, and determine the maximum absolute values 
of the shear and bending moment. 

 

SOLUTION 

FBD whole: 

 

 
0: (1.2 ft)(1.5 kips) (1.2 ft)(6 kips)

(3.6 ft)(1.5 kips) (1.6 ft) 0
DM

G
Σ = −

− + =
 

 6.75 kips=G  

(Dimensions in ft., loads in kips, moments in kips ⋅ ft) 

 0: 0x xF D GΣ = − + =  6.75 kipsx =D  

 0: 1.5 kips 6 kips 1.5 kips 0y yF DΣ = − − − =  9 kipsy =D  

Beam AB, with forces D and G replaced by equivalent force/couples at C and F 

Along AD: 

 0: 1.5 kips 0 1.5 kipsyF V VΣ = − − = = −  

 0: (1.5 kips) 0 (1.5 kips)JM x M M xΣ = + = = −  

 1.8 kips at 1.2 ftM x= − =  

Along DE: 

 0: 1.5 kips 9 kips 0

7.5 kips
yF V

V

Σ = − + − =

=

 

 1

1

0: 5.4 kip ft (9 kips)
(1.2 ft )(1.5 kips) 0

KM M x
x

Σ = + ⋅ −
+ + =

 

 1

1

7.2 kip ft (7.5 kips)
1.8 kip ft at 1.2 ft

M x
M x

= ⋅ +
= ⋅ =
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PROBLEM 7.52  (Continued) 

 

Along EF: 

 

 0: 1.5 kips 0 1.5 kipsyF V VΣ = − = =  

 40: 5.4 kip ft ( 1.2 ft)(1.5 kips)NM M xΣ = − + ⋅ − +  

 
4

4

4

3.6 kip ft (1.5 kips)
1.8 kip ft at 1.2 ft
3.6 kip ft at 0

M x
M x
M x

= ⋅ −
= ⋅ =
= ⋅ =

 

Along FB: 

 0: 1.5 kips 0

1.5 kips
yF V

V

Σ = − =

=
 

 30: (1.5 kips) 0LM M xΣ = − − =  

 
3

3

( 1.5 kips)
1.8 kip ft at 1.2 ft

M x
M x

= −
= − ⋅ =  

From diagrams:  max| | 7.50 kips on V DE=   

  max| | 7.20 kip ft  at  M D+= ⋅   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1065 

 

 

PROBLEM 7.53 

Draw the shear and bending-moment diagrams for the 
beam AB, and determine the maximum absolute values 
of the shear and bending moment. 

 

SOLUTION 

 

 0: (9 in.) (45 lb)(9 in.) (120 lb)(21in.) 0GF TΣ = − − =  325 lbT =  

 0: 325 lb 0x xF GΣ = − + =  325 lbx =G  

  0: 45 lb 120 lb 0y yF GΣ = − − =  165 lby =G  

Equivalent loading on straight part of beam AB 

 

From A to E: 

 0: 165 lbyF VΣ = = +  

 1 0: 1625 lb in. (165 lb) 0M x MΣ = + ⋅ − + =  

 1625 165M x= − +  
From E to F: 

  0: 165 45 0yF VΣ = − − =  

 120 lbV = +  

 2 0 : 1625 lb in. (165 lb) (45 lb)( 9) 0M x x MΣ = + ⋅ − + − + =  

 1220 120M x= − +  
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PROBLEM 7.53  (Continued) 

 

From F to B: 0 120 lbyF VΣ = = +  

 3 0: (120)(21 ) 0M x MΣ = − − − =  

 2520 120M x= − +  
 

 

  max| | 165.0 lbV =   
 

 

 

  max| | 1625lb in.M = ⋅   
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PROBLEM 7.54 

Draw the shear and bending-moment diagrams for the beam AB, and 
determine the maximum absolute values of the shear and bending 
moment. 

 

SOLUTION 

Free body: Entire beam 

 

 0: (0.9 m) (400 N)(0.3 m) (400 N)(0.6 m)
(400 N)(0.9 m) 0

AM BΣ = − −
− =

 

 800 NB = +  800 N=B   

 0: 0x xF AΣ = =  

  0: 800 N 3(400 N) 0y yF AΣ = + − =  

 400 NyA = +  400 N=A   

 

We replace the loads by equivalent force-couple systems at C, D, and E. 

We consider successively the following F-B diagrams. 

 

 1

1

400 N
0

V
M

= +
=

 5

5

400 N
180 N m

V
M

= −
= + ⋅

 

 2

2

400 N
60 N m

V
M

= +
= + ⋅

 6

6

400 N
60 N m

V
M

= −
= + ⋅

 

 3

3

0
120 N m

V
M

=
= + ⋅

 7

7

800 N
120 N m

V
M

= −
= + ⋅

 

 4

4

0
120 N m

V
M

=
= + ⋅

 8

8

800 N
0

V
M

= −
=
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PROBLEM 7.54  (Continued) 

 

 

 

    (b)               max| | 800 NV =   

 

 

 

 

 

 

    max| | 180.0 N mM = ⋅   
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PROBLEM 7.55 

For the structural member of Problem 7.50, determine (a) the angle  
θ for which the maximum absolute value of the bending moment in 
beam AB is as small as possible, (b) the corresponding value of 

max| | .M  (Hint: Draw the bending-moment diagram and then equate 
the absolute values of the largest positive and negative bending 
moments obtained.) 

PROBLEM 7.50 Two small channel sections DF and EH have 
been welded to the uniform beam AB of weight W = 3 kN to form 
the rigid structural member shown. This member is being lifted by 
two cables attached at D and E. Knowing that θ = 30° and neglecting 
the weight of the channel sections, (a) draw the shear and bending-
moment diagrams for beam AB, (b) determine the maximum absolute 
values of the shear and bending moment in the beam. 

 

SOLUTION 

See solution of Problem 7.50 for reduction of loading or beam AB to the following: 

 
where   0 (750 N m) tanM θ= ⋅   

[Equation (2)] 

The largest negative bending moment occurs Just to the left of F: 

 

 1 1
1.5 m0: (900 N) 0

2
M M ⎛ ⎞Σ = + =⎜ ⎟

⎝ ⎠
 1 675 N mM = − ⋅   

 
The largest positive bending moment occurs 

At G: 

 

 2 2 00: (1500 N)(1.25 m 1 m) 0M M MΣ = − + − =  

  2 0 375 N mM M= − ⋅   

 

Equating 2M  and 1 :M−  

 0 375 675M − = +  

 0 1050 N mM = ⋅  
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PROBLEM 7.55  (Continued) 

 

(a) From Equation (2): 1050tan 1.400
750

θ = =  54.5θ = °   

 
(b)  max| | 675 N mM = ⋅   
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PROBLEM 7.56 

For the beam of Problem 7.43, determine (a) the distance a for which 
the maximum absolute value of the bending moment in the beam is as 
small as possible, (b) the corresponding value of max| | .M  (See hint for 
Problem 7.55.) 

PROBLEM 7.43 Assuming the upward reaction of the ground on 
beam AB to be uniformly distributed and knowing that a = 0.3 m, (a) 
draw the shear and bending-moment diagrams, (b) determine the 
maximum absolute values of the shear and bending moment. 

 

SOLUTION 

Force per unit length exerted by ground: 

 6 kN 4 kN/m
1.5 mgw = =  

The largest positive bending moment occurs Just to the left of C: 

 1 10: (4 )
2
aM M aΣ = =  

2
1 2M a=   

The largest negative bending moment occurs 

 

At the center line: 

 

 2 20: 3(0.75 ) 3(0.375) 0M M aΣ = + − − =  2 (1.125 3 )M a= − −   

Equating 1M  and 2 :M−  2

2

2 1.125 3

1.5 0.5625 0

a a

a a

= −

+ − =

 

(a) Solving the quadratic equation: 0.31066,a =  0.311 ma =   

(b) Substituting:  2
max 1| | 2(0.31066)M M= =  max| | 193.0 N mM = ⋅   
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PROBLEM 7.57 

For the beam of Problem 7.47, determine (a) the ratio k = P/wa for 
which the maximum absolute value of the bending moment in the beam 
is as small as possible, (b) the corresponding value of ⏐M⏐max. (See 
hint for Problem 7.55.) 

PROBLEM 7.47 Assuming the upward reaction of the ground on 
beam AB to be uniformly distributed and knowing that P = wa, (a) 
draw the shear and bending-moment diagrams, (b) determine the 
maximum absolute values of the shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 0: (4 ) 2 0y gF w a wa kwaΣ = − − =  

 (2 )
4g
ww k= +  

Setting 
gw

w
α=  (1) 

We have 4 2k α= −  (2) 

Minimum value of B.M. For M to have negative values, we must have .gw w�  We verify that M will then be 
negative and keep decreasing in the portion AC of the beam. Therefore, minM will occur between C and D. 

 

From C to D: 

 

 0: 0
2 2J
a xM M wa x wxα⎛ ⎞ ⎛ ⎞Σ = + − − =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠  

 2 21 ( 2 )
2

M w x ax aα= − +  (3) 

We differentiate and set 0:dM
dx

=  0x aα − =  min
ax
α

=   (4) 

Substituting in (3): 

 

2
min

2
min

1 1 2 1
2

1
2

M wa

M wa

α α
α

α

⎛ ⎞= − +⎜ ⎟
⎝ ⎠
−= −  (5) 

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1073 

PROBLEM 7.57  (Continued) 

 

Maximum value of bending moment occurs at D 

 

 30: (2 ) 0
2D D
aM M wa wa aα⎛ ⎞Σ = + − =⎜ ⎟

⎝ ⎠  

 
2

max
32
2DM M wa α⎛ ⎞= = −⎜ ⎟

⎝ ⎠  (6) 

 

Equating minM−  and max :M  

 
2 2

2

1 32
2 2

4 2 1 0

wa waα α
α

α α

− ⎛ ⎞= −⎜ ⎟
⎝ ⎠

− − =

 

 2 20
8

α +=  1 5 0.809
4

α += =  

(a) Substitute in (2): 4(0.809) 2k = −  1.236k =   

 
(b) Substitute for α  in (5): 

  2
max min

1 0.809| |
2(0.809)

M M wa −= − = −  2
max| | 0.1180M wa=   

 Substitute for α  in (4):  min 1.236
0.809

ax a=   
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PROBLEM 7.58 

A uniform beam is to be picked up by crane cables attached at A and B. 
Determine the distance a from the ends of the beam to the points where 
the cables should be attached if the maximum absolute value of the 
bending moment in the beam is to be as small as possible. (Hint: Draw 
the bending-moment diagram in terms of a, L, and the weight w per 
unit length, and then equate the absolute values of the largest positive 
and negative bending moments obtained.) 

 

SOLUTION 

w = weight per unit length 

 

To the left of A: 1 0: 0
2
xM M wx ⎛ ⎞Σ = + =⎜ ⎟

⎝ ⎠
 

 

2

2

1
2
1
2A

M wx

M wa

= −

= −
 

Between A and B: 

 2
1 10: ( ) ( ) 0
2 2

M M wL x a wx x⎛ ⎞ ⎛ ⎞Σ = − − + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠  

 
21 1 1

2 2 2
M wx wLx wLa= − + −  

At center C:  

2
2

1 1 1
2 2 2 2 2C

Lx

L LM w wL wLa

=

⎛ ⎞ ⎛ ⎞= − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
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PROBLEM 7.58  (Continued) 

 

We set 2 2 2 21 1 1 1 1 1| | | | :
2 8 2 2 8 2A CM M wa wL wLa wa wL wLa= − = − + = −  

 
2 20.25 0a La L+ − =  

 

2 2

2 2
max

1 1( ) ( 2 1)
2 2
1 (0.207 ) 0.0214
2

= ± + = −

= =

a L L L L

M w L wL  0.207a L=   
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PROBLEM 7.59 

For the beam shown, determine (a) the magnitude P of the two 
upward forces for which the maximum absolute value of the bending 
moment in the beam is as small as possible, (b) the corresponding 
value of max| | .M  (See hint for Problem 7.55.) 

 

SOLUTION 

By symmetry:  60 kipsyA B P= = −  

Along AC: 

 0: (60 kips ) 0
(60 kips )
120 kips ft (2 ft) at 2 ft

JM M x P
M P x
M P x

Σ = − − =
= −
= ⋅ − =

 

 

Along CD: 

 0: ( 2 ft)(60 kips) (60 kips ) 0
120 kip ft
120 kip ft (4 ft) at 4 ft

KM M x x P
M Px
M P x

Σ = + − − − =
= ⋅ −
= ⋅ − =

 

 

Along DE: 

 0: ( 4 ft) ( 2 ft)(60 kips)
(60 kips ) 0

120 kip ft (4 ft) (const)

LM M x P x
x P

M P

Σ = − − + −
− − =

= ⋅ −

 

Complete diagram by symmetry 

For minimum max| | ,M set max minM M= −  

 120 kip ft (2 ft) [120 kip ft (4 ft) ]P P⋅ − = − ⋅ −  

  (a) 40.0 kipsP =   

 min 120 kip ft (4 ft)M P= ⋅ −  (b) max| | 40.0 kip ftM = ⋅   
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PROBLEM 7.60 

Knowing that P = Q = 150 lb, determine (a) the distance a for which 
the maximum absolute value of the bending moment in beam AB is as 
small as possible, (b) the corresponding value of max| | .M  (See hint for 
Problem 7.55.) 

 

SOLUTION 

 

 
 

 

 
 

 

 

 

 

 

Free body: Entire beam 

 0: (150)(30) (150)(60) 0AM DaΣ = − − =  

 13,500D
a

=   

Free body: CB 

 13,5000: (150)(30) ( 30) 0C CM M a
a

Σ = − − + − =  

 
459000 1CM
a

⎛ ⎞= −⎜ ⎟
⎝ ⎠   

Free body: DB 

 0: (150)(60 ) 0D DM M aΣ = − − − =  

 150(60 )DM a= − −   

(a) We set  

 max min
45| | or : 9000 1 150(60 )C DM M M M a
a

⎛ ⎞= = − − = −⎜ ⎟
⎝ ⎠

 

 270060 60 a
a

− = −  

 2 2700 51.96 in.a a= =  52.0 in.a =   

(b) max| | 150(60 51.96)DM M= − = −  

  max| | 1206 lb in.M = ⋅   
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PROBLEM 7.61 

Solve Problem 7.60 assuming that P = 300 lb and Q = 150 lb. 

PROBLEM 7.60 Knowing that P = Q = 150 lb, determine (a) the 
distance a for which the maximum absolute value of the bending 
moment in beam AB is as small as possible, (b) the corresponding value 
of max| | .M  (See hint for Problem 7.55.) 

 

SOLUTION 

 
 

 
 

 

 

 

 

 

Free body: Entire beam 

 0: (300)(30) (150)(60) 0AM DaΣ = − − =  

  18,000D
a

=   

Free body: CB 

 18,0000: (150)(30) ( 30) 0C CM M a
a

Σ = − − + − =  

  4013,500 1CM
a

⎛ ⎞= −⎜ ⎟
⎝ ⎠

  

Free body: DB 

 0: (150)(60 ) 0D DM M aΣ = − − − =  

  150(60 )DM a= − −   

(a) We set  

 max min
40| | or : 13,500 1 150(60 )C DM M M M a
a

⎛ ⎞= = − − = −⎜ ⎟
⎝ ⎠

 

 360090 60 a
a

− = −  

 2 30 3600 0a a+ − =  

 30 15.300 46.847
2

a − += =  

  46.8 in.a =   

(b) max| | 150(60 46.847)DM M= − = −  

  max| | 1973 lb in.M = ⋅   
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PROBLEM 7.62* 

In order to reduce the bending moment in the cantilever beam 
AB, a cable and counterweight are permanently attached at end 
B. Determine the magnitude of the counterweight for which the 
maximum absolute value of the bending moment in the beam is 
as small as possible and the corresponding value of ⏐M⏐max. 
Consider (a) the case when the distributed load is permanently 
applied to the beam, (b) the more general case when the 
distributed load may either be applied or removed. 

 

SOLUTION 

M due to distributed load: 

 

2

0: 0
2

1
2

J
xM M wx

M wx

Σ = − − =

= −

 

M due to counter weight: 

 0: 0JM M xw
M wx

Σ = − + =
=

 

(a) Both applied: 

 

2

2

0 at

x
wM W x

dM WW wx x
dx w

= −

= − = =
 

 And here 
2

0
2
WM

w
= >  so Mmax; Mmin must be at x L=  

 So 2
min

1 .
2

M WL wL= −  For minimum max| |M set max min ,M M= −  

 so 
2

21 or
2 2
W WL wL

w
= − + 2 2 22 0W wLW w L+ − =  

 2 22 (need )W wL w L= − ± +  ( 2 1) 0.414W wL wL= − =   
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PROBLEM 7.62*  (Continued) 

 

(b) w may be removed 

 
2 2

2
max

( 2 1)
2 2
WM wL

w
−= =  2

max 0.858M wL=   

 

 Without w, 

max at
M Wx

M WL A
=
=

 

 With w (see Part a) 2

2

max

2
min

2

at
2

1 at
2

wM Wx x

W WM x
w w

M WL wL x L

= −

= =

= − =

 

 For minimum max max min, set (no ) (with )M M w M w= −  

 21 1
2 4

WL WL wL W wL= − + → = →  2
max

1
4

M wL=   

 With 1
4

W wL=   
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PROBLEM 7.63 

Using the method of Section 7.6, solve Problem 7.29. 

PROBLEM 7.29 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment. 

 

SOLUTION 

 
 

 
 

 

 

Free body: Entire beam 

  0: 0yF C P PΣ = − − =  

 2P=C  

 0: (2 ) ( ) 0C CM P a P a MΣ = + − =  

 3C Pa=M  
Shear diagram 

At A: AV P= −  

  max| | 2V P=   
Bending-moment diagram 

At A: 0AM =  

  max| | 3M Pa=   
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PROBLEM 7.64 

Using the method of Section 7.6, solve Problem 7.30. 

PROBLEM 7.30 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment. 

 

SOLUTION 

 

 

 
 

 

 

 

 

 

Free body: Entire beam 

 
20: ( ) 0
3C
LM P A L⎛ ⎞Σ = − =⎜ ⎟

⎝ ⎠  

 
2
3

P=A  

  
20: 0
3YF P P CΣ = − + =  

 
1
3

P=C  

Shear diagram 

At A: 
2
3AV P=  

  max
2| |
3

V P=   

Bending-moment diagram 

At A: 0AM =  

  max
2| |
9

M PL=   
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PROBLEM 7.65 

Using the method of Section 7.6, solve Problem 7.31. 

PROBLEM 7.31 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment. 

 

SOLUTION 

 
 

 

 
 

 

 

 

Reactions at A and D 

Because of the symmetry of the supports and loading. 

 1 1
2 2 4

LA D w wL⎛ ⎞= = =⎜ ⎟
⎝ ⎠

 

  1
4

wL= =A D  � 

Shear diagram 

At A: 1
4AV wL= +  

From B to C: 

Oblique straight line  max
1| |
4

V wL=   

Bending-moment diagram 

At A: 0AM =  

From B to C: ARC of parabola 2
max

3| |
32

M wL=   

Since V has no discontinuity at B nor C, the slope of the parabola at these 
points is the same as the slope of the adjoining straight line segment. 
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PROBLEM 7.66 

Using the method of Section 7.6, solve Problem 7.32. 

PROBLEM 7.32 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment. 

 

SOLUTION 

 

 

 
 

 

 

 
 

 

 

 

Free body: Entire beam 

  0: 0
2y
LF C wΣ = − =  

 1
2

wL=C  

 1 30: 0
2 4C C

LM wL M⎛ ⎞⎛ ⎞Σ = = =⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 

 23
8C wL=M  

Shear diagram 

At A: 0AV =  

  max
1| |
2

V wL=   

Bending-moment diagram 

At A: 0 0dMM V
dx

= = =  

  2
max

3| |
8

M wL=   

From A to B: ARC of parabola 

Since V has no discontinuity at B, the slope of the parabola at B is equal to 
the slope of the straightline segment. 
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PROBLEM 7.67 

Using the method of Section 7.6, solve Problem 7.33. 

PROBLEM 7.33 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment. 

 

SOLUTION 

 
 

 

 
 

 

 

Free body: Entire beam 

  0: 0yF B PΣ = − =  

 P=B  

 00: 0B BM M M PLΣ = − + =  

 0B =M  

Shear diagram 

At A: AV P= −  

  max| |V P=   

Bending-moment diagram 

At A: 0AM M PL= =  

  max| |M PL=   
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PROBLEM 7.68 

Using the method of Section 7.6, solve Problem 7.34. 

PROBLEM 7.34 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment. 

 

SOLUTION 

 
 

 

 
 

 

 

Free body: Entire beam 

 0:yF A CΣ = =  

 00: 0CM Al MΣ = − =  

 0MA C
L

= =  

Shear diagram 

At A: 0
A

MV
L

= −  

  0
max| | MV

L
=   

Bending-moment diagram 

At A: 0AM =  

At B, M increases by M0 on account of applied couple. 

  max 0| | /2M M=   
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PROBLEM 7.69 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

 0: (8)(2) (4)(3.2) 4 0AM CΣ = + − =  

 7.2 kN=C  

 0: 4.8 kNyFΣ = =A  

(a) Shear diagram 

 

 Similar Triangles:  3.2 3.2 ; 2.4 m
4.8 1.6 6.4

−= = =x x x  

 
Add num. & den.

↑  

 Bending-moment diagram 

 
(b) max| | 7.20 kNV =   

 max| | 5.76 kN mM = ⋅   
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PROBLEM 7.70 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 

 0: (500 N)(0.8 m) (500 N)(0.4 m)
(2400 N/m)(0.3 m)(0.15 m) (1.2 m) 0

DM
A

Σ = +
− − =

 

 410 N=A  

 0: 410 2(500) 2400(0.3) 0yF DΣ = − − + =  

 1310 N=D  

Shear diagram 

 
At A: 410 NAV = +  max| | 720 NV =   

Bending-moment diagram 

 
At A: 0AM =  max| | 164.0 N mM = ⋅   
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PROBLEM 7.71 

Using the method of Section 7.6, solve Problem 7.39. 

PROBLEM 7.39 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum absolute 
values of the shear and bending moment. 

 

SOLUTION 

 

 

 
 

 

 

Free body: Beam 

 0: 0x xF AΣ = =  

 0: (60 kN)(3 m) (50 kN)(1 m) (5 m) 0B yM AΣ = + − =  

  46.0 kNyA = +  � 

 0: 46.0 kN 60 kN 50 kN 0yF BΣ = + − − =  

  64.0 kNB = +  � 

Shear diagram 

At A: 46.0 kNA yV A= = +  

  max| | 64.0 kN=V   

Bending-moment diagram 

At A: 0AM =  

  max| | 92.0 kN m= ⋅M   

Parabola from D to B. Its slope at D is same as that of straight-line segment 
CD since V has no discontinuity at D. 
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PROBLEM 7.72 

Using the method of Section 7.6, solve Problem 7.40. 

PROBLEM 7.40 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum absolute 
values of the shear and bending moment. 

 

SOLUTION 

 
 

 
 

 

 

Free body: Entire beam 

 0: (30 kN/m)(2 m)(6 m) (5 m) (80 kN)(2 m) 0BM CΣ = − + =  

 104 kN=C  

  0: 104 30(2) 80 0yF BΣ = − − + =  

 36 kN=B  

Shear diagram 

At A:  0AV =  

  max| | 60.0 kN=V   

Bending-moment diagram 

At A:  0AM =  

  max| | 72.0 kN m= ⋅M   
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PROBLEM 7.73 

Using the method of Section 7.6, solve Problem 7.41. 

PROBLEM 7.41 For the beam and loading shown, (a) draw the shear and 
bending-moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

 
 

 
 

 

 

Reactions at supports. 

Because of the symmetry: 

 
1 (8 8 4 5)kips
2

= = + + ×A B  

  18 kips= =A B  � 

 

Shear diagram 

At A: 18 kipsAV = +  

  max| | 18.00 kips=V   
 

Bending-moment diagram 

At A: 0AM =  

  max| | 48.5 kip ft= ⋅M   
Discontinuities in slope at C and D, due to the discontinuities of V. 
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PROBLEM 7.74 

Using the method of Section 7.6, solve Problem 7.42. 

PROBLEM 7.42 For the beam and loading shown, (a) draw the shear and 
bending-moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

 

 
 

 

 
 

 

 

Free body: Beam 

 0: 0x xF AΣ = =  

 0: (12 kips)(4ft) (15 kips)(7 ft) (10 ft) 0B yM AΣ = + − =  

  15.3 kipsyA = +  � 

 0: 15.3 15 12 0yF BΣ = + − − =  

  11.7 kipsB = +  � 

 

Shear diagram 

At A: 15.3 kipsA yV A= =  

  max| | 15.30 kips=V   

 

Bending-moment diagram 

At A: 0AM =  

  max| | 46.8 kip ft= ⋅M   
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PROBLEM 7.75 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

 

 
 

 

 
 

 

 

Free body: Beam 

 0: 5 kip ft (1 kips)(10 ft) (4 kips)(5 ft) (15 ft) 0B yM AΣ = ⋅ + + − =  

  3.00 kipsyA = +  � 

 0: 0x xF AΣ = =  

 

Shear diagram 

At A: 3.00 kipsA yV A= = +  

  max| | 3.00 kipsV =   

 

Bending-moment diagram 

At A: 5 kip ftAM = − ⋅  

  max| | 15.00 kip ft= ⋅M   
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PROBLEM 7.76 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

 

 

 
 

 

 

Free body: Beam 

 0: 6 kip ft 12 kip ft (2 kips)(18 ft)
(3 kips)(12 ft) (4 kips)(6 ft) (24 ft) 0

B

y

M
A

Σ = ⋅ + ⋅ +
+ + − =

 

  4.75 kipsyA = +  � 

 0: 0x xF AΣ = =  

 

Shear diagram 

At A: 4.75 kipsA yV A= = +  

  max| | 4.75 kipsV =   

 

Bending-moment diagram 

At A: 6 kip ftAM = − ⋅  

  max| | 39.0 kip ft= ⋅M   
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PROBLEM 7.77 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, (b) determine the maximum absolute values of the shear and 
bending moment. 

 

SOLUTION 

 

 
 

 

 
 

 

 

 

Free body: Beam 

 0: 0x xF AΣ = =  

 0: (19.2 kN)(1.2 m) (3.2 m) 0Σ = − =B yM A  

  7.20 kNyA = +  � 

Shear diagram 

 7.20 kNA C yV V A= = = +  

To determine Point D where 0,V =  we write  

 0 7.20 kN (8 kN/m)
D CV V wu

u
− =

− = −  0.9 mu =  � 

We next compute all areas 

Bending-moment diagram 

At A: 0AM =  

Largest value occurs at D with 

 0.8 0.9 1.700 mAD = + =  

  max| | 9.00 kN mM = ⋅   

  1.700 m from A  
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PROBLEM 7.78 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, (b) determine the magnitude and location of the maximum 
bending moment. 

 

SOLUTION 

 

 
 

 
 

 

 

 

Free body: Beam 

 0: 0x xF AΣ = =  

 0: (40 kN)(1.5 m) (3.75 m) 0B yM AΣ = − =  

  16.00 kNyA = +  � 

Shear diagram 

 16.00 kNA C yV V A= = = +  

To determine Point E where 0,V =  we write 

 0 16 kN (20 kN/m)
E CV V wu

u
− = −

− = −  0.800 mu =  � 

We next compute all areas 

Bending-moment diagram 

At A: 0AM =  

Largest value occurs at E with 

 1.25 0.8 2.05 mAE = + =  max| | 26.4 kN mM = ⋅   

  2.05 m  from A  

From A to C and D to B: Straight line segments. From C to D: Parabola 
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PROBLEM 7.79 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the magnitude and location of the 
maximum absolute value of the bending moment. 

 

SOLUTION 

 

 
 

 

 
 

 

 

Free body: Entire beam 

 0: (27 kip ft) (22.5 ft) (1 kip/ft)(18 ft)(13.5 ft) 0CM AΣ = − ⋅ + − =  

 12 kips=A  

 0: 12 1(18) 0yF CΣ = − + =  

 6 kips=C  

Shear diagram 

At A: 12 kipsAV = +  

To locate Point D (where 0)V =  

 0 12 kips (1 kip/ft)
12 ft

D AV V wu
u

u

− = −
− = −

=
 

Bending-moment diagram 

At A: 0AM =  

  max| | 45.0 kip ftM = ⋅   

  12.00 ft  from A  
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PROBLEM 7.80 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, (b) determine the magnitude and location of the maximum absolute 
value of the bending moment. 

 

SOLUTION 

Free body: Entire beam 

 0: (6 kips)(10 ft) (9 kips)(7 ft) 8(4 ft) 0AMΣ = − + =  

 0.75 kipsB = +  

 0.75 kips=B  

 0: 0.75 kips 9 kips 6 kips 0yF AΣ = + − + =  

 2.25 kipsA = +  

 2.25 kips=A  

 

 max 12.00 kip ftM = ⋅   

6.00 ft  from A 
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PROBLEM 7.81 

(a) Draw the shear and bending-moment diagrams for beam AB, (b) determine 
the magnitude and location of the maximum absolute value of the bending 
moment. 

 

SOLUTION 

 
 

 
 

 
 

 

 

 

 

 

 

Reactions at supports 

Because of symmetry of load 

 1 (300 8 300)
2

A B= = × +  

  1350 lb= =A B  � 

Load diagram for AB 

The 300-lb force at D is replaced by an equivalent force-couple system at C. 

 

 

Shear diagram 

At A: 1350 lbAV A= =  

To determine Point E where 0:V =  

 
0 1350 lb (300 lb/ft)

E AV V wx
x

− = −
− = −

 

  4.50 ftx =  � 

We compute all areas  

Bending-moment diagram 

At A: 0AM =  

Note 600 lb ft− ⋅  drop at C due to couple 

  max| | 3040 lb ftM = ⋅   

  4.50 ft from A   
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PROBLEM 7.82 

Solve Problem 7.81 assuming that the 300-lb force applied at D is directed 
upward. 

PROBLEM 7.81 (a) Draw the shear and bending-moment diagrams for 
beam AB, (b) determine the magnitude and location of the maximum absolute 
value of the bending moment. 

 

SOLUTION 

 

 
 

 
 

 

 
 

 

 

 

 

Reactions at supports 

Because of symmetry of load: 

 1 (300 8 300)
2

A B= = × −  

  1050 lb= =A B  � 

 

Load diagram 

The 300-lb force at D is replaced by an equivalent force-couple  
system at C. 

 

Shear diagram 

At A: 1050 lbAV A= =  

To determine Point E where 0:V =  

 
0 1050 lb (300 lb/ft)

E AV V wx
x

− = −
− = −

 

  3.50 ftx =  � 

We compute all areas  

Bending-moment diagram 

At A: 0AM =  

Note 600 lb ft− ⋅  increase at C due to couple 

  max| | 1838 lb ftM = ⋅   

  3.50 ft from A   
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PROBLEM 7.83 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the magnitude and location of the 
maximum absolute value of the bending moment. 

 

SOLUTION 

 

 
 

 

 

 
 

 

 

 

 

 

Free body: Beam 

 0: (4 m) (100 kN)(2 m) 20 kN m 0AM BΣ = − − ⋅ =  

  55 kNB = +  � 

 0: 0x xF AΣ = =  

 0: 55 100 0y yF AΣ = + − =  

  45 kNyA = +  � 

Shear diagram 

At A: 45 kNA yV A= = +  

To determine Point C where 0:=V  

 
0 45 kN (25 kN m)

− = −
− = − ⋅

C AV V wx
x

 

  1.8 mx =  � 

We compute all areas bending-moment 

Bending-moment diagram 

At A: 0AM =  

At B: 20 kN mBM = − ⋅  

  max| | 40.5 kN mM = ⋅   

  1.800 m  from A  

Single arc of parabola 
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PROBLEM 7.84 

Solve Problem 7.83 assuming that the 20-kN ⋅ m couple applied at B is 
counterclockwise. 

PROBLEM 7.83 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the magnitude and location 
of the maximum absolute value of the bending moment. 

 

SOLUTION 

 

 

 

 

 
 

 

 

 

 

 

Free body: Beam 

 0: (4 m) (100 kN)(2 m) 20 kN m 0AM BΣ = − − ⋅ =  

  45 kNB = +  � 

 0: 0x xF AΣ = =  

 0: 45 100 0y yF AΣ = + − =  

  55 kNyA = +  � 

Shear diagram 

At A: 55 kNA yV A= = +  

To determine Point C where 0 :V =  

 
0 55 kN (25 kN/m)

− = −
− = −

C AV V wx
x

 

  2.20 mx =  � 

We compute all areas bending-moment 

Bending-moment diagram 

At A: 0AM =  

At B: 20 kN mBM = + ⋅  

  max| | 60.5 kN mM = ⋅   

  2.20 m  from A  

Single arc of parabola 
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PROBLEM 7.85 

For the beam and loading shown, (a) write the equations of the 
shear and bending-moment curves, (b) determine the magnitude and 
location of the maximum bending moment. 

 

SOLUTION 

Distributed load 

  0 0
11 Total
2

xw w w L
L

⎛ ⎞ ⎛ ⎞= − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
0

0
10: 0

3 2 6A
w LLM w L LB⎛ ⎞Σ = − = =⎜ ⎟

⎝ ⎠
B  

 
0 0

0
10: 0
2 6 3y y y

w L w LF A w LΣ = − + = =A  

Shear: 0

3A y
w LV A= =  

Then 

00

20 0
0

2

0

1

1
3 2

1 1
3 2

x

A

dV w V
dx

xV w dx
L

w L w
V w x x

L

x xw L
L L

= − →

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

⎛ ⎞= − +⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞= − +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

∫

 

Note: At 

0

2
6

20 at 2
3

10 1
3

x L
w LV

x xV
L L

x
L

=

= −

⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= → = −
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PROBLEM 7.85  (Continued) 

 

Moment: 0AM =  

Then 
/

0 0

2/2
0 0

2 3
2

0

1 1
3 2

1 1 1
3 2 6

x x L

x L

dM x xV M Vdx L V d
dx L L

x x xM w L d
L L L

x x xM w L
L L L

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= → = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎡ ⎤⎛ ⎞ ⎛ ⎞= − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

∫ ∫

∫

 

 2
max 0

1at 1 0.06415
3

xM w L
L

⎛ ⎞
= − =⎜ ⎟⎜ ⎟

⎝ ⎠
 

(a) 
2

0
1 1
3 2

x xV w L
L L

⎡ ⎤⎛ ⎞= − +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

  

 
2 3

2
0

1 1 1
3 2 6

x x xM w L
L L L

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

  

(c) 2
max 00.0642M w L=   

 at  0.423x L=   
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PROBLEM 7.86 

For the beam and loading shown, (a) write the equations of the 
shear and bending-moment curves, (b) determine the magnitude and 
location of the maximum bending moment. 

 

SOLUTION 

(a) We note that at ( ): 0, 0B BB x L V M= = =  (1) 

 Load: 0 0 0
1 4( ) 1 1
3 3

x x xw x w w w
L L L

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

 Shear: We use Eq. (7.2) between ( ) and ( ):C x x B x L= =  

 

0

2 2

0 0

( ) 0 ( ) ( )

4( ) 1
3

2 2 2
3 3 3

L L

B C x x

L

x

L

x

V V w x dx V x w x dx

xV x w dx
L

x L xw x w L x
L L

− = − − = −

⎛ ⎞= −⎜ ⎟
⎝ ⎠

⎡ ⎤ ⎛ ⎞
= − = − − +⎜ ⎟⎢ ⎥ ⎜ ⎟

⎣ ⎦ ⎝ ⎠

∫ ∫

∫

 

 2 20( ) (2 3 )
3
wV x x Lx L
L

= − +  (2)  

 Bending moment: We use to Eq. (7.4) between ( )C x x=  and ( ) :B x L=  

 

2 20

3 2 20

3 2 20

3 3 3 3 2 20

( ) 0 ( )

(2 3 )
3

2 3( )
3 3 2

[4 9 6 ]
18

[(4 9 6 ) (4 9 6 )]
18

L

B C x

L

x

L

L
x

M M V x dx M x

w
x Lx L dx

L
w

M x x Lx L x
L

w
x Lx L x

L
w

L L L x Lx L x
L

− = −

= − +

⎡ ⎤= − − +⎢ ⎥⎣ ⎦

= − − +

= − − + − − +

∫

∫

 

 3 2 2 30( ) (4 9 6 )
18
wM x x Lx L x L

L
= − + −  (3)  

 
 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1106 

PROBLEM 7.86  (Continued) 

 

(b) Maximum bending moment 

 0dM V
dx

= =  

 Eq. (2): 2 22 3 0x Lx L− + =  

 3 9 8
4 2

Lx L− −= =  

 Carrying into (3): 
2

0
max , At  

72 2
w L LM x= =   

 Note: 
2

0
max| | At  0

18
w LM x= =  
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PROBLEM 7.87 

For the beam and loading shown, (a) write the equations of the shear 
and bending-moment curves, (b) determine the magnitude and location 
of the maximum bending moment. 

 

SOLUTION 

 

 

0

0 1

cos
2

2 sin
2

dv xw w
dx L

L xV wdx w C
L

π

π
π

= − =

⎛ ⎞= − = − +⎜ ⎟
⎝ ⎠∫  (1) 

 

0 1

2

0 1 2

2 sin
2

2 cos
2

dM L xV w C
dx L

L xM Vdx w C x C
L

π
π

π
π

⎛ ⎞= = − +⎜ ⎟
⎝ ⎠

⎛ ⎞= = + + +⎜ ⎟
⎝ ⎠∫  (2) 

Boundary conditions 

At 0:x =  1 10 0V C C= = =  

At 0:x =  
2

0 2

2

2 0

2 cos(0) 0

2

LM w C

LC w

π

π

⎛ ⎞= + + =⎜ ⎟
⎝ ⎠

⎛ ⎞= − ⎜ ⎟
⎝ ⎠

 

Eq. (1)  0
2 sin

2
L xV w

L
π

π
⎛ ⎞= − ⎜ ⎟
⎝ ⎠

  

  
2

0
2 1 cos

2
L xM w

L
π

π
⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

  

maxM  at :x L=   
2

2
max 0 02

2 4| | | 1 0|LM w w L
π π

⎛ ⎞= − + =⎜ ⎟
⎝ ⎠
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PROBLEM 7.88 

The beam AB, which lies on the ground, supports the parabolic 
load shown. Assuming the upward reaction of the ground to be 
uniformly distributed, (a) write the equations of the shear and 
bending-moment curves, (b) determine the maximum bending 
moment. 

 

SOLUTION 

(a) 20
20

40: ( ) 0
L

y g
wF w L Lx x dx
L

Σ = − − =∫  

 

2 30
02

0

4 1 1 2
2 3 3

2
3

g

g

w
w L LL L w L

L
ww

⎛ ⎞= − =⎜ ⎟
⎝ ⎠

=
 

 Define so x dxd
L L

ξ ξ= =  net load
2

0 0
24
3

x xw w w
L L

⎡ ⎤⎛ ⎞= − −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 

 or 2
0

14
6

w w ξ ξ⎛ ⎞= − + −⎜ ⎟
⎝ ⎠

 

 

2
00

2 3
0

1(0) 4
6

1 1 14
6 2 3

0

V V w L d

w L

ξ
ξ ξ ξ

ξ ξ ξ

⎛ ⎞−⎜ ⎟
⎝ ⎠

⎛ ⎞+ ⎜ ⎟
⎝ ⎠

= − − +

= + −

∫
 2 3

0
2 ( 3 2 )
3

V w L ξ ξ ξ= − +   

 

2 2 3
0 00 0

2 2 3 4 2 2 3 4
0 0

20 ( 3 2 )
3

2 1 1 1 ( 2 )
3 2 2 3

x
M M Vdx w L d

w L w L

ξ
ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ

= + = + − +

⎛ ⎞= − + = − +⎜ ⎟
⎝ ⎠

∫ ∫
  

(b) Max M occurs where 0V = 21 3 2 0ξ ξ− + = 1
2

ξ =  

 
2

2 0
0

1 1 1 2 1
2 3 4 8 16 48

w L
M w Lξ⎛ ⎞ ⎛ ⎞= = − + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
2

0
max 48

w LM = at center of beam  

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1109 

 

 

PROBLEM 7.89 

The beam AB is subjected to the uniformly distributed load shown and to two 
unknown forces P and Q. Knowing that it has been experimentally 
determined that the bending moment is 800 N m+ ⋅  at D and 1300 N m+ ⋅  at E, 
(a) determine P and Q, (b) draw the shear and bending-moment diagrams for 
the beam. 

 

SOLUTION 

 

 
 

 
 

 

 

 

 
 

 

 

(a) Free body: Portion AD 

 0: 0x xF CΣ = =  

 0: (0.3 m) 0.800 kN m (6 kN)(0.45 m) 0D yM CΣ = − + ⋅ + =  

 11.667 kNyC = +  11.667 kN=C   

 Free body: Portion EB 

 0: (0.3 m) 1.300 kN m 0EM BΣ = − ⋅ =  

  4.333 kN=B   

 Free body: Entire beam 

 0: (6 kN)(0.45 m) (11.667 kN)(0.3 m)
(0.3 m) (4.333 kN)(0.6 m) 0

DM
Q

Σ = −
− + =

 

  6.00 kN=Q   

  0: 11.667 kN 4.333 kNyMΣ = +  
 6 kN 6 kN 0P− − − =  

  4.00 kN=P   

 

 Load diagram 

 

(b) Shear diagram 

 At A: 0AV =  

  max| | 6 kNV =  
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PROBLEM 7.89  (Continued) 

 

 Bending-moment diagram 

 At A:  0AM =  

  max| | 1300 N mM = ⋅  

 We check that 

 800 N m and 1300 N mD EM M= + ⋅ = + ⋅  

 As given: 

 At C: 900 N mCM = − ⋅   
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PROBLEM 7.90 

Solve Problem 7.89 assuming that the bending moment was found to  
be 650 N m+ ⋅  at D and 1450 N m+ ⋅  at E. 

PROBLEM 7.89 The beam AB is subjected to the uniformly 
distributed load shown and to two unknown forces P and Q. Knowing 
that it has been experimentally determined that the bending moment  
is 800 N m+ ⋅  at D and 1300 N m+ ⋅  at E, (a) determine P and Q,  
(b) draw the shear and bending-moment diagrams for the beam. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

(a) Free body: Portion AD 

 0: 0x xF CΣ = =  

 0: (0.3 m) 0.650 kN m (6 kN)(0.45 m) 0DM CΣ = − + ⋅ + =  

 11.167 kN= +yC  11.167 kN=C   

 Free body: Portion EB 

 0: (0.3 m) 1.450 kN m 0EM BΣ = − ⋅ =  

  4.833 kN=B   

 Free body: Entire beam 

 0: (6 kN)(0.45 m) (11.167 kN)(0.3 m)
(0.3 m) (4.833 kN)(0.6 m) 0

DM
Q

Σ = −
− + =

 

  7.50 kN=Q   

  0: 11.167 kN 4.833 kN

6 kN 7.50 kN 0
yM

P

Σ = +

− − − =

 

  2.50 kN=P   

 Load diagram 

 

(b) Shear diagram 

 At A:  0AV =  

  max| | 6 kNV =   
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PROBLEM 7.90  (Continued) 

 

 Bending-moment diagram 

 At A:  0AM =  

  max| | 1450 N mM = ⋅   

 We check that 

 650 N m and 1450 N mD EM M= + ⋅ = + ⋅  

 As given: 

 At C: 900 N mCM = − ⋅   
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PROBLEM 7.91* 

The beam AB is subjected to the uniformly distributed load shown and 
to two unknown forces P and Q. Knowing that it has been 
experimentally determined that the bending moment is 6.10 kip ft+ ⋅  at 
D and 5.50 kip ft+ ⋅  at E, (a) determine P and Q, (b) draw the shear and 
bending-moment diagrams for the beam. 

 

SOLUTION 

(a) Free body: Portion DE 

 0: 5.50 kip ft 6.10 kip ft (1 kip)(2 ft) (4 ft) 0E DM VΣ = ⋅ − ⋅ + − =  

 0.350 kipDV = +  

 0: 0.350 kip 1kip 0y EF VΣ = − − =  

 0.650 kipEV = −  

 

 Free body: Portion AD 

 0: 6.10 kip ft (2ft) (1 kip)(2 ft) (0.350 kip)(4 ft) 0AM PΣ = ⋅ − − − =  

 1.350 kips=P   

 0: 0x xF AΣ = =  

 0: 1 kip 1.350 kip 0.350 kip 0y yF AΣ = − − − =  

 2.70 kipsyA = +  2.70 kips=A   

 

 Free body: Portion EB 

 0: (0.650 kip)(4 ft) (1 kip)(2 ft) (2 ft) 5.50 kip ft 0BM QΣ = + + − ⋅ =  

 0.450 kip=Q   

 0: 0.450 1 0.650 0yF BΣ = − − − =  

 2.10 kips=B   
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PROBLEM 7.91*  (Continued) 

(b) Load diagram 

 
 Shear diagram 

 At A: 2.70 kipsAV A= = +  

 

 To determine Point G where 0,V =  we write 

 

 0 0.85 kips (0.25 kip/ft)
G CV V wμ

μ
− = −

− = −  

  3.40 ftμ =   

 We next compute all areas max| | 2.70 kips at V A=   

 

 Bending-moment diagram 

 At A: 0AM =  

 Largest value occurs at G with  

 2 3.40 5.40 ftAG = + =  

 max| | 6.345 kip ftM = ⋅   

 5.40 ft from A  

 Bending-moment diagram consists of 3 distinct arcs of parabolas. 
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PROBLEM 7.92* 

Solve Problem 7.91 assuming that the bending moment was found to  
be 5.96 kip ft+ ⋅  at D and 6.84 kip ft+ ⋅  at E. 

PROBLEM 7.91* The beam AB is subjected to the uniformly distributed load 
shown and to two unknown forces P and Q. Knowing that it has been 
experimentally determined that the bending moment is 6.10 kip ft+ ⋅  at D  
and 5.50 kip ft+ ⋅  at E, (a) determine P and Q, (b) draw the shear and bending-
moment diagrams for the beam. 

 

SOLUTION 

(a) Free body: Portion DE 

 0: 6.84 kip ft 5.96 kip ft (1 kip)(2 ft) (4 ft) 0E DM VΣ = ⋅ − ⋅ + − =  

 0.720 kipDV = +  

 0: 0.720 kip 1kip 0y EF VΣ = − − =  

 0.280 kipEV = −  

 

 Free body: Portion AD 

 0: 5.96 kip ft (2ft) (1 kip)(2 ft) (0.720 kip)(4 ft) 0AM PΣ = ⋅ − − − =  

 0.540 kip=P   

 0: 0x xF AΣ = =  

  0: 1 kip 0.540 kip 0.720 kip 0y yF AΣ = − − − =  

 2.26 kipsyA = +  2.26 kips=A   

 

 Free body: Portion EB 

 0: (0.280 kip)(4 ft) (1 kip)(2 ft) (2 ft) 6.84 kip ft 0BM QΣ = + + − ⋅ =  

 1.860 kips=Q   

 0: 1.860 1 0.280 0yF BΣ = − − − =  

 3.14 kips=B   
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PROBLEM 7.92*  (Continued) 

 

(b) Load diagram 

 
 

 Shear diagram 

 At A: 2.26 kipsAV A= = +  

 

 To determine Point G where 0,V =  we write 

 

 G CV V wμ− = −  

 0 (1.22 kips) (0.25 kip/ft)μ− = −  

 4.88 ftμ =   

 We next compute all areas max| | 3.14 kips at V B=   

 Bending-moment diagram 

 At A: 0AM =  

 Largest value occurs at G with  

 
 2 4.88 6.88 ftAG = + =  

 max| | 6.997 kip ftM = ⋅   

 6.88 ft from A  

 Bending-moment diagram consists of 3 distinct arcs of parabolas. 
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PROBLEM 7.93 

Two loads are suspended as shown from the cable ABCD. 
Knowing that 1.8 m,Bh =  determine (a) the distance ,Ch (b) the 
components of the reaction at D, (c) the maximum tension in the 
cable. 

 

SOLUTION 

FBD Cable: 0: 0x x x x xF A D A DΣ = − + = =  

 0: (10 m) (6 m)(10 kN) (3 m)(6 kN) 0A yM DΣ = − − =  

 7.8 kNy =D  

 0: 6 kN 10 kN 7.8 kN 0y yF AΣ = − − + =  

 8.2 kNy =A  

FDB AB: 0: (1.8 m) (3 m)(8.2 kN) 0B xM AΣ = − =  

 41 kN
3x =A  

From above 41  kN
3x xD A= =  

FBD CD: 

 410: (4 m)(7.8 kN)  kN 0
3C CM h ⎛ ⎞Σ = − =⎜ ⎟

⎝ ⎠
 

 2.283 mCh =  

 

(a) 2.28 mCh =   

(b) 13.67 kN=xD   

 7.80 kN=yD   

 Since and ,  max  is x x y y ABA B A B T T= �  

 
2

2 2 241 kN (8.2 kN)
3AB x yT A A ⎛ ⎞= + = +⎜ ⎟

⎝ ⎠
 

(c) max 15.94 kNT =   
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PROBLEM 7.94 

Knowing that the maximum tension in cable ABCD is 15 kN, 
determine (a) the distance ,Bh  (b) the distance .Ch  

 

SOLUTION 

FBD Cable: 0: 0x x x x xF A D A DΣ = − + = =  

 0: (10 m) (6 m)(10 kN) (3 m)(6 kN) 0A yM DΣ = − − =  

 7.8 kNy =D  

 0: 6 kN 10 kN 7.8 kN 0y yF AΣ = − − + =  

 8.2 kNy =A  

Since maxand ,x x y y ABA D A D T T= > =  

FBD Pt A: 

 0: 8.2 kN (15 kN)sin 0y AF θΣ = − =  

 1 8.2 kNsin 33.139
15 kNAθ −= = °  

 0: (15 kN)cos 0x x AF A θΣ = − + =  

 (15 kN)cos(33.139 ) 12.56 kNxA = ° =  

FBD CD: 

From FBD cable: 

 (3 m) tan
(3 m) tan(33.139 )

B Ah θ=
= °

 

(a) 1.959 mBh =   

 0: (4 m)(7.8 kN) (12.56 kN) 0C CM hΣ = − =  

(b) 2.48 mCh =   
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PROBLEM 7.95 

If 8 ft,Cd =  determine (a) the reaction at A, (b) the reaction at E. 

 

SOLUTION 

Free body: Portion ABC 

 0Σ =CM  

 2 16 300(8) 0x yA A− + =  

 8 1200x yA A= −  (1) 

Free body: Entire cable 

 

 0: 6 32 (300 lb 200 lb 300 lb)16 ft 0E x yM A AΣ = + + − + + =  

 3 16 6400 0x yA A+ − =  

Substitute from Eq. (1): 

 3(8 1200) 16 6400 0y yA A− + − =  250 lby =A  

Eq. (1) 8(250) 1200xA = −  800 lbx =A  

 0: 0 800 lb 0x x x xF A E EΣ = − + = − + =  800 lbx =E  

 0: 250 300 200 300 0y yF EΣ = + − − − =  550 lby =E  

 
 838 lb=A 17.4°  

 971 lb=E 34.5°   
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PROBLEM 7.96 

If 4.5 ft,Cd =  determine (a) the reaction at A, (b) the reaction at E. 

 

SOLUTION 

Free body: Portion ABC 

 

 0: 1.5 16 300 8 0C x yM A AΣ = − − + × =  

 
(2400 16 )

1.5
y

x
A

A
−

=  (1) 

 

 

 

Free body: Entire cable 0: 6 32 (300 lb 200 lb 300 lb)16 ft 0E x yM A AΣ = + + − + + =  

 3 16 6400 0x yA A+ − =  

Substitute from Eq. (1): 
3(2400 16 )

16 6400 0
1.5

100 lb

−
+ − =

= −

y
y

y

A
A

A

 

Thus yA  acts downward  100 lby =A  

Eq. (1) (2400 16( 100)) 2667 lb
1.5xA − −= =  2667 lbx =A  

 0: 0 2667 0x x x xF A E EΣ = − + = − + =  2667 lbx =E  

 0: 300 200 300 0y y yF A EΣ = + − − − =  

 100 lb 800 lb 0yE− + − =  900 lby =E  

 
 2670 lb=A 2.10°   

 2810 lb=E 18.6°   
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PROBLEM 7.97 

Knowing that 3 m,Cd =  determine (a) the distances Bd  and Dd  (b) the 
reaction at E. 

 

SOLUTION 

Free body: Portion ABC 

 0: 3 4 (5 kN)(2 m) 0C x yM A AΣ = − + =  

 4 10
3 3x yA A= −  (1) 

 

Free body: Entire cable 

 

 0: 4 10 (5 kN)(8 m) (5 kN)(6 m) (10 kN)(3 m) 0Σ = − + + + =E x yM A A  

 4 10 100 0− + =x yA A  

Substitute from Eq. (1): 

 

4 104 10 100 0
3 3

18.571 kN

y y

y

A A

A

⎛ ⎞− − + =⎜ ⎟
⎝ ⎠

= +  18.571 kNy =A  

Eq. (1) 4 10(18.511) 21.429 kN
3 3xA = − = +  21.429 kNx =A  

 0: 0 21.429 0x x x xF A E EΣ = − + = − + =  21.429 kNx =E  

 0: 18.571 kN 5 kN 5 kN 10 kN 0y yF EΣ = + + + + =  1.429 kNy =E  

  21.5 kN=E  3.81°   
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PROBLEM 7.97  (Continued) 

 

Portion AB 

 0: (18.571 kN)(2 m) (21.429 kN) 0B BM dΣ = − =  

 1.733 mBd =   

Portion DE 

Geometry 

 
(3 m) tan 3.8°
0.199 m
4 m 0.199 mD

h

d

=
=
= +

 

 4.20 mDd =   
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PROBLEM 7.98 

Determine (a) distance dC for which portion DE of the cable is 
horizontal, (b) the corresponding reactions at A and E. 

 

SOLUTION 

Free body: Entire cable 

 

  0: 5 kN 5 kN 10 kN 0y yF AΣ = − − − =  20 kNy =A  

  0: (4 m) (5 kN)(2 m) (5 kN)(4 m) (10 kN)(7m) 0AM EΣ = − − − =  

  25 kNE = +  25.0 kN=E   

  0: 25 kN 0x xF AΣ = − + =  25 kNx =A  

   32.0 kN=A  38.7°   

 

Free body: Portion ABC 

 
  0: (25 kN) (20 kN)(4 m) (5 kN)(2 m) 0C CM dΣ = − + =  

  25 70 0Cd − =  2.80 mCd =   
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PROBLEM 7.99 

If dC = 15 ft, determine (a) the distances dB and dD, 
(b) the maximum tension in the cable. 

 

SOLUTION 

Free body: Entire cable 

 
 0: (30 ft) (7.5 ft) (2 kips)(6 ft) (2 kips)(15 ft) (2 kips)(21 ft) 0A y xM E EΣ = − − − − =  

  7.5 30 84 0x yE E− + =  (1) 

Free body: Portion CDE 

  0: (15 ft) (15 ft) (2 kips)(6 ft) 0C y xM E EΣ = − − =  

  15 15 12 0x yE E− + =  (2) 

  1Eq. (1) : 3.75 15 42 0
2 x yE E× − + =  (3) 

 (2) – (3): 11.25 30 0xE − =  

  2.6667 kipsxE =  

Eq. (1): 7.5(2.6667) 30 84 0 3.4667 kipsy yE E− + = =  

  2 2 2 2(2.6667) (3.4667)m x yT E E= + = +  4.37 kipsmT =   
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PROBLEM 7.99  (Continued) 

 

Free body: Portion DE 

 

 0: (3.4667 kips)(9 ft) (2.6667 kips) 0D DM dΣ = − =  11.70 ftDd =   

Return to free body of entire cable  (with 2.6667 kips, 3.4667 kips)x yE E= =  

 0: 3(2 kips) 3.4667 kips 0y yF AΣ = − + =  2.5333 kipsyA =  

 0: 2.6667 kips 0x xF AΣ = − =  2.6667 kipsxA =  
Free body: Portion AB 

 

 0: ( 7.5) (6) 0B x B yM A d AΣ = − − =  

 (2.6667)( 7.5) (2.5333)(6) 0Bd − − =  13.20 ftBd =   
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PROBLEM 7.100 

Determine (a) the distance dC for which portion BC of the 
cable is horizontal, (b) the corresponding components of 
the reaction at E. 

 

SOLUTION 

Free body: Portion CDE 

 

   0: 2(2 kips) 0 4 kipsy y yF E EΣ = − = =  

  0: (4 kips)(15 ft) (2 kips)(6 ft) 0C x CM E dΣ = − − =  

  48 kip ftx CE d = ⋅  (1) 

 

 

Free body: Entire cable 

 

 0: (4 kips)(30 ft) (7.5 ft) (2 kips)(6 ft) (2 kips)(15 ft) (2 kips)(21 ft) 0A xM EΣ = − − − − =  

  4.8 kipsxE =  

From Eq. (1): 
48 48

4.8C
x

d
E

= =  10.00 ftCd =   

Components of reaction at E: 4.80 kipsx =E ; 4.00 kipsyE =   
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PROBLEM 7.101 

Cable ABC supports two loads as shown. Knowing that 4 ft,b =  determine 
(a) the required magnitude of the horizontal force P, (b) the corresponding 
distance a. 

 

SOLUTION 

FBD ABC: 

  0: 40 lb 80 lb 0y yF CΣ = − − + =  

  120 lby =C  

 

 

FBD BC: 

 

  0: (4 ft)(120 lb) (10 ft) 0B xM CΣ = − =  

  48 lbx =C  

From ABC: 0: 0x xF P CΣ = − + =  

  48 lbxP C= =  

   (a)      48.0 lbP =   

  0: (4 ft)(80 lb) (40 lb) (15 ft)(48 lb) 0CM aΣ = + − =  

   (b)      10.00 fta =   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1128 

 

 

PROBLEM 7.102 

Cable ABC supports two loads as shown. Determine the distances a and b 
when a horizontal force P of magnitude 60 lb is applied at A. 

 

SOLUTION 

FBD ABC: 

  0: 0 60 lbx x xF C P CΣ = − = =  

  0: 40 lb 80 lb 0y yF CΣ = − − =  

  120 lby =C  

 

FBD BC: 

 

  0: (120 lb) (10 ft)(60 lb) 0BM bΣ = − =  5.00 ftb =   

FBD AB: 

  0: ( )(40 lb) (5 ft)60 lb 0BM a bΣ = − − =  

  7.5 fta b− =  

  7.5 ft
5 ft 7.5 ft

a b= +
= +

 

   12.50 fta =   
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PROBLEM 7.103 

Knowing that mB = 70 kg and mC = 25 kg, determine the 
magnitude of the force P required to maintain equilibrium. 

 

SOLUTION 

Free body: Portion CD 

  0: (4 m) (3 m) 0C y xM D DΣ = − =  

  
3
4y xD D=  

Free body: Entire cable 

 

  
30: (14 m) (4 m) (10 m) (5 m) 0
4A x B CM D W W PΣ = − − − =  (1) 

Free body: Portion BCD 

  
30: (10 m) (5 m) (6 m) 0
4B x x CM D D WΣ = − − =  

  2.4x CD W=  (2) 

 

For  70 kg 25 kgB Cm m= =  
29.81 m/s :g =  70 25B CW g W g= =  

Eq. (2): 2.4 2.4(25 ) 60x CD W g g= = =  

Eq. (1): 
3 60 (14) 70 (4) 25 (10) 5 0
4

g g g P− − − =  

  100 5 0: 20g P P g− = =  

  20(9.81) 196.2 NP = =  196.2 NP =   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1130 

 

 

PROBLEM 7.104 

Knowing that mB = 18 kg and mC = 10 kg, determine the magnitude 
of the force P required to maintain equilibrium. 

 

SOLUTION 

Free body: Portion CD 

  0: (4 m) (3 m) 0C y xM D DΣ = − =  

  
3
4y xD D=  

Free body: Entire cable 

 

  
30: (14 m) (4 m) (10 m) (5 m) 0
4A x B CM D W W PΣ = − − − =  (1) 

Free body: Portion BCD 

  
30: (10 m) (5 m) (6 m) 0
4B x x CM D D WΣ = − − =  

  2.4x CD W=  (2) 

 

For  18 kg 10 kgB Cm m= =  
29.81 m/s :g =  18 10B CW g W g= =  

Eq. (2): 2.4 2.4(10 ) 24x CD W g g= = =  

Eq. (1): 
3 24 (14) (18 )(4) (10 )(10) 5 0
4

g g g P− − − =  

  80 5 : 16g P P g− =  

  16(9.81) 156.96 NP = =  157.0 NP =   
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PROBLEM 7.105 

If a = 3 m, determine the magnitudes of P and Q required to 
maintain the cable in the shape shown. 

 

SOLUTION 

Free body: Portion DE 

  0: (4 m) (5 m) 0D y xM E EΣ = − =  

  
5
4y xE E=  

Free body: Portion CDE 

  
50: (8 m) (7 m) (2 m) 0
4C x xM E E PΣ = − − =  

  
2
3xE P=  (1) 

 

 

Free body: Portion BCDE 

 

  
50: (12 m) (5 m) (120 kN)(4 m) 0
4B x xM E EΣ = − − =  

  10 480 0; 48 kNx xE E− = =  

Eq. (1): 
248 kN
3

P=  72.0 kNP =   
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PROBLEM 7.105  (Continued) 

 

Free body: Entire cable 

 

  
50: (16 m) (2 m) (3 m) (4 m) (120 kN)(8 m) 0
4A x xM E E P QΣ = − + − − =  

  (48 kN)(20 m 2 m) (72 kN)(3 m) (4 m) 960 kN m 0Q− + − − ⋅ =  

  4 120Q =  30.0 kNQ =   
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PROBLEM 7.106 

If a = 4 m, determine the magnitudes of P and Q required to 
maintain the cable in the shape shown. 

 

SOLUTION 

Free body: Portion DE 

  0: (4 m) (6 m) 0D y xM E EΣ = − =  

  
3
2y xE E=  

Free body: Portion CDE 

  30: (8 m) (8 m) (2 m) 0
2C x xM E E PΣ = − − =  

  
1
2xE P=  (1) 

 

 
Free body: Portion BCDE 

 

  
30: (12 m) (6 m) (120 kN)(4 m) 0
2B x xM E EΣ = − + =  

  12 480 40 kNx xE E= =  

Eq (1): 
1 1; 40 kN
2 2xE P P= =  80.0 kNP =   

 

 

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1134 

PROBLEM 7.106  (Continued) 

 

Free body: Entire cable 

 

 
30: (16 m) (2 m) (4 m) (4 m) (120 kN)(8 m) 0
2A x xM E E P QΣ = − + − − =  

  (40 kN)(24 m 2 m) (80 kN)(4 m) (4 m) 960 kN m 0Q− + − − ⋅ =  

  4 240Q =  60.0 kNQ =   
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PROBLEM 7.107 

A wire having a mass per unit length of 0.65 kg/m is suspended from two supports at the same elevation that 
are 120 m apart. If the sag is 30 m, determine (a) the total length of the wire, (b) the maximum tension in  
the wire. 

 

SOLUTION 

 

Eq. 7.16: cosh

6030 cosh

B
B

xy c
c

m c c
c

=

+ =

 

Solve by trial and error: 64.459 mc =  

Eq. 7.15: sin

60 m(64.456 m) sinh
64.459 m

69.0478 m

B
B

B

B

xs c h
c

s

s

=

=

=

 

Length 2 2(69.0478 m) 138.0956 mBs= = =  138.1 mL =   

Eq. 7.18: ( )m BT wy w h c= = +  

  2(0.65 kg/m)(9.81 m/s )(30 m 64.459 m)= +  

  602.32 NmT =  602 NmT =   
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PROBLEM 7.108 

Two cables of the same gauge are attached to a transmission tower 
at B. Since the tower is slender, the horizontal component of the 
resultant of the forces exerted by the cables at B is to be zero. 
Knowing that the mass per unit length of the cables is 0.4 kg/m, 
determine (a) the required sag h, (b) the maximum tension in each 
cable. 

 

SOLUTION 

  BW wx=  

  00: ( ) 0
2
B

B B B
yM T y wxΣ = − =  

(a)  Horiz. comp. 
2

0 2
B

B

wxT
y

= =  

 Cable AB 45 mBx =  

  
2

0
(45 m)

2
wT

h
=  

 Cable BC 
2

0

30 m, 3 m

(30 m)
2(3 m)

B Bx y

wT

= =

=

 

 Equate 0 0T T=  
2 2(45 m) (30 m)

2 2(3 m)
w w

h
=  6.75 mh =   

(b)  2 2 2
0mT T W= +  

 Cable AB: (0.4 kg/m)(9.81 m/s) 3.924 N/mw = =  

  45 m, 6.75 mB Bx y h= = =  

  
2 2

0
(3.924 N/m)(45 m) 588.6 N

2 2(6.75 m)
B

B

wxT
y

= = =  

  (3.924 N/m)(45 m) 176.58 NBW wx= = =  

  2 2 2(588.6 N) (176.58 N)mT = +  

 For AB:  615 NmT =   
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PROBLEM 7.108  (Continued) 

 

 Cable BC 30 m, 3 mB Bx y= =  

  
2 2

0
(3.924 N/m)(30 m) 588.6 N (Checks)

2 2(3 m)
B

B

wxT
y

= = =  

  (3.924 N/m)(30 m) 117.72 NBW wx= = =  

  2 2 2(588.6 N) (117.72 N)mT = +  

 For BC  600 NmT =   
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PROBLEM 7.109 

Each cable of the Golden Gate Bridge supports a load w = 11.1 kips/ft along the horizontal. Knowing that the 
span L is 4150 ft and that the sag h is 464 ft, determine (a) the maximum tension in each cable, (b) the length 
of each cable. 

 

SOLUTION 

Eq. (7.8) Page 386: 

At B:  
2

02
B

B
wxy

T
=  

  
2 2

0
(11.1 kip/ft)(2075 ft)

2 2(464 ft)
B

B

wxT
y

= =  

(a)  0 51.500 kipsT =  

  (11.1 kips/ft)(2075 ft) 23.033 kipsBW wx= = =  

  2 2 2 2
0 (51.500 kips) (23.033 kips)mT T W= + = +  

   56,400 kipsmT =   

(b)  
2 4

2 2 464 ft1 0.22361
3 5 2075 ft

B B B
B B

B B B

y y ys x
x y x

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥= + − + = =⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 

  2 42 2(2075 ft) 1 (0.22361) (0.22361) 2142.1 ft
3 5Bs ⎡ ⎤= + − + =⎢ ⎥⎣ ⎦

 

 Length 2 2(2142.1 ft)Bs= =  Length 4280 ft=   
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PROBLEM 7.110 

The center span of the George Washington Bridge, as originally constructed, consisted of a uniform roadway 
suspended from four cables. The uniform load supported by each cable was 9.75 kips/ftw =  along the 
horizontal. Knowing that the span L is 3500 ft and that the sag h is 316 ft, determine for the original 
configuration (a) the maximum tension in each cable, (b) the length of each cable.  

 

SOLUTION 

 
(9.75 kips/ft) (1750 ft)

17,063 kips
= =
=

BW wx
W

 

 0

0

0: (316 ft) (17063 kips)(875 ft)
47,247 kips

BM T c
T

Σ = − =
=

 

(a) 2 2
0

2 2(47,247 kips) (17,063 kips)

mT T W= +

= +

 

 50,200 kipsmT =   

(b) 
2 4

2 4

2 21
3 5

316 ft 0.18057
1750 ft

2 2(1750 ft) 1+ (0.18057) (0.18057)
3 5

B B
B B

B B

B

B

y ys x
x x

y
x

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥= + − +⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

= =

⎡ ⎤= − +⎢ ⎥⎣ ⎦

 

 1787.3 ft; Length 2 3579.6 ft= = =B Bs s  Length 3580 ft=   
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PROBLEM 7.111 

The total mass of cable AC is 25 kg. Assuming that the mass of the 
cable is distributed uniformly along the horizontal, determine the 
sag h and the slope of the cable at A and C.  

 

SOLUTION 

Cable: 25 kg
25 (9.81)
245.25 N

m
W

=
=
=

 

Block: 450 kg
4414.5 N

m
W

=
=

 

 0: (245.25) (2.5) (4414.5)(3) (2.5) 0
5543 N

B x

x

M C
C

Σ = + − =
=

 

 0: 5543 Nx x xF A CΣ = = =  

 0: (5) (5543) (2.5) (245.25) (2.5) 0A yM CΣ = − − =  

 2894 Ny =C  

 + 0: 245.25N 0y y yF C AΣ = − − =  

 2894 245.25 N 0yN A− − =  2649 Ny =A  

Point A: 
2649tan 0.4779;
5543

φ = = =y
A

x

A
A  25.5Aφ = °   

 

Point C: 
2894tan 0.5221;
5543

y
C

x

C
C

φ = = =  27.6Cφ = °   

 

Free body: Half cable (12.5 kg) 122.6W g= =  

 0 0: (122.6 N)(1.25 M) + (2649 N)(2.5 m) (5543 N) 0
1.2224 m; sag 1.25 m 1.2224 m

Σ = − =
= = = −

d

d

M y
y h

 

 0.0276 m 27.6 mmh = =   
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PROBLEM 7.112 

A 50.5-m length of wire having a mass per unit length of 0.75 kg/m is used to span a horizontal distance of  
50 m. Determine (a) the approximate sag of the wire, (b) the maximum tension in the wire. [Hint: Use only 
the first two terms of Eq. (7.10).] 

 

SOLUTION 

First two terms of Eq. 7.10 

(a) 

2

1 (50.5 m) 25.25 m,
2
1 (50 m) 25 m
2

21
3

B

B

B

B
B B

B

s

x

y h

ys x
x

= =

= =

=

⎡ ⎤⎛ ⎞
⎢ ⎥= + ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 

 

2

2 2

225.25 m 25 m 1
3

30.01 0.015
2

0.12247

0.12247
25m

B

B

B

B

B

B

y
x

y
x

y
x
h

⎡ ⎤⎛ ⎞⎢ ⎥= − ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

=

=

 

 3.0619 mh =  3.06 mh =   

(b) Free body: Portion CB 

 
(0.75 kg/m)(9.81m) 7.3575 N/m

(25.25 m)(7.3575 N/m)
185.78 N

B

w
W s w
W

= =
= =
=

 

 0 0

0

0

0: (3.0619 m) (185.78 N)(12.5 m) 0
758.4 N

758.4 Nx

M T
T
B T

Σ = − =
=
= =

 

 + 0: 185.78 N 0 185.78 Ny y yF B BΣ = − = =  

 
2 2 2 2(758.4 N) (185.78 N)m x yT B B= + = +  781 NmT =   
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PROBLEM 7.113 

A cable of length L + Δ is suspended between two points that are at the same elevation and a distance L apart. 
(a) Assuming that Δ is small compared to L and that the cable is parabolic, determine the approximate sag in 
terms of L and Δ. (b) If L = 100 ft and Δ = 4 ft, determine the approximate sag. [Hint: Use only the first two 
terms of Eq. (7.10). 

 

SOLUTION 

Eq. 7.10 (First two terms) 

(a)  
2

21
3

B
B B

B

ys x
x

⎡ ⎤⎛ ⎞⎢ ⎥= + ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 

  

/2
1 ( )
2

B

B

B

x L

s L

y h

=

= + Δ

=

 

  
2

2

1 2( ) 1
2 2 3 L

L hL
⎡ ⎤⎛ ⎞⎢ ⎥+ Δ = + ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 

  
2

24 3; ;
2 3 8

h h L
L

Δ = = Δ  3
8

h L= Δ   

(b)  3100 ft, 4 ft. (100)(4);
8

L h h= = =  12.25 fth =   
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PROBLEM 7.114 

The center span of the Verrazano-Narrows Bridge consists of two uniform roadways suspended from four 
cables. The design of the bridge allows for the effect of extreme temperature changes that cause the sag of the 
center span to vary from hw = 386 ft in winter to 394 ftsh =  in summer. Knowing that the span is L = 4260 ft, 
determine the change in length of the cables due to extreme temperature changes. 

 

SOLUTION 

Eq. 7.10. 
2 4

2 21
3 5

B B
B B

B B

y ys x
x x

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥= + − +⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 

Winter: 1386 ft, 2130 ft
2B By h x L= = = =  

  
2 42 386 2 386(2130) 1 2175.715 ft

3 2130 5 2130Bs
⎡ ⎤⎛ ⎞ ⎛ ⎞= + − + =⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
 

Summer: 1394 ft, 2130 ft
2B By h x L= = = =  

  
2 42 394 2 394(2130) 1 2177.59 ft

3 2130 5 2130Bs
⎡ ⎤⎛ ⎞ ⎛ ⎞= + − + =⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
 

  2( ) 2(2177.59 ft 2175.715 ft) 2(1.875 ft)BsΔ = Δ = − =  

   Change in length 3.75 ft=   
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PROBLEM 7.115 

Each cable of the side spans of the Golden Gate Bridge 
supports a load w = 10.2 kips/ft along the horizontal. 
Knowing that for the side spans the maximum vertical 
distance h from each cable to the chord AB is 30 ft and 
occurs at midspan, determine (a) the maximum tension 
in each cable, (b) the slope at B. 

 

SOLUTION 

FBD AB: 

  0: (1100 ft) (496 ft) (550 ft) 0A By BxM T T WΣ = − − =  

  11 4.96 5.5By BxT T W− =  (1) 

 

 

FBD CB: 
 

  0: (550 ft) (278 ft) (275 ft) 0
2C By Bx

WM T TΣ = − − =  

  11 5.56 2.75By BxT T W− =  (2) 
 

 
Solving (1) and (2) 28,798 kipsByT =  

Solving (1) and (2 51,425 kipsBxT =  

  2 2
max tan y

x y

x

B
B B B B

B

T
T T T T

T
θ= = + =  

So that (a) max 58,940 kipsT =   

  (b) 29.2Bθ = °   
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PROBLEM 7.116 

A steam pipe weighting 45 lb/ft that passes between two 
buildings 40 ft apart is supported by a system of cables as 
shown. Assuming that the weight of the cable system is 
equivalent to a uniformly distributed loading of 5 lb/ft, 
determine (a) the location of the lowest Point C of the 
cable, (b) the maximum tension in the cable. 

 

SOLUTION 

Note:  40 ftB Ax x− =  

or  40 ftA Bx x= −  

(a) Use Eq. 7.8 

 Point A: 
2 2

0 0

( 40); 9
2 2

A B
A

wx w xy
T T

−
= =  (1) 

 Point B: 
2 2

0 0
; 4

2 2
B B

B
wx wxy

T T
= =  (2) 

 Dividing (1) by (2): 
2

2
( 40)9 ; 16 ft

4
B

B
B

x x
x
−

= =  Point C is 16 ft to left of B  

(b) Maximum slope and thus maxT is at A 

  40 16 40 24 ftA Bx x= − = − = −  

  
2 2

0
0 0

(50 lb/ft)( 24 ft); 9 ft ; 1600 lb
2 2

A
A

wxy T
T T

−= = =  

  (50 lb/ft)(24 ft) 1200 lbACW = =  

  

   max 2000 lbT =   
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PROBLEM 7.117 

Cable AB supports a load uniformly distributed along the 
horizontal as shown. Knowing that at B the cable forms 
an angle θB = 35° with the horizontal, determine (a) the 
maximum tension in the cable, (b) the vertical distance a 
from A to the lowest point of the cable. 

 

SOLUTION 

Free body: Entire cable tan 35y xB B= °  

  
2(45 kg/m)(12 m)(9.81 m/s )

5297.4 N
=
=

W
W

 

  0 : (6 m) (1.8 m) (12 m) 0A x yM W B BΣ = + − =  

  (5297.4)(6) 1.8 tan 35 (12) 0+ − ° =x xB B  

  4814 N (4814 N) tan 35 3370.8 Nx yB B= = ° =  

Free body: Portion CB  

   0: 0y y BCF B WΣ = − =  

  3370.8 NBC yW B= =  

  
2(45 kg/m)(9.81 m/s )BCW b=  

  3370.8 N (441.45 N/m)b=  

  7.6357 mb =  

  0
10: 0
2B C BCM T d W b⎛ ⎞Σ = − =⎜ ⎟

⎝ ⎠  

  1(4814 N) (3370.8 N) (7.6357 m) 0
2Cd − =  

  2.6733 mCd =  

(a)  1.8 m ; 2.6733 m 1.8 m ;Cd a a= + = +  0.873 ma =   

(b)  2 2 2(4814 N) (3370.8 N)m x yT B B B= = + = +  

  5877 NmT =  5880 NmT =   
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PROBLEM 7.118 

Cable AB supports a load uniformly distributed along 
the horizontal as shown. Knowing that the lowest point 
of the cable is located at a distance a = 0.6 m below A, 
determine (a) the maximum tension in the cable, (b) the 
angle θB that the cable forms with the horizontal at B. 

 

SOLUTION 

Note:  12 mB Ax x− =  

or  12 mA Bx x= −  

Point A: 
2 2

0 0

( 12); 0.6
2 2

A B
A

wx w xy
T T

−
= =  (1) 

Point B: 
2 2

0 0
; 2.4

2 2
B B

B
wx wxy

T T
= =  (2) 

Dividing (1) by (2): 
2

2
( 12)0.6 ; 8 m

2.4
B

B
B

x x
x
−

= =  

(a) Eq. (2): 
2

0
0

(8)2.4 ; 13.333
2

w T w
T

= =  

 Free body: Portion CB 

  0y y BF B wxΣ = =  

  8yB w=  

  2 2 2 2 2 2; (13.333 ) (8 )m x y mT B B T w w= + = +  

  15.549 15.549(45)(9.81)mT w= =  6860 NmT =   

  1 1tan / tan 8 /13.333B y xB B w wθ − −= =  31.0Bθ = °   
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PROBLEM 7.119* 

A cable AB of span L and a simple beam A′B′ of the same span are 
subjected to identical vertical loadings as shown. Show that the 
magnitude of the bending moment at a point C′ in the beam is equal to 
the product T0h, where T0 is the magnitude of the horizontal component 
of the tension force in the cable and h is the vertical distance between 
Point C and the chord joining the points of support A and B. 

 

SOLUTION 

  0  loads0:  0B Cy BM LA aT MΣ = + − Σ =  (1) 

 

FBD Cable: 

(Where  loadsBMΣ  includes all applied loads) 

  0  left0: 0C Cy C
xM xA h a T M
L

⎛ ⎞Σ = − − − Σ =⎜ ⎟
⎝ ⎠

 (2) 

 

FBD AC: 

(Where  leftCMΣ  includes all loads left of C) 

  0  loads  left(1) (2): 0B C
x xhT M M
L L

− − Σ + Σ =  (3) 

FBD Beam: 

   loads0: 0B By BM LA MΣ = − Σ =  (4) 

   left0: 0C By C CM xA M MΣ = − Σ − =  (5) 

 

FBD AC: 

 

   loads  left(4) (5): 0B C C
x x M M M
L L

− − Σ + Σ + =  (6) 

Comparing (3) and (6)  0CM hT=         Q.E.D. 
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PROBLEM 7.120 

Making use of the property established in Problem 7.119, solve  
the problem indicated by first solving the corresponding beam 
problem. 

PROBLEM 7.94 (a) Knowing that the maximum tension in cable 
ABCD is 15 kN, determine the distance .Bh  

 

SOLUTION 

  0: (10 m) (6 kN)(7 m) (10 kN)(4 m) 0BM AΣ = − − =  

  8.2 kNA =  

  0: 8.2 kN 6 kN 10 kN 0yF BΣ = − − + =  

  7.8 kNB =  

At A:  
2 2 2

0
2 2

0

0

15 8.2
12.56 kN

mT T A

T
T

= +

= +
=

 

At B:  0 ; 24.6 kN m (12.56 kN) ;B B BM T h h= ⋅ =  1.959 mBh =   

At C:  0 ; 31.2 kN m (12.56 kN) ;C C CM T h h= ⋅ =  2.48 mCh =   
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PROBLEM 7.121 

Making use of the property established in Problem 7.119, solve the problem 
indicated by first solving the corresponding beam problem. 

PROBLEM 7.97 (a) Knowing that 3 m,Cd =  determine the distances dB 
and Dd . 

 

SOLUTION 

 

 0: (10 m) (5 kN)(8 m) (5 kN)(6 m) (10 kN)(3 m) 0BM AΣ = − − − =  

 10 kNA =  

Geometry: 

 
1.6 m

3 m 1.6 m
1.4 m

C C

C

C

d h
h

h

= +
= +
=

 

Since M = T0h, h is proportional to M, thus 

 1.4 m;
20 kN m 30 kN m 30 kN m

CB D B D

B C D

hh h h h
M M M

= = = =
⋅ ⋅ ⋅

 

 201.4 0.9333 m
30Bh ⎛ ⎞= =⎜ ⎟

⎝ ⎠
  301.4 1.4 m

30Dh ⎛ ⎞= =⎜ ⎟
⎝ ⎠

 

 0.8 m 0.9333 mBd = +   2.8 m 1.4 mDd = +  

 1.733 mBd =   4.20 mDd =   
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PROBLEM 7.122 

Making use of the property established in Problem 7.119, 
solve the problem indicated by first solving the corresponding 
beam problem. 

PROBLEM 7.99 (a) If dC = 15 ft, determine the distances dB 
and dD. 

 

SOLUTION 

Free body: Beam AE 

 0: (30) 2(24) 2(15) 2(9) 0EM AΣ = − + + + =  

 3.2 kips=A  

 0: 3.2 3(2) 0yF B+Σ = − + =  

 2.8 kips=B  

 

 

 

 

 
 

Geometry: 

Given: 15 ftCd =  

Then, 3.75 ft 11.25 ftC Ch d= − =  

Since M = T0 h, h is proportional to M. Thus, 

 
11.25 ftor,

19.2 30 25.2

CB D

B C D

B D

hh h
M M M
h h

= =

= =
 

 or, 7.2 ft 9.45 ftB Dh h= =  

Then, 6 6 7.2B Bd h= + = +  13.20 ftBd =   

 2.25 2.25 9.45D Dd h= + = +  11.70 ftDd =   
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PROBLEM 7.123 

Making use of the property established in Problem 7.119, 
solve the problem indicated by first solving the corresponding 
beam problem. 

PROBLEM 7.100 (a) Determine the distance dC for which 
portion BC of the cable is horizontal. 

 

SOLUTION 

Free body: Beam AE 

 0: (30) 2(24) 2(15) 2(9) 0EM AΣ = − + + + =  

 3.2 kips=A  

 0: 3.2 3(2) 0yF BΣ = − + =  

 2.8 kips=B  

 

 

 

 

 

 

Geometry: 

Given: C Bd d=  

Then, 3.75 6C Bh h+ = +  
 2.25C Bh h= +  (1) 

Since M = T0h, h is proportional to M. Thus, 

 or,
19.2 30

C CB B

B C

h hh h
M M

= =  

 0.64B Ch h=  (2) 

Substituting (2) into (1): 
 2.25 0.64 6.25 ftC C Ch h h= + =  

Then, 3.75 3.75 6.25C Cd h= + = +  10.00 ftCd =   
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PROBLEM 7.124* 

Show that the curve assumed by a cable that carries a distributed load w(x) is defined by the differential 
equation d2y/dx2 = w(x)/T0, where T0 is the tension at the lowest point. 

 

SOLUTION 

FBD Elemental segment: 

 0: ( ) ( ) ( ) 0y y yF T x x T x w x xΣ = + Δ − − Δ =  

So 
0 0 0

( ) ( ) ( )y yT x x T x w x x
T T T
+ Δ

− = Δ  

But 
0

yT dy
T dx

=  

So 
0

( )x x x

dy dy
dx dx w x

x T
+Δ

−
=

Δ
 

In
0

lim :
xΔ →

 
2

2
0

( )d y w x
Tdx

=              Q.E.D. 
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PROBLEM 7.125* 

Using the property indicated in Problem 7.124, determine the curve assumed by a cable of span L and sag h 
carrying a distributed load w = w0 cos (πx/L), where x is measured from mid-span. Also determine the 
maximum and minimum values of the tension in the cable. 

PROBLEM 7.124 Show that the curve assumed by a cable that carries a distributed load w(x) is defined by 
the differential equation d2y/dx2 = w(x)/T0, where T0 is the tension at the lowest point. 

 

SOLUTION 

 

 0( ) cos xw x w
L

π=  

From Problem 7.124 

 
2

0
2

0 0

( ) coswd y w x x
T T Ldx

π= =  

So 0

0 0
sin using 0

W Ldy x dy
dx T L dx

π
π

⎛ ⎞
= =⎜ ⎟

⎝ ⎠
 

 
2

0
2

0

1 cos [using  (0) 0]w L xy y
LT

π
π

⎛ ⎞= − =⎜ ⎟
⎝ ⎠

  

But 
2 2

0 0
02 2

0

1 cos so
2 2

w L w LLy h T
T h

π
π π

⎛ ⎞ ⎛ ⎞= = − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

And 0 minT T= so 
2

0
min 2

w L
T

hπ
=   

 0
max

0 0/2
: By

A B
x L

T w LdyT T T
T dx T π=

= = = =  

 0
By

w LT
π

=  
2

2 2 0
0 1B By

w L LT T T
hπ π

⎛ ⎞= + = + ⎜ ⎟
⎝ ⎠
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PROBLEM 7.126 

If the weight per unit length of the cable AB is w0/cos2 θ, prove that the curve 
formed by the cable is a circular arc. (Hint: Use the property indicated in 
Problem 7.124.) 

PROBLEM 7.124 Show that the curve assumed by a cable that carries a 
distributed load w(x) is defined by the differential equation d2y/dx2 = w(x)/T0, 
where T0 is the tension at the lowest point. 

 

SOLUTION 

Elemental Segment: 

Load on segment* 0
2( )

cos
w

w x dx ds
θ

=  

But 0
3cos , so ( )

cos
w

dx ds w xθ
θ

= =  

From Problem 7.119 
2

0
2 3

0 0

( )
cos
wd y w x

Tdx T θ
= =  

In general 
2

2
2 (tan ) secd y d dy d d

dx dx dx dxdx
θθ θ⎛ ⎞= = =⎜ ⎟

⎝ ⎠
 

So 0 0
3 2

00 coscos sec
w wd

dx TT
θ

θθ θ
= =  

or 0

0
cos cos

T
d dx rd

w
θ θ θ θ= =  

Giving 0

0
constant.

T
r

w
= =  So curve is circular arc           Q.E.D. 

*For large sag, it is not appropriate to approximate ds by dx. 
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PROBLEM 7.127 

A 30-m cable is strung as shown between two buildings. The 
maximum tension is found to be 500 N, and the lowest point of 
the cable is observed to be 4 m above the ground. Determine 
(a) the horizontal distance between the buildings, (b) the total 
mass of the cable. 

 

SOLUTION 

 

 
15 m
500 N

B

m

s
T

=
=

 

Eq. 7.17: 2 2 2 2 2 2

2 2

; (6 ) 15

36 12 225
12 189 15.75 m

B By s c c c

c c c
c c

− = + − =

+ + − =
= =

 

Eq. 7.15: sinh ; 15 (15.75)sinh

sinh 0.95238 0.8473

B B
B

B B

x xs c
c c

x x
c c

= =

= =

 

(a) 0.8473(15.75) 13.345 m; 2B Bx L x= = =  26.7 mL =   

(b) Eq. 7.18: ; 500 N (6 15.75)
22.99 N/m

m BT wy w
w

= = +
=

 

 2

2 (30 m)(22.99 N/m)
689.7 N

689.7 N
9.81 m/s

BW s w

Wm
g

= =
=

= =  Total mass 70.3 kg=   
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PROBLEM 7.128 

A 200-ft steel surveying tape weighs 4 lb. If the tape is stretched between two points at the same elevation and 
pulled until the tension at each end is 16 lb, determine the horizontal distance between the ends of the tape. 
Neglect the elongation of the tape due to the tension. 

 

SOLUTION 

 
 100 ftBs =  

 
4 lb

0.02 lb/ft 16 m
200 ft mw T⎛ ⎞= = =⎜ ⎟

⎝ ⎠
 

Eq. 7.18: ; 16 lb (0.02 lb/ft) ; 800 ftm B B BT wy y y= = =  

Eq. 7.17: 2 2 2 2 2 2; (800) (100) ; 793.73 ftB By s c c c− = − = =  

Eq. 7.15: sinh ; 100 793.73 sinhB B
B

x xs c
c c

= =  

 0.12566; 99.737 ftB
B

x x
c

= =  

 2 2(99.737 ft)BL x= =  199.5 ftL =   
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PROBLEM 7.129 

A 200-m-long aerial tramway cable having a mass per unit length of 3.5 kg/m is suspended between two 
points at the same elevation. Knowing that the sag is 50 m, find (a) the horizontal distance between the 
supports, (b) the maximum tension in the cable. 

 

SOLUTION 

 
Given: 

 Length 200 m
Unit mass 3.5 kg/m

50 mh

=
=
=

 

Then, 2

2 2 2 2 2 2

2 2 2 2

(3.5 kg/m)(9.81 m/s ) 34.335 N/m
100 m

50 m

; (50 ) (100)

50 100 100
75 m

B

B

B B

w
s
y h c c

y s c c c

c c c
c

= =
=
= + = +

− = + − =

+ + − =
=

 

 sinh ; 100 75sinh
75

B B
B

x xs c
c

= =  

 82.396 mBx =  

 span 2 2(82.396 m)BL x= = =  164.8 mL =   

 (34.335 N/m)(50 m 75 m)m BT wy= = +  4290 NmT =   
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PROBLEM 7.130 

An electric transmission cable of length 400 ft weighing 2.5 lb/ft is suspended between two points at the same 
elevation. Knowing that the sag is 100 ft, determine the horizontal distance between the supports and the 
maximum tension. 

 

SOLUTION 

 
 200 ftBs =  

Eq. 7.17: 2 2 2 2 2 2; (100 ) 200B By s c c c− = + − =  

 2 210000 200 40000 ; 150 ftc c c c+ + − = =  

Eq. 7.15: sinh ; 200 150sinh

4sinh ; 1.0986
3
(150)(1.0986) 164.79 ft

B B
B

B B

B

x xs c
c c

x x
c c
x

= =

= =

= =

 

 2 2(164.79 ft) 329.58 ftBL x= = =  330 ftL =   

Eq. 7.18: (2.5 lb/ft)(100 ft 150 ft)m BT wy= = +  625 lbmT =   
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PROBLEM 7.131 

A 20-m length of wire having a mass per unit length of 0.2 kg/m is 
attached to a fixed support at A and to a collar at B. Neglecting the 
effect of friction, determine (a) the force P for which h = 8 m, (b) the 
corresponding span L. 

 

SOLUTION 

FBD Cable: 

 

 

2

2 2 2 2

20 m20 m so  10 m
2

(0.2 kg/m)(9.81 m/s )
1.96200 N/m
8 m

( )

T B

B

B B B

s s

w

h

y c h c s

⎛ ⎞= = =⎜ ⎟
⎝ ⎠

=
=
=

= + = +

 

So 
2 2

2 2

2

(10 m) (8 m)
2(8 m)

2.250 m

B B

B

s hc
h

c

−=

−=

=

 

Now 1

1

sinh sinh

10 m(2.250 m)sinh
2.250 m

B B
B B

x ss c x c
c c

−

−

= → =

⎛ ⎞
= ⎜ ⎟

⎝ ⎠

 

 4.9438 mBx =  

 0 (1.96200 N/m)(2.250 m)P T wc= = =  (a) 4.41 N=P    

 2 2(4.9438 m)BL x= =  (b) 9.89 mL =   
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PROBLEM 7.132 

A 20-m length of wire having a mass per unit length of 0.2 kg/m is 
attached to a fixed support at A and to a collar at B. Knowing that the 
magnitude of the horizontal force applied to the collar is P = 20 N, 
determine (a) the sag h, (b) the span L. 

 

SOLUTION 

FBD Cable: 

 

 

2

0

2 2 2 2

2 2

2 2

20 m, (0.2 kg/m)(9.81 m/s ) 1.96200 N/m

20 N 10.1937 m
1.9620 N/m

( )
20 m2 0 10 m

2
2(10.1937 m) 100 m 0

T

B B B

B B

s w
PP T wc c
w

c

y h c c s

h ch s s

h h

= = =

= = =

= =

= + = +

+ − = = =

+ − =

 

 4.0861 mh =   (a) 4.09 mh =   

 1 1 10 msinh sinh (10.1937 m)sinh
10.1937 m

A B
B B

x ss c x c
c c

− − ⎛ ⎞= → = = ⎜ ⎟
⎝ ⎠

 

 8.8468 m=  

 2 2(8.8468 m)BL x= =   (b) 17.69 mL =   
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PROBLEM 7.133 

A 20-m length of wire having a mass per unit length of 0.2 kg/m is 
attached to a fixed support at A and to a collar at B. Neglecting the 
effect of friction, determine (a) the sag h for which L = 15 m, (b) the 
corresponding force P. 

 

SOLUTION 

FBD Cable: 

 

 

2

2

20 m20 m 10 m
2

(0.2 kg/m)(9.81 m/s ) 1.96200 N/m
15 m

sinh sinh

7.5 m10 m sinh

T B

L
B

B

s s

w
L

xs c c
c c

c
c

= → = =

= =
=

= =

=

 

Solving numerically: 5.5504 mc =  

 

7.5cosh (5.5504)cosh
5.5504

11.4371 m
11.4371 m 5.5504 m

B
B

B

B B

xy c
c

y
h y c

⎛ ⎞ ⎛ ⎞= = ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

=
= − = −

 

 (a) 5.89 mBh =   

 (1.96200 N/m)(5.5504 m)P wc= =  (b) 10.89 N=P    
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PROBLEM 7.134 

Determine the sag of a 30-ft chain that is attached to two points at the same elevation that are 20 ft apart. 

 

SOLUTION 

 

 

30 ft 15 ft 20 ft
2

10 ft
2

sinh

10 ft15 ft sinh

B

B

B
B

s L

Lx

xs c
c

c
c

= = =

= =

=

=

 

Solving numerically: 6.1647 ftc =  

 

cosh

10 ft(6.1647 ft)cosh
6.1647 ft

16.2174 ft
16.2174 ft 6.1647 ft

B
B

B B

xy c
c

h y c

=

=

=
= − = −  10.05 ftBh =   
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PROBLEM 7.135 

A 90-m wire is suspended between two points at the same elevation that are 60 m apart. Knowing that the 
maximum tension is 300 N, determine (a) the sag of the wire, (b) the total mass of the wire. 

 

SOLUTION 

 
 45 mBs =  

Eq. 7.17: sinh

3045 sinh ; 18.494 m

B
B

xs c
c

c c
c

=

= =

 

Eq. 7.16: cosh

30(18.494)cosh
18.494

48.652 m

48.652 18.494

B
B

B

B

B

xy c
c

y

y
y h c

h

=

=

=
= +
= +

 

 30.158 mh =  30.2 mh =   

Eq. 7.18: 
300 N (48.652 m)

6.166 N/m

m BT wy
w

w

=
=
=

 

Total weight of cable (Length)
(6.166 N/m)(90 m)
554.96 N

W w=
=
=

 

Total mass of cable 554.96 N 56.57 kg
9.81 m/s

Wm
g

= = =  56.6 kgm =   
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PROBLEM 7.136 

A counterweight D is attached to a cable that passes over a small pulley at A 
and is attached to a support at B. Knowing that L = 45 ft and h = 15 ft, 
determine (a) the length of the cable from A to B, (b) the weight per unit 
length of the cable. Neglect the weight of the cable from A to D. 

 

SOLUTION 

Given: 45 ft
15 ft
80 lb
22.5 ft

A

B

L
h

T
x

=
=
=
=

 

By symmetry:  80 lbB A mT T T= = =  

We have 22.5cosh coshB
B

xy c c
c c

= =  

and  15By h c c= + = +  

Then  22.5cosh 15c c
c

= +  

or  22.5 15cosh 1
c c

= +  

Solve by trial for c: 18.9525 ftc =  

(a)  sinh

22.5(18.9525 ft)sinh
18.9525

28.170 ft

B
B

xs c
c

=

=

=

 

   Length 2 2(28.170 ft) 56.3 ftBs= = =   

(b)  ( )m BT wy w h c= = +  

  80 lb (15 ft 18.9525 ft)w= +  2.36 lb/ftw =   
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PROBLEM 7.137 

A uniform cord 50 in. long passes over a pulley at B and is attached to a 
pin support at A. Knowing that L = 20 in. and neglecting the effect of 
friction, determine the smaller of the two values of h for which the cord 
is in equilibrium. 

 

SOLUTION 

 
Length of overhang: 50 in. 2 Bb s= −  

Weight of overhang equals max. tension 

  (50 in. 2 )m B BT T wb w s= = = −  

Eq. 7.15: sinh B
B

xs c
c

=  

Eq. 7.16: cosh B
B

xy c
c

=  

Eq. 7.18: 
(50 in. 2 )

m B

B B

T wy
w s wy

=
− =

 

  50 in. 2 sinh coshB Bx xw c wc
c c

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 

 10 1010: 50 2 sinh coshBx c c
c c

= − =  

Solve by trial and error: 5.549 in.c = and 27.742 in.c =  

For c = 5.549 in. 10 in.(5.549 in.)cosh 17.277 in.
5.549 in.

; 17.277 in. 5.549 in.

B

B

y

y h c h

= =

= + = +

 

  11.728 in.h =  11.73 in.h =   

For c = 27.742 in. 10 in.(27.742 in.)cosh 29.564 in.
27.742 in.

; 29.564 in. 27.742 in.

B

B

y

y h c h

= =

= + = +

 

  1.8219 in.h =  1.822 in.h =   
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PROBLEM 7.138 

A cable weighing 2 lb/ft is suspended between two points at the same elevation that are 160 ft apart. 
Determine the smallest allowable sag of the cable if the maximum tension is not to exceed 400 lb. 

 

SOLUTION 

 
Eq. 7.18: ; 400 lb (2 lb/ft) ; 200 ftm B B BT wy y y= = =  

Eq. 7.16: cosh

80 ft200 ft cosh

B
B

xy c
c

c
c

=

=

 

Solve for c: 182.148 ftc =  and 31.592 ftc =  

  ;B By h c h y c= + = −  

For   182.148 ft;c =  200 182.147 17.852 fth = − =   

For   31.592 ft;c =  200 31.592 168.408 fth = − =   

For   400 lb:mT �  smallest 17.85 fth =   
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PROBLEM 7.139 

A motor M is used to slowly reel in the cable shown. Knowing that the 
mass per unit length of the cable is 0.4 kg/m, determine the maximum 
tension in the cable when h = 5 m. 

 

SOLUTION 

 

 

0.4 kg/m 10 m 5 m

cosh

cosh
2
5 m5 m cosh 1

B

B
B

B

w L h
xy c
c
Lh c c
c

c
c

= = =

=

+ =

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

Solving numerically: 

max
2

3.0938 m
5 m 3.0938 m

8.0938 m

(0.4 kg/m)(9.81 m/s )(8.0938 m)

B B

B B

c
y h c

T T wy

=
= + = +
=
= =

=

 

   max 31.8 NT =   
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PROBLEM 7.140 

A motor M is used to slowly reel in the cable shown. Knowing that the 
mass per unit length of the cable is 0.4 kg/m, determine the maximum 
tension in the cable when h = 3 m. 

 

SOLUTION 

 

 

0.4 kg/m, 10 m, 3 m

cosh cosh
2

5 m3 m cosh 1

B

B
B B

w L h
x Ly h c c c
c c

c c
c

= = =

= + = =

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

Solving numerically: 

max
2

4.5945 m
3 m 4.5945 m

7.5945 m

(0.4 kg/m)(9.81 m/s )(7.5945 m)

B B

B B

c
y h c

T T wy

=
= + = +
=
= =

=

 

   max 29.8 NT =   
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PROBLEM 7.141 

A uniform cable weighing 3 lb/ft is held in the position shown by a 
horizontal force P applied at B. Knowing that P = 180 lb and θA = 60°, 
determine (a) the location of Point B, (b) the length of the cable. 

 

SOLUTION 

Eq. 7.18: 0

180 lb 60 ft
3 lb/ft

T P cw
Pc c
w

= =

= = =

 

At A:  
cos 60

2
0.5

m
PT

cw cw

=
°

= =

 

(a) Eq. 7.18: ( )
2 ( )

mT w h c
cw w h c

= +
= +

 

  2c h c h b c= + = =  60.0 ftb =   

 Eq. 7.16: cosh

cosh

(60 ft 60 ft) (60 ft) cosh
60

cosh 2 1.3170
60 m 60 m

A
A

A

A

A A

xy c
c
xh c c
c

x

x x

=

+ =

+ =

= =

 

  79.02 ftAx =  79.0 fta =   

(b) Eq. 7.15: 79.02 ftsinh (60 ft)sinh
60 ft

103.92 ft

B
A

A

xs c
c

s

= =

=

 

  length As=  103.9 ftAs =   
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PROBLEM 7.142 

A uniform cable weighing 3 lb/ft is held in the position shown by a 
horizontal force P applied at B. Knowing that P = 150 lb and θA = 60°, 
determine (a) the location of Point B, (b) the length of the cable. 

 

SOLUTION 

Eq. 7.18: 0

150 lb 50 ft
3 lb/ft

T P cw
Pc
w

= =

= = =

 

At A:  
cos60

2
0.5

m
PT

cw cw

=
°

= =

 

(a) Eq. 7.18: ( )
2 ( )

mT w h c
cw w h c

= +
= +

 

  2c h c h c b= + = =  50.0 ftb =   

 Eq. 7.16: cosh

cosh

(50 ft 50 ft) (50 ft)cosh

cosh 2 1.3170

A
A

A

A

A A

xy c
c
xh c c
c

x
c

x x
c c

=

+ =

+ =

= =

 

  1.3170(50 ft) 65.85 ftAx = =  65.8 fta =   

(b) Eq. 7.15: 65.85 ftsinh (50 ft)sinh
50 ft

A
A

xs c
c

= =  

  86.6 ftAs =  length 86.6 ftAs= =   
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PROBLEM 7.143 

To the left of Point B the long cable ABDE rests on the rough 
horizontal surface shown. Knowing that the mass per unit length of 
the cable is 2 kg/m, determine the force F when a = 3.6 m. 

 

SOLUTION 

 

  

3.6 m 4 m

cosh

cosh

3.6 m4 m cosh 1

D

D
D

x a h
xy c
c

ah c c
c

c
c

= = =

=

+ =

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

Solving numerically 2.0712 mc =  

Then  4 m 2.0712 m 6.0712 mBy h c= + = + =  

  2
max (2 kg/m)(9.81 m/s )(6.0712 m)BF T wy= = =  119.1 N=F   
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PROBLEM 7.144 

To the left of Point B the long cable ABDE rests on the rough 
horizontal surface shown. Knowing that the mass per unit length of 
the cable is 2 kg/m, determine the force F when a = 6 m. 

 

SOLUTION 

 

  

6 m 4 m

y cosh

cosh

6 m4 m cosh 1

D

D
D

x a h
xc
c

ah c c
c

c
c

= = =

=

+ =

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

Solving numerically 5.054 mc =  

  2

4 m 5.054 m 9.054 m

(2 kg/m)(9.81 m/s )(9.054 m)
B

D D

y h c

F T wy

= + = + =

= = =  177.6 N=F   
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PROBLEM 7.145 

The cable ACB has a mass per unit length of 0.45 kg/m. Knowing 
that the lowest point of the cable is located at a distance a = 0.6 m 
below the support A, determine (a) the location of the lowest 
Point C, (b) the maximum tension in the cable. 

 

SOLUTION 

Note:  12 mB Ax x− =  

or,  12 mA Bx x− = −  

Point A: 12cosh ; 0.6 coshA B
A

x xy c c c
c c

− −= + =  (1) 

Point B: cosh ; 2.4 coshB B
B

x xy c c c
c c

= + =  (2) 

From (1): 112 0.6coshBx c
c c c

− +⎛ ⎞− = ⎜ ⎟
⎝ ⎠

 (3) 

From (2): 1 2.4coshBx c
c c

− +⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (4) 

Add (3) + (4): 1 112 0.6 2.4cosh coshc c
c c c

− −+ +⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Solve by trial and error: 13.6214 mc =  

Eq. (2) 13.6214 2.4 13.6214cosh Bx
c

+ =  

  cosh 1.1762; 0.58523B Bx x
c c

= =  

  0.58523(13.6214 m) 7.9717 mBx = =  

   Point C is 7.97 m to left of B   

  2.4 13.6214 2.4 16.0214 mBy c= + = + =  

Eq. 7.18: 2(0.45 kg/m)(9.81 m/s )(16.0214 m)m BT wy= =  

  70.726 NmT =  70.7 NmT =   
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PROBLEM 7.146 

The cable ACB has a mass per unit length of 0.45 kg/m. 
Knowing that the lowest point of the cable is located at a 
distance a = 2 m below the support A, determine (a) the 
location of the lowest Point C, (b) the maximum tension in 
the cable. 

 

SOLUTION 

Note: 

 12 mB Ax x− =  

or 

  12 mA Bx x− = −  

Point A: 12cosh ; 2 coshA B
A

x xy c c c
c c

− −= + =  (1) 

Point B: cosh ; 3.8 coshB B
B

x xy c c c
c c

= + =  (2) 

From (1): 112 2coshBx c
c c c

− +⎛ ⎞− = ⎜ ⎟
⎝ ⎠

 (3) 

From (2): 1 3.8coshBx c
c c

− +⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (4) 

Add (3) + (4): 1 112 2 3.8cosh coshc c
c c c

− −+ +⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Solve by trial and error: 6.8154 mc =  

Eq. (2): 6.8154 m 3.8 m (6.8154 m)cosh

cosh 1.5576 1.0122

1.0122(6.8154 m) 6.899 m

B

B B

B

x
c

x x
c c
x

+ =

= =

= =

 

 Point C is 6.90 m to left of B   

 3.8 6.8154 3.8 10.6154 mBy c= + = + =  

Eq. (7.18): 2(0.45 kg/m)(9.81 m/s )(10.6154 m)m BT wy= =  

 46.86 NmT =  46.9 NmT =   
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PROBLEM 7.147* 

The 10-ft cable AB is attached to two collars as shown. The collar at 
A can slide freely along the rod; a stop attached to the rod prevents 
the collar at B from moving on the rod. Neglecting the effect of 
friction and the weight of the collars, determine the distance a. 

 

SOLUTION 

Collar at A: Since 0,μ =  cable � rod 

 

Point A: cosh ; sinh

tan sinh A

A

x dy xy c
c dx c

xdy
cdx

θ

= =

= =

 

 

sinh(tan (90 ))

sinh(tan (90 ))

A

A

x
c
x c

θ

θ

= ° −

= ° −  (1) 

Length of cable = 10 ft 10 ft

10 sinh sinh

10sinh sinh

A B

B A

AC CB
x xc c
c c

x x
c c c

= +

= +

= −

 

 1 10sinh sinh A
B

xx c
c c

− ⎡ ⎤= −⎢ ⎥⎣ ⎦
 (2) 

 cosh coshA B
A B

x xy c y c
c c

= =  (3) 

In Δ ABD: tan B A

B A

y y
x x

θ −
=

+
 (4) 
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PROBLEM 7.147*  (Continued) 

 

Method of solution: 

For given value of θ, choose trial value of c and calculate: 

From Eq. (1): xA 

Using value of xA and c, calculate: 

From Eq. (2): xB 

From Eq. (3): yA and yB 

Substitute values obtained for xA, xB, yA, yB into Eq. (4) and calculate θ 

Choose new trial value of θ and repeat above procedure until calculated value of θ  is equal to given value of θ. 

For 30θ = °  

Result of trial and error procedure: 

 

1.803 ft
2.3745 ft
3.6937 ft
3.606 ft
7.109 ft

7.109 ft 3.606 ft
3.503 ft

A

B

A

B

B A

c
x
x
y
y
a y y

=
=
=
=
=
= −
= −
=  3.50 fta =   
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PROBLEM 7.148* 

Solve Problem 7.147 assuming that the angle θ formed by the rod and 
the horizontal is 45°. 

PROBLEM 7.147 The 10-ft cable AB is attached to two collars as 
shown. The collar at A can slide freely along the rod; a stop attached 
to the rod prevents the collar at B from moving on the rod. Neglecting 
the effect of friction and the weight of the collars, determine the 
distance a. 

 

SOLUTION 

Collar at A: Since 0,μ =  cable � rod 

 

Point A: cosh ; sinh

tan sinh A

A

x dy xy c
c dx c

xdy
cdx

θ

= =

= =

 

 

sinh(tan (90 ))

sinh(tan (90 ))

A

A

x
c
x c

θ

θ

= ° −

= ° −  (1) 

Length of cable = 10 ft 10 ft

10 sinh sinh

10sinh sinh

A B

B A

AC CB
x xc c
c c

x x
c c c

= +

= +

= −

 

 1 10sinh sinh A
B

xx c
c c

− ⎡ ⎤= −⎢ ⎥⎣ ⎦
 (2) 

 cosh coshA B
A B

x xy c y c
c c

= =  (3) 
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PROBLEM 7.148*  (Continued) 

 

In Δ ABD: tan B A

B A

y y
x x

θ −
=

+
 (4) 

Method of solution: 

For given value of θ, choose trial value of c and calculate: 

From Eq. (1): xA 

Using value of xA and c, calculate: 

From Eq. (2): xB 

From Eq. (3): yA and yB 

Substitute values obtained for xA, xB, yA, yB into Eq. (4) and calculate θ 

Choose new trial value of θ and repeat above procedure until calculated value of θ  is equal to given value of θ. 

For 45θ = °  

Result of trial and error procedure: 

 

1.8652 ft
1.644 ft
4.064 ft
2.638 ft
8.346 ft

8.346 ft 2.638 ft
5.708 ft

A

B

A

B

B A

c
x
x
y
y
a y y

=
=
=
=
=
= −
= −
=  5.71 fta =   
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PROBLEM 7.149 

Denoting by θ the angle formed by a uniform cable and the horizontal, show that at any point (a) s = c tan θ, 
(b) y = c sec θ. 

 

SOLUTION 

(a) tan sinh

sinh tan Q.E.D.

dy x
dx c

xs c c
c

θ

θ

= =

= =

 

(b) Also 2 2 2 2 2(cosh sinh 1)y s c x x= + = +  

 so 2 2 2 2 2(tan 1) secy c cθ θ= +  

 and sec Q.E.D.y c θ=  
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PROBLEM 7.150* 

(a) Determine the maximum allowable horizontal span for a uniform cable of weight per unit length w if the 
tension in the cable is not to exceed a given value Tm. (b) Using the result of part a, determine the maximum 
span of a steel wire for which w = 0.25 lb/ft and Tm = 8000 lb. 

 

SOLUTION 

 
(a) 

cosh

1 cosh

=

=

⎛ ⎞
⎜ ⎟

= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

m B

B

B
B

B

T wy
xwc
c

xwx
x c
c

 

 We shall find ratio ( )Bx
c

for when Tm is minimum 

 

2

1 1sinh cosh 0

sinh 1

cosh

tanh

m B B
B

B BB

B

B B

B

B

d T x xwx x xx c cd
c cc

x
c
x x
c c
x c
c x

⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟
⎢ ⎥= − =⎜ ⎟
⎢ ⎥⎛ ⎞ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎢ ⎥⎝ ⎠⎝ ⎠ ⎣ ⎦

=

=

 

 Solve by trial and error for: 1.200Bx
c

=  (1) 

 sinh sinh(1.200):B
B

xs c c
c

= =  1.509Bs
c

=  

 Eq. 7.17: 2 2 2

2
2 2 2 21 (1 1.509 )

1.810

− =

⎡ ⎤⎛ ⎞= + = +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

=

B B

B
B

B

y s c

sy c c
c

y c
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PROBLEM 7.150*  (Continued) 

 

 Eq. 7.18: 
1.810

1.810

m B

m

T wy
wc

T
c

w

=
=

=

 

 Eq. (1): 1.200 1.200 0.6630
1.810

m m
B

T Tx c
w w

= = =  

 Span: 2 2(0.6630) m
B

TL x
w

= =  1.326 mTL
w

=   

(b) For 0.25lb/ftw =  and 8000 lbmT =  

  

8000 lb1.326
0.25lb/ft

42,432ft

L =

=  8.04L =  miles  
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PROBLEM 7.151* 

A cable has a mass per unit length of 3 kg/m and is supported 
as shown. Knowing that the span L is 6 m, determine the two 
values of the sag h for which the maximum tension is 350 N. 

 

SOLUTION 

 

 

max

2

max max

max
max

max

cosh
2

(3 kg/m)(9.81 m/s ) 29.43 N/m

350 N 11.893 m
29.43 N/m

3 mcosh 11.893 m

Ly c h c
c

w
T wy

T
y

w

y

c
c

= = +

= =
=

=

= =

=

 

Solving numerically 1

2

max

0.9241 m
11.499 m

c
c
h y c

=
=
= −

 

 1 11.893 m 0.9241 mh = −  1 10.97 mh =   

 2 11.893 m 11.499 mh = −  2 0.394 mh =   
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PROBLEM 7.152* 

Determine the sag-to-span ratio for which the maximum 
tension in the cable is equal to the total weight of the entire 
cable AB. 

 

SOLUTION 

 

 ( )

max

1

2

2
2

cosh 2 sinh
2 2

1tanh
2 2

1tanh 0.549306
2 2

cosh 1 0.154701
2

0.5(0.154701) 0.14081
0.5493062

B

B B

B B

B B

h
cB
L
c

T wy ws
y s
L Lc c
c c

L
c

L
c

h y c L
c c c

h
L

−

= =
=

=

=

= =

−= = − =

= = =  0.1408Bh
L

=   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1185 

 

 

PROBLEM 7.153* 

A cable of weight w per unit length is suspended between 
two points at the same elevation that are a distance L apart. 
Determine (a) the sag-to-span ratio for which the maximum 
tension is as small as possible, (b) the corresponding values 
of θB and Tm. 

 

SOLUTION 

 

(a) max

max

cosh
2

cosh sinh
2 2 2

B
LT wy wc
c

dT L L Lw
dc c c c

= =

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

 For max
maxmin , 0dTT

dc
=  

 2tanh
2
L c
c L

= → 1.1997
2
L
c

=  

 

cosh 1.8102
2

1 0.8102

1 2 0.8102 0.3375
2 2(1.1997)

B

B

y L
c c

yh
c c
h h c
L c L

= =

= − =

⎡ ⎤⎛ ⎞= = =⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 0.338h
L

=   

(b) max
0 max

0
cosh cosh

2 2
BT yL LT wc T wc

c T c c
= = = =  

 But max
0 max

0
cos secB B

T
T T

T
θ θ= =  

 So 1 1sec sec (1.8102) 56.46B
B

y
c

θ − −⎛ ⎞= = = °⎜ ⎟
⎝ ⎠

 56.5Bθ = °   

 max
2 (1.8102)

2 2(1.1997)
B

B
y c L LT wy w w
c L
⎛ ⎞⎛ ⎞= = =⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 max 0.755T wL=   
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PROBLEM 7.154 

It has been experimentally determined that the bending moment at Point K of 
the frame shown is 300 N ⋅ m. Determine (a) the tension in rods AE and FD, 
(b) the corresponding internal forces at Point J. 

 

SOLUTION 

 

(a) 8 150: 300 N m (0.2 m) (0.12 m) 0
17 17KM T TΣ = ⋅ − − =  1500 NT =   

 Free body: AJ 

 

8 8 (1500 N)
17 17
705.88 N
15 15 (1500 N)
17 17
1323.53N

x

y

T T

T T

= =

=

= =

=

 

 Internal forces on ABJ 

(b) 0: 705.88 N 0xF VΣ = − =  

 705.88 NV = +  706 N=V   

 0: 1323.53N 0yF FΣ = − =  

 1323.53NF = +  1324 N=F   

 0: (705.88 N)(0.1m) (1323.53N)(0.12m) 0
229.4 N m

JM M
M

Σ = − − =
= + ⋅

 

 229 N m= ⋅M   

 

Free body: ABK 
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PROBLEM 7.155 

Knowing that the radius of each pulley is 200 mm and neglecting 
friction, determine the internal forces at Point J of the frame shown. 

 

SOLUTION 

 
 

 
 

 

 

FBD Frame with pulley and cord: 

 

 0: (1.8 m) (2.6 m)(360 N)
(0.2 m)(360 N) 0

A xM BΣ = −
− =

 

 560 Nx =B  

 

FBD BE: 

Note: Cord forces have been moved to pulley hub as per Problem 6.91. 

 0: (1.4m)(360 N) (1.8m)(560 N)
(2.4m) 0

E

y

M
B

Σ = +
− =

 

 630 Ny =B  

FBD BJ: 

 30: 360 N (630 N 360 N)
5

4 (560 N) 0
5

xF F′Σ = + − −

− =

 

  250 N=F   

 4 30: (630 N 360 N) (560 N) 0
5 5yF V′Σ = + − − =  

  120.0 N=V   

 0: (0.6m)(360 N) (1.2m)(560 N)
(1.6m)(630 N) 0

JM MΣ = + +
− =

 

  120.0 N m= ⋅M   
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PROBLEM 7.156 

A steel channel of weight per unit length 20 lb/ftw =  forms one side of a flight of stairs. Determine the 
internal forces at the center C of the channel due to its own weight for each of the support conditions shown. 

 

 

SOLUTION 

(a) Free body: AB 

 
2 29 12 15 ft

(20 lb/ft)(15 ft) 300 lb
AB
W

= + =
= =

 

 0: (12 ft) (300 lb)(6 ft) 0BM AΣ = − =  

 150 lbA = +  150 lb=A  

 Free body: AC 

 (150-lb Forces form a couple) 

 0Σ =F  0=F   

 ΣF  0=V   

 0: (150 lb)(3 ft) 0CM MΣ = − =  

 450 lb ftM = + ⋅  

 450 lb ft= ⋅M    

(b) Free body: AB 

 0: (9 ft) (300 lb)(6 ft) 0AM BΣ = − =  

 200 lbB = +  

 200 lb=B  
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PROBLEM 7.156  (Continued) 

 

 Free body: CB 

 0: (200 lb)(4.5 ft) (150 lb)(3 ft) 0CM MΣ = − − =  

 450 lb ftM = + ⋅  

 450 lb ft= ⋅M  

 9 3 3 4tan ; sin ; cos
12 4 5 5

θ θ θ= = = =  

 3 40: (150 lb) (200 lb) 0
5 5

F FΣ = − − =  

 250 lb 250 lbF = + =F  

 4 30: (150 lb) (200 lb) 0
5 5

F VΣ = − + =  

 0 0V = =V  

 On portion AC internal forces are 450 lb ft= ⋅M , 250 lb , 0= =F V   
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PROBLEM 7.157 

For the beam shown, determine (a) the magnitude P of the two concentrated 
loads for which the maximum absolute value of the bending moment is as 
small as possible, (b) the corresponding value of max| | .M  

 

SOLUTION 

Free body: Entire beam  

By symmetry 

 1 (16 lb/in.)(30 in.)
2

240 lb

D E P

D P

= = +

= +

 

Free body: Portion AD 

 0: 10D DM M PΣ = = −  

Free body: Portion ADC 

 0: (25 in.) (240 lb )(15 in.)
(240 lb)(7.5 in.) 0

C

C

M P P
M

Σ = − +
+ + =

 

 1800 lb in. (10 in.)CM P= ⋅ −  

 
(a) We equate: | | | |D CM M=  

 | 10 | |1800 10 |P P− = −  

 10 1800 10P P= −  90.0 lbP =   

(b) For 90 lb:P =  10 lb (90 lb)DM = −  max| | 900 lb in.M = ⋅   
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PROBLEM 7.158 

Knowing that the magnitude of the concentrated loads P is 75 lb, (a) draw 
the shear and bending-moment diagrams for beam AB, (b) determine the 
maximum absolute values of the shear and bending moment. 

 

SOLUTION 

By symmetry: 
1 (16 lb/in.)(30 in.) 75 lb
2
315 lb

D E=

= +

=
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PROBLEM 7.159 

For the beam and loading shown, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment. 

 

SOLUTION 

Free body: Entire beam 

 0: (24 kN)(3 m)BMΣ =  

 
(24 kN)(2.4 m) (21.6 kN)(0.9 m)

(3.6 m) 0yA
+ +
− =  

 91.4 kNyA = +  

 0: 0x xF AΣ = =  

Shear diagram 

 
At A: 41.4 kNA yV A= = +  max| | 41.4 kNV =   

Bending-moment diagram 

 
At A: 0AM =  max| | 35.3 kN mM = ⋅   

The slope of the parabola at E is the same as that of the segment DE 
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PROBLEM 7.160 

For the beam shown, draw the shear and bending-moment diagrams, and 
determine the magnitude and location of the maximum absolute value of 
the bending moment, knowing that (a) 6 kips,P =  (b) 3 kips.P =  

 

SOLUTION 

Free body: Beam 

 0: 0x xF AΣ = =  

 0: (6 ft) (12 kips)(3 ft) (8 ft) 0AM C PΣ = − − =  

 46 kips
3

C P= +  (1)   

 40: 6 12 0
3y yF A P P⎛ ⎞Σ = + + − − =⎜ ⎟

⎝ ⎠
 

 16 kips
3yA P= −  (2)   

(a) 6 kips.P =  

 Load diagram 

 Substituting for P in Eqs. (2) and (1): 

 

16 (6) 4 kips
3
46 (6) 14 kips
3

yA

C

= − =

= + =
 

 Shear diagram 4 kipsA yV A= = +  

 To determine Point D where 0:V =  

 0 4 kips (2 kips/ft)
D AV V wx

x
− = −

− =  2 ftx =   

 

 We compute all areas  

 Bending-moment diagram 

 At A: 0AM =  

   max| | 12.00 kip ft, at M C= ⋅   
 Parabola from A to C 
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PROBLEM 7.160  (Continued) 

 

(b) 3 kipsP =  

 Load diagram 

 Substituting for P in Eqs. (2) and (1): 

 

16 (3) 5 kips
3
46 (3) 10 kips
3

A

C

= − =

= + =
 

 Shear diagram 5 kipsA yV A= = +  

 To determine D where 0:V =  

 0 (5 kips) (2 kips/ft)
D AV V wx

x
− = −

− = −  2.5 ftx =   

 

 We compute all areas  

 Bending-moment diagram 

 At A: 0AM =  

 max| | 6.25 kip ftM = ⋅   

 2.50 ft from A   

 Parabola from A to C. 
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PROBLEM 7.161 

For the beam and loading shown, (a) write the equations of the 
shear and bending-moment curves, (b) determine the maximum 
bending moment. 

 

SOLUTION 

(a) Reactions at supports: 1 , where Total load
2

WA B W
L

= = =  

 00 0

0
0

0

1 sin

cos

21

L L

L

xW wdx w dx
L

L xw x
x L

w L

π

π

π

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

⎡ ⎤= +⎢ ⎥⎣ ⎦

⎛ ⎞= −⎜ ⎟
⎝ ⎠

∫ ∫  

 Thus 0
1 1 21
2 2AV A W w L

π
⎛ ⎞= = = −⎜ ⎟
⎝ ⎠

 

  0AM =  (1) 

 Load: 0( ) 1 sin xw x w
L

π⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

 Shear: From Eq. (7.2): 

 
0

0 0

( ) ( )

1 sin

x

A

x

V x V w x dx

xw dx
L

π

− = −

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

∫

∫
 

 Integrating and recalling first of Eqs. (1), 

 

0 0
0

0 0 0

0

1 2( ) 1 cos
2

1 2( ) 1 2 cos
2

( ) cos
2

xL xV x w L w x
L

L x LV x w L w w
L

L L xV x w x
L

π
π π

π
π π π

π
π

⎛ ⎞ ⎡ ⎤− − = − +⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦

⎛ ⎞ ⎛ ⎞= − − + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 (2)  
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PROBLEM 7.161  (Continued) 

 

 Bending moment: From Eq. (7.4) and recalling that 0.AM =  

 

0

2
2

0

0

2
2

0 2

( ) ( )

1 sin
2 2

1 2( ) sin
2

x

A

x

M x M V x dx

L L xw x x
L

L xM x w Lx x
L

π
π

π
π

− =

⎡ ⎤⎛ ⎞= − −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞
= − −⎜ ⎟⎜ ⎟

⎝ ⎠

∫

 (3)  

(b) Maximum bending moment 

 0.dM V
dx

= =  

 This occurs at 2
Lx =  as we may check from (2): 

 0 cos 0
2 2 2 2
L L L LV w π

π
⎛ ⎞ ⎛ ⎞= − − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 From (3): 
2 2 2

0 2

2
0 2

2
0

1 2 sin
2 2 2 4 2

1 81
8

0.0237

L L L LM w

w L

w L

π
π

π

⎛ ⎞⎛ ⎞ = − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
⎛ ⎞= −⎜ ⎟
⎝ ⎠

=

 

 2
max 00.0237 , at

2
LM w L x= =   
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PROBLEM 7.162 

An oil pipeline is supported at 6-ft intervals by vertical hangers 
attached to the cable shown. Due to the combined weight of the 
pipe and its contents the tension in each hanger is 400 lb. 
Knowing that 12 ft,Cd =  determine (a) the maximum tension in 
the cable, (b) the distance dD. 

 

SOLUTION 

FBD Cable: Hanger forces at A and F act on the supports, so yA  and yF  act on the cable. 

 0: (6 ft 12 ft 18 ft 24 ft)(400 lb)FMΣ = + + +  

 (30 ft) (5 ft) 0y xA A− − =  

 6 4800 lbx yA A+ =  (1) 

 

FBD ABC: 0: (7 ft) (12 ft) (6 ft)(400 lb) 0C x yM A AΣ = − + =  (2) 

Solving (1) and (2) 

 800 lbx =A  

 2000 lb
3y =A  

From FBD Cable: 0: 800 lb 0x xF FΣ = − + =  

 

FBD DEF: 800 lbx =F  

 2000: lb 4(400 lb) 0
3y yF FΣ = − + =  

 

 
2800 lb

3y =F  

 

Since x xA F=  and ,y yF A�  
2

2
max

2800(800 lb) lb
3EFT T ⎛ ⎞= = + ⎜ ⎟

⎝ ⎠
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PROBLEM 7.162  (Continued) 

 

(a) max 1229.27 lb,T =  max 1229 lbT =   

 28000: (12 ft) lb (800 lb) (6 ft)(400 lb) 0
3D DM d⎛ ⎞Σ = − − =⎜ ⎟

⎝ ⎠
 

(b) 11.00 ftDd =   
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PROBLEM 7.163 

Solve Problem 7.162 assuming that 9 ft.Cd =  

PROBLEM 7.162 An oil pipeline is supported at 6-ft intervals by 
vertical hangers attached to the cable shown. Due to the combined 
weight of the pipe and its contents the tension in each hanger is 
400 lb. Knowing that 12 ft,Cd =  determine (a) the maximum 
tension in the cable, (b) the distance dD. 

 

SOLUTION 

FBD CDEF: 

 

 0: (18 ft) (9 ft) (6 ft 12 ft)(400 lb) 0C y yM F FΣ = − − + =  

 2 800 lbx yF F− = −  (1) 

 

 

FBD Cable: 0: (30 ft) (5 ft)

(6 ft)(1 2 3 4)(400 lb) 0
A y xEM F F= −

− + + + =

 

 6 4800 lbx yF F− = −  (2) 

Solving (1) and (2), 

 1200 lbx =F , 1000 lby =F  

 x0: 1200 lb 0, 1200 lbx xF AΣ = − + = =A  

 

Point F: 

 
 0: 1000 lb 4(400 lb) 0,y yF AΣ = + − =       600 lby =A  
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PROBLEM 7.163  (Continued) 

 

Since 

 max

2 2
max

and ,  

(1 kip) (1.2 kips)

x y y y EFA A F A T T

T

= =

= +

�  

(a) max 1.562 kipsT =   

 FBD DEF: 0: (12 ft)(1000 lb) (1200 lb)
(6 ft)(400 lb) 0

D DM dΣ = −
− =

 

 
(b) 8.00 ftDd =   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1201 

 

PROBLEM 7.164 

A transmission cable having a mass per unit length of 0.8 kg/m is strung between two insulators at the same 
elevation that are 75 m apart. Knowing that the sag of the cable is 2 m, determine (a) the maximum tension in 
the cable, (b) the length of the cable. 

 

SOLUTION 

 

2(0.8 kg/m)(9.81 m/s )
7.848 N/m
(7.848 N/m)(37.5 m)
294.3 N

w

W
W

=
=
=
=

 

(a) 0
10: (2 m) 37.5 m 0
2BM T W ⎛ ⎞Σ = − =⎜ ⎟

⎝ ⎠  

 0
1(2 m) (294.3 N) (37.5 m) 0
2

T − =  

 

0
2 2 2

2759 N

(294.3 N) (2759 N)m

T

T

=

= +  2770 NmT =   

(b) 
2

2

21
3

2 2 m37.5 m 1+
3 37.5 m

37.57 m

B
B B

B

ys x
x

⎡ ⎤⎛ ⎞⎢ ⎥= + +⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

=

 

 Length 2 2(37.57 m)Bs= =  Length 75.14 m=   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1202 

 

 

PROBLEM 7.165 

Cable ACB supports a load uniformly distributed along the 
horizontal as shown. The lowest Point C is located 9 m to the right 
of A. Determine (a) the vertical distance a, (b) the length of the 
cable, (c) the components of the reaction at A. 

 

SOLUTION 

Free body: Portion AC 

 0: 9 0y yF A wΣ = − =  

 9y w=A  

 00: (9 )(4.5 m) 0AM T a wΣ = − =  (1) 

Free body: Portion CB 

 

 0: 6 0y yF B wΣ = − =  

 6y w=B  

 

Free body: Entire cable 

 
 00: 15 (7.5 m) 6 (15 m) (2.25 m) 0AM w w TΣ = − − =  

(a) 0 10T w=  

 Eq. (1): 0 (9 )(4.5 m) 0T a w− =  

 10 (9 )(4.5) 0wa w= =  4.05 ma =   
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PROBLEM 7.165  (Continued) 

 

(b) Length = AC + CB 

 Portion AC: 

2 4

2 4

4.059 m, 4.05 m; 0.45
9

2 21
3 5

2 29 m 1+ 0.45 0.45 10.067 m
3 5

A
A A

A

A B
AC B

A A

AC

yx y a
x

y ys x
x x

s

= = = = =

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥= + − +⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞= − + =⎜ ⎟
⎝ ⎠

 

 Portion CB: 

2 4

6 m, 4.05 2.25 1.8 m; 0.3

2 26 m 1 0.3 0.3 6.341 m
3 5

B
B B

B

CB

yx y
x

s

= = − = =

⎛ ⎞= + − + =⎜ ⎟
⎝ ⎠

 

 Total length 10.067 m 6.341 m= +  Total length 16.41 m=   

(c) Components of reaction at A. 

 

2

2
0

9 9(60 kg/m)(9.81 m/s )

5297.4 N

10 10(60 kg/m)(9.81 m/s )
5886 N

y

x

A w

A T w

= =

=

= = =
=  5890 Nx =A    

 5300 Ny =A   
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PROBLEM 8.1 

Determine whether the block shown is in equilibrium and find the magnitude and 
direction of the friction force when 25θ = ° and 150 lb.P =  

 

SOLUTION 

Assume equilibrium: 

 0: (240 lb)sin 25° (150 lb)cos 25° 0xF FΣ = + − =  

 34.518 lbF = +  34.518 lb=F  

 0: (240 lb)cos 25° (150 lb)sin 25° 0yF NΣ = − − =  

 280.91 lbN = +  280.91 lb=N  

Maximum friction force:  0.35(280.91 lb) 98.319 lbμ= = =m sF N  

   Block is in equilibrium  

Since ,mF F�     34.5 lb=F       
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PROBLEM 8.2 

Determine whether the block shown is in equilibrium and find the magnitude and 
direction of the friction force when 30θ = °  and 30 lb.P =  

 

SOLUTION 

Assume equilibrium: 

 

 0: (240 lb)sin 30° (30 lb)cos 30° 0xF FΣ = + − =  

 94.019 lbF = −  94.019 lb=F  

 0: (240 lb)cos 30 (30 lb)sin 30 0 yF NΣ = − ° − ° =  

 222.85 lbN = +  222.85 lb=N  

 

Maximum friction force: 
0.35(222.85 lb)
77.998 lb

m sF Nμ=
=
=

 

Since F is  and ,mF F�  Block moves down   

Actual friction force:  0.25(222.85 lb)k kF F Nμ= = =  55.7 lb=F        
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PROBLEM 8.3 

Determine whether the block shown is in equilibrium and find the 
magnitude and direction of the friction force when 40θ = °  and 
P 400 N.=  

 

SOLUTION 

Assume equilibrium: 

 0: (800 N)cos 25 (400 N)sin 15 0yF NΣ = − ° + ° =  

 621.5 NN = +  621.5 N=N  

 0: (800 N)sin 25 (400 N)cos 15 0xF FΣ = − + ° − ° =  

 48.28 NF = +  48.28 N=F  

Maximum friction force: 

 
0.20(621.5 N)
124.3 N

μ=
=
=

m sF N

 Block is in equilibrium   

Since ,mF F�   48.3 N=F   
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PROBLEM 8.4 

Determine whether the block shown is in equilibrium and find the 
magnitude and direction of the friction force when 35θ = °  and  
P = 200 N. 

 

SOLUTION 

Assume equilibrium: 

 0: (800 N)cos 25 (200 N)sin 10 0yF NΣ = − ° + ° =  

 690.3 NN =  690.3 N=N  

 0: (800 N)sin 25 (200 N)cos 10 0xF FΣ = − + ° − ° =  

 141.13 NF =  141.13 N=F  

Maximum friction force: 

  (0.20)(690.3 N)
138.06 N

m sF Nμ=
=
=

 

Since ,mF F�    Block moves down   

Friction force: 
  

(0.15)(690.3 N)
kF Nμ=

=
 

 103.547 N=  103.5 N=F   
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PROBLEM 8.5 

Knowing that 45 ,θ = °  determine the range of values of P for which 
equilibrium is maintained. 

 

SOLUTION 

To start block up the incline: 

 1

0.20

tan 0.20 11.31
s

s

μ

φ −

=

= = °
 

 
Force triangle: 

 800 N
sin 36.31 sin 98.69

=
° °

P  479.2 NP =   

To prevent block from moving down: 

 
Force triangle: 

 800 N
sin 13.69 sin 121.31°

=
°

P  221.61 NP =   

Equilibrium is maintained for  222 N 479 NP� �   
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PROBLEM 8.6 

Determine the range of values of P for which equilibrium of the block 
shown is maintained. 

 

SOLUTION 

FBD block: 

(Impending motion down): 

 

 1 1

1

tan tan 0.25

(500 lb) tan (30° tan 0.25)
143.03 lb

s s

P

φ μ− −

−

= =

= −
=

 

(Impending motion up): 

 

 1(500 lb) tan (30° tan 0.25)
483.46 lb

P −= +
=

 

Equilibrium is maintained for 143.0 lb 483 lbP� �   
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PROBLEM 8.7 

Knowing that the coefficient of friction between the 15-kg block and the 
incline is 0.25,sμ =  determine (a) the smallest value of P required to 
maintain the block in equilibrium, (b) the corresponding value of β. 

 

SOLUTION 

FBD block (Impending motion downward): 

 

2

1

1

(15 kg)(9.81 m/s )
147.150 N

tan

tan (0.25)
14.036

s s

W

φ μ−

−

=
=

=

=
= °

 

(a) Note: For minimum P, P R⊥  

 So 
90 (30 14.036 )
45.964

β α=
= ° − ° + °
= °

 

 and (147.150 N)sin
(147.150 N)sin (45.964 )

P α=
= °

 

 108.8 NP =   

(b) 46.0β = °   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1214 

 

 

PROBLEM 8.8 

Considering only values of θ  less than 90°, determine the smallest value 
of θ  required to start the block moving to the right when (a) 75 lb,W =  
(b) 100 lb.W =  

 

SOLUTION 

FBD block (Motion impending): 

 

 

1tan 14.036
30 lb
sin sin( )

sin 14.036sin( )
30 lb

φ μ

φ θ φ

θ φ

−= = °

=
−

°− =

s s

s s

s

W

W

 

or sin( 14.036 )
123.695 lb

θ − ° = W  

(a) 1 75 lb75 lb: 14.036 sin
123.695 lb

W θ −= = ° +  51.4θ = °   

(b) 1 100 lb100 lb: 14.036 sin
123.695 lb

W θ −= = ° +  68.0θ = °   
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PROBLEM 8.9 

The coefficients of friction between the block and the rail are 0.30sμ =  
and 0.25.kμ =  Knowing that 65 ,θ = °  determine the smallest value of 
P required (a) to start the block moving up the rail, (b) to keep it from 
moving down. 

 

SOLUTION 

(a) To start block up the rail: 

 1

0.30

tan 0.30 16.70
s

s

μ

φ −

=

= = °
 

 
 Force triangle: 

  500 N
sin 51.70 sin(180° 25 51.70 )

=
° − ° − °

P  403 NP =   

(b) To prevent block from moving down: 

 
 Force triangle: 

  500 N
sin 18.30 sin(180° 25° 18.30°)

=
° − −

P  229 NP =   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1216 

 

 

PROBLEM 8.10 

The 80-lb block is attached to link AB and rests on a moving belt. 
Knowing that 0.25sμ =  and 0.20,kμ =  determine the magnitude of 
the horizontal force P that should be applied to the belt to maintain its 
motion (a) to the right, (b) to the left. 

 

SOLUTION 

We note that link AB is a two-force member, since there is motion between belt and block 0.20kμ =   
and 1tan 0.20 11.31kφ −= = °  

(a) Belt moves to right 

 

 Free body: Block 

 

 Force triangle: 

 
80 lb

sin 120 sin 48.69°
92.23 lb

=
°

=

R

R
 

 Free body: Belt 

 0: (92.23 lb)sin 11.31Σ = − °xF P  

 18.089 lbP =  

 18.09 lb=P   

(b) Belt moves to left 

 

 Free body: Block 

 

 Force triangle: 

 
80 lb

sin 60 sin 108.69°
73.139 lb

R

R

=
°

=
 

 Free body: Belt 

 0: (73.139 lb)sin 11.31° 0xF PΣ = − =  

 14.344 lbP =  

  14.34 lb=P   
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PROBLEM 8.11 

The coefficients of friction are 0.40sμ =  and 0.30μ =k  between all 
surfaces of contact. Determine the smallest force P required to start the 
30-kg block moving if cable AB (a) is attached as shown, (b) is removed. 

 

SOLUTION 

(a) Free body: 20-kg block 

 
2

1

1 1

(20 kg)(9.81 m/s ) 196.2 N
0.4(196.2 N) 78.48 Ns

W
F Nμ

= =
= = =

 

 1 10: 0 78.48 NΣ = − = = =F T F T F  

 Free body: 30-kg block 

 

2
2

2

2 2

N 294.3 N 490.5 N

(30 kg)(9.81 m/s ) 294.3 N
196.2

0.4(490.5 N) 196.2 Ns

W
N
F Nμ

+

= =
= =
= = =

 

 1 20: 0F P F F TΣ = − − − =  
 78.48 N 196.2 N 78.48 N 353.2 NP = + + =  

  353 N=P   

(b) Free body: Both blocks 

 Blocks move together 

 2(50 kg)(9.81 m/s ) 490.5 NW = =  

 0: 0F P FΣ = − =  
 0.4(490.5 N) 196.2 NsP Nμ= = =  

  196.2 N=P   
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PROBLEM 8.12 

The coefficients of friction are 0.40sμ =  and 0.30μ =k  between all 
surfaces of contact. Determine the smallest force P required to start the 
30-kg block moving if cable AB (a) is attached as shown, (b) is removed. 

 

SOLUTION 

(a) Free body: 20-kg block 

 
2

1

1 1

(20 kg)(9.81 m/s ) 196.2 N
0.4(196.2 N) 78.48 Ns

W
F Nμ

= =
= = =

 

 1 10: 0 78.48 NF T F T FΣ = − = = =  

 Free body: 30-kg block 

 

2
2

2

2 2

(30 kg)(9.81 m/s ) 294.3 N
196.2 N 294.3 N 490.5 N

0.4(490.5 N) 196.2 Ns

W
N
F Nμ

= =
= + =
= = =

 

 1 20: 0F P F FΣ = − − =  
 78.48 N 196.2 N 274.7 NP = + =  

  275 N=P   

(b) Free body: Both blocks 

 Blocks move together 

 

2(50 kg)(9.81 m/s )
490.5 N

W =
=  

 0: 0
0.4(490.5 N) 196.2 Ns

F P F
P Nμ

Σ = − =
= = =

 

 196.2 N=P   
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PROBLEM 8.13 

Three 4-kg packages A, B, and C are placed on a conveyor belt that is at 
rest. Between the belt and both packages A and C the coefficients of 
friction are 0.30sμ =  and 0.20;kμ =  between package B and the belt 
the coefficients are 0.10sμ =  and 0.08.kμ =  The packages are placed 
on the belt so that they are in contact with each other and at rest. 
Determine which, if any, of the packages will move and the friction 
force acting on each package. 

 

SOLUTION 

Consider C by itself:  Assume equilibrium 

 0: cos 15 0Σ = − ° =y CF N W  

 cos 15 0.966= ° =CN W W  

  0: sin 15 0Σ = − ° =x CF F W  

 sin 15 0.259= ° =CF W W  

But 
0.30(0.966 )
0.290

m s CF N
W

W

μ=
=
=

 

Thus, C mF F�  Package C does not move  

 

2

0.259

0.259(4 kg)(9.81 m/s )
10.16 N

CF W=

=
=  

  10.16 NC =F  

Consider B by itself:  Assume equilibrium. We find, 

 
0.259
0.966

B

B

F W
N W

=
=

 

But 
0.10(0.966 )
0.0966

m s BF N
W

W

μ=
=
=

 

Thus, .B mF F�  Package B would move if alone  
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PROBLEM 8.13  (Continued) 

 

Consider A and B together: Assume equilibrium 

 

0.259
0.966

2(0.259 ) 0.518
( ) ( ) 0.3 0.1 0.386

A B

A B

A B

A m B m A B

F F W
N N W

F F W W
F F N N W

= =
= =

+ = =
+ = + =

 

Thus, ( ) ( )A B A m B mF F F F+ +�  A and B move   

 0.2(0.966)(4)(9.81)A k AF Nμ= =  

  7.58 NA =F   

 0.08(0.966)(4)(9.81)B k BF Nμ= =  

  3.03 NB =F   
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PROBLEM 8.14 

Solve Problem 8.13 assuming that package B is placed to the right of 
both packages A and C. 

PROBLEM 8.13 Three 4-kg packages A, B, and C are placed on a 
conveyor belt that is at rest. Between the belt and both packages A and 
C the coefficients of friction are 0.30sμ =  and 0.20;kμ =  between 
package B and the belt the coefficients are 0.10sμ =  and 0.08.kμ =  
The packages are placed on the belt so that they are in contact with 
each other and at rest. Determine which, if any, of the packages will 
move and the friction force acting on each package. 

 

SOLUTION 

Consider package B by itself:  Assume equilibrium 

 0: cos 15 0Σ = − ° =y BF N W  

 cos 15 0.966= ° =BN W W  

 0: sin 15 0Σ = − ° =x BF F W  

 sin 15 0.259= ° =BF W W  

But 
0.10(0.966 )
0.0966

m s BF N
W

W

μ=
=
=

 

Thus, .B mF F�  Package B would move if alone. 

Consider all packages together:  Assume equilibrium. In a manner similar to above, we find 

 

0.966
0.259

3(0.259 )
0.777

A B C

A B C

A B C

N N N W
F F F W

F F F W
W

= = =
= = =

+ + =
=

 

But ( ) ( )
0.30(0.966 )
0.290

A m C m sF F N
W

W

μ= =
=
=

 

and ( ) 0.10(0.966 )
0.0966

B mF W
W

=
=
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PROBLEM 8.14  (Continued) 

 

Thus, ( ) ( ) ( ) 2(0.290 ) 0.0966
0.677

A m C m B mF F F W W
W

+ + = +
=

 

and we note that ( ) ( ) ( )A B C A m C m B mF F F F F F+ + + +�  

 All packages move   

 

2

2

0.20(0.966)(4 kg)(9.81 m/s )
7.58 N

0.08(0.966)(4 kg)(9.81 m/s )
3.03N

A C k

B k

F F N

F N

μ

μ

= =

=
=
=

=
=

 

 7.58 NA C= =F F ;     3.03 NB =F  
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PROBLEM 8.15 

A 120-lb cabinet is mounted on casters that can be locked to prevent their 
rotation. The coefficient of static friction between the floor and each caster is 
0.30. If 32 in.,h =  determine the magnitude of the force P required to move 
the cabinet to the right (a) if all casters are locked, (b) if the casters at B are 
locked and the casters at A are free to rotate, (c) if the casters at A are locked 
and the casters at B are free to rotate. 

 

SOLUTION 

FBD cabinet:  Note: for tipping, 

 0A AN F= =  

 tip0: (12 in.) (32 in.) 0BM W PΣ = − =  

 tip 2.66667P =  

(a) All casters locked. Impending slip: 

 A s A

B s B

F N
F N

μ
μ

=
=

 

 0 : 0Σ = + − =y A BF N N W  

 + =A BN N W  120 lbW =  

 So A B sF F Wμ+ =  0.3μ =s  

 0: 0x A B

A B s

F P F F
P F F Wμ

Σ = − − =
= + =

 

 0.3(120 lb) or 36.0 lbP = =P   

 tip( 0.3 OK)P W P= �  

(b) Casters at A free, so 0AF =  

 Impending slip: μ=B s BF N  

 0: 0x BF P FΣ = − =  

 B s B B
s

PP F N Nμ
μ

= = =  
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PROBLEM 8.15  (Continued) 

 

 0: (32 in.) (12 in.) (24 in.) 0A BM P W NΣ = + − =  

 8 3 6 0 0.25
0.3
PP W P W+ − = =  

 tip( 0.25 OK)P W P= �  

 0.25(120 lb)P =  or   30.0 lb=P   

(c) Casters at B free, so 0BF =  

 Impending slip: A s AF Nμ=  

 0: 0x A A s AF P F P F NμΣ = − = = =  

 
0.3A

s

P PN
μ

= =  

 0: (12 in.) (32 in.) (24 in.) 0B AM W P NΣ = − − =  

 3 8 6 0
0.3

0.107143 12.8572

PW P

P W

− − =

= =
 

 tip( OK)P P�  

  12.86 lb=P   
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PROBLEM 8.16 

A 120-lb cabinet is mounted on casters that can be locked to prevent their 
rotation. The coefficient of static friction between the floor and each caster is 
0.30. Assuming that the casters at both A and B are locked, determine (a) the 
force P required to move the cabinet to the right, (b) the largest allowable value 
of h if the cabinet is not to tip over. 

 

SOLUTION 

FBD cabinet: 

(a) 0: 0y A B

A B

F N N W

N N W

Σ = + − =

+ =

 

 Impending slip: 

  A s A

B s B

F N
F N

μ
μ

=
=

 

 So 

  A B sF F Wμ+ =  

 0: 0x A B

A B s

F P F F
P F F Wμ

Σ = − − =
= + =

 120 lb
0.3s

W
μ

=
=

 

 0.3(120 lb) 141.26 NP = =  

  36.0 lb=P   

(b) For tipping, 0A AN F= =  

 0: (12 in.) 0BM hP WΣ = − =  

 max
1 12 in.(12 in.) (12 in.)

0.3s

Wh
P μ

= = =  

 max 40.0 in.h =   
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PROBLEM 8.17 

The cylinder shown is of weight W and radius r, and the coefficient of static 
friction sμ  is the same at A and B. Determine the magnitude of the largest 
couple M that can be applied to the cylinder if it is not to rotate. 

 

SOLUTION 

FBD cylinder: 

For maximum M, motion impends at both A and B 

 A s A

B s B

F N
F N

μ
μ

=
=

 

 0: 0x A B

A B s B

F N F
N F Nμ

Σ = − =
= =

 

 2
A s A s BF N Nμ μ= =  

 
2

0: 0y B A

B s B

F N F W

N N Wμ

Σ = + − =

+ =

 

or 21B
s

WN
μ

=
+

 

and 2

2

2

1

1

s
B

s

s
A

W
F

W
F

μ
μ

μ
μ

=
+

=
+

 

 0: ( ) 0C A BM M r F FΣ = − + =  

 ( )2
21s s
s

WM r μ μ
μ

= +
+

 

  max 2
1
1

s
s

s

M Wr
μμ
μ

+
=

+
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PROBLEM 8.18 

The cylinder shown is of weight W and radius r. Express in terms W and r the 
magnitude of the largest couple M that can be applied to the cylinder if it is not to 
rotate, assuming the coefficient of static friction to be (a) zero at A and 0.30 at B, 
(b) 0.25 at A and 0.30 at B. 

 

SOLUTION 

FBD cylinder: 

For maximum M, motion impends at both A and B 

 A A A

B B B

F N
F N

μ
μ

=
=

 

 0: 0x A B

A B B B

F N F
N F Nμ

Σ = − =
= =

 

 A A A A B BF N Nμ μ μ= =  

 0: 0

(1 )
y B A

B A B

F N F W

N Wμ μ
Σ = + − =

+ =

 

or 1
1B

A B
N W

μ μ
=

+
 

and 
1

1

B
B B B

A B

A B
A A B B

A B

F N W

F N W

μμ
μ μ
μ μμ μ

μ μ

= =
+

= =
+

 

 0: ( ) 0C A BM M r F FΣ = − + =  

 1
1

A
B

A B
M Wr μμ

μ μ
+=

+
 

(a) For 0 and 0.30:μ μ= =A B  

  0.300M Wr=   

(b) For 0.25 and 0.30:μ μ= =A B  

  0.349M Wr=   
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PROBLEM 8.19 

The hydraulic cylinder shown exerts a force of 3 kN directed 
to the right on Point B and to the left on Point E. Determine 
the magnitude of the couple M required to rotate the drum 
clockwise at a constant speed. 

 

SOLUTION 

Free body: Drum 

 0: (0.25 m)( ) 0C L RM M F FΣ = − + =  

 (0.25 m)( )L RM F F= +  (1) 

 Since drum is rotating 

 0.3
0.3

L k L L

R k R R

F N N
F N N

μ
μ

= =
= =

 

Free body: Left arm ABL 0: (3 kN)(0.15 m) (0.15 m) (0.45 m) 0A L LM F NΣ = + − =  

 
0.45 kN m (0.3 )(0.15 m) (0.45 m) 0

0.405 0.45
⋅ + − =

=
L L

L

N N
N

 

 

1.111 kN
0.3 0.3(1.111 kN)
0.3333 kN

L

L L

N
F N

=
= =
=  (2) 

Free body: Right arm DER 0: (3 kN)(0.15 m) (0.15 m) (0.45 m) 0D R RM F NΣ = − − =  

 0.45 kN m (0.3 )(0.15 m) (0.45 m) 0R RN N⋅ − − =  

 0.495 0.45RN =  

 

0.9091 kN
0.3(0.9091 kN)

0.2727 kN

R

R k R

N
F Nμ

=
= =
=  (3) 

Substitute for LF and RF into (1): (0.25 m)(0.333 kN 0.2727 kN)M = +  

 0.1515 kN mM = ⋅  

  151.5 N mM = ⋅   
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PROBLEM 8.20 

A couple M of magnitude 100 N ⋅ m is applied to the drum as 
shown. Determine the smallest force that must be exerted by the 
hydraulic cylinder on joints B and E if the drum is not to rotate. 

 

SOLUTION 

Free body: Drum 

 0: 100 N m (0.25 m)( ) 0C L RM F FΣ = ⋅ − + =  

 400 NL RF F+ =  (1) 

 Since motion impends 

 0.4
0.4

L s L L

R s R R

F N N
F N N

μ
μ

= =
= =

 

Free body: Left arm ABL 

 0: (0.15 m) (0.15 m) (0.45 m) 0A L LM T F NΣ = + − =  

 0.15 (0.4 )(0.15 m) (0.45 m) 0L LT N N+ − =  

 0.39 0.15 ; 0.38462L LN T N T= =  

 
0.4 0.4(0.38462 )
0.15385

L L

L

F N T
F T

= =
=  (2) 

Free body: Right arm DER 

 0: (0.15 m) (0.15 m) (0.45 m) 0D R RM T F NΣ = − − =  

 0.15 (0.4 )(0.15 m) (0.45 m) 0R RT N N− − =  

 0.51 0.15 ; 0.29412= =R RN T N T  

 
0.4 0.4(0.29412 )
0.11765

R R

R

F N T
F T

= =
=  (3) 

Substitute for LF and RF into Eq. (1): 

 
0.15385 0.11765 400

1473.3 N
T T

T
+ =

=  
  1.473 kNT =   
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PROBLEM 8.21 

A 6.5-m ladder AB leans against a wall as shown. Assuming that the coefficient 
of static friction sμ  is zero at B, determine the smallest value of sμ  at A for 
which equilibrium is maintained. 

 

SOLUTION 

Free body: Ladder 

Three-force body. 

Line of action of A must pass through D, where W and B intersect. 

 

 

At A: 1.25 mtan 0.2083
6 ms sμ φ= = =  

  0.208sμ =   
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PROBLEM 8.22 

A 6.5-m ladder AB leans against a wall as shown. Assuming that the coefficient of 
static friction sμ  is the same at A and B, determine the smallest value of sμ  for 
which equilibrium is maintained. 

 

SOLUTION 

Free body: Ladder 

Motion impending: 

 A s A

B s B

F N
F N

μ
μ

=
=

 

 0: (1.25 m) (6 m) (2.5 m) 0A B s BM W N NμΣ = − − =  

 1.25
6 2.5B

s

WN
μ

=
+

 (1) 

 0: 0y A s BF N N WμΣ = + − =  

 1.25
6 2.5

A s B

s
A

s

N W N
WN W

μ
μ

μ

= −

= −
+

 (2) 

 0: 0x s A BF N NμΣ = − =  

Substitute for AN  and BN  from Eqs. (1) and (2): 

 

2

2 2

2

1.25 1.25
6 2.5 6 2.5

6 2.5 1.25 1.25

1.25 6 1.25 0
0.2

μμ
μ μ

μ μ μ

μ μ
μ

− =
+ +

+ − =

+ − =
=

s
s

s s

s s s

s s

s

W WW

 

and 5 (Discard)sμ = −  
  0.200sμ =   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1232 

 

 

PROBLEM 8.23 

End A of a slender, uniform rod of length L and weight W bears on a 
surface as shown, while end B is supported by a cord BC. Knowing that 
the coefficients of friction are 0.40sμ =  and 0.30,kμ =  determine (a) the 
largest value of θ for which motion is impending, (b) the corresponding 
value of the tension in the cord. 

 

SOLUTION 

Free-body diagram 

Three-force body. Line of action of R must pass through D, where T and R intersect. 

Motion impends: 

 
tan 0.4

21.80
s

s

φ
φ

=
= °

 

(a) Since BG = GA, it follows that BD = DC and AD bisects BAC∠  

 

90
2

21.8 90
2

s
θ φ

θ

+ = °

+ ° = °  

  136.4θ = °   

 

 

(b) Force triangle (right triangle): 

 cos 21.8= °T W  

 0.928T W=   
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PROBLEM 8.24 

End A of a slender, uniform rod of length L and weight W bears on a surface as 
shown, while end B is supported by a cord BC. Knowing that the coefficients of 
friction are 0.40sμ =  and 0.30,kμ =  determine (a) the largest value of θ for 
which motion is impending, (b) the corresponding value of the tension in the cord. 

 

SOLUTION 

Free-body diagram 

Rod AB is a three-force body. Thus, line of action of R must pass through D, 
where W and T intersect. 

Since AG = GB, CD = DB and the median AD of the isosceles  
triangle ABC bisects the angle θ. 

(a) Thus, 1
2sφ θ=  

 Since motion impends, 

 

1tan 0.40 21.80
2 2(21.8 )

s

s

φ
θ φ

−= = °
= = °  

   43.6θ = °   

(b) Force triangle: 

 This is a right triangle. 

 
sin
sin 21.8

sT W
W

φ=
= °  

 0.371T W=   
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PROBLEM 8.25 

A window sash weighing 10 lb is normally supported by two 5-lb sash 
weights. Knowing that the window remains open after one sash cord 
has broken, determine the smallest possible value of the coefficient of 
static friction. (Assume that the sash is slightly smaller than the frame 
and will bind only at Points A and D.) 

 

SOLUTION 

FBD window: 5 lbT =  

 0: 0x A D

A D

F N N
N N

Σ = − =
=

 

 

Impending motion: A s A

D s D

F N
F N

μ
μ

=
=

 

 0: (18 in.) (27 in.) (36 in.) 0D A AM W N FΣ = − − =  10 lb=W  

 

3 2
2

2
3 4

A s A

A
s

W N N

WN

μ

μ

= +

=
+

 

 0: 0y A DF F W T FΣ = − + + =  

 
2A D

WF F W T+ = − =  

Now ( )
2

A D s A D

s A

F F N N
N

μ
μ

+ = +
=

 

Then 22
2 3 4s

s

W Wμ
μ

=
+

 

or  0.750sμ =   
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PROBLEM 8.26 

A 500-N concrete block is to be lifted by the pair of tongs shown. 
Determine the smallest allowable value of the coefficient of static 
friction between the block and the tongs at F and G. 

 

SOLUTION 

Free body: Members CA, AB, BD 

By symmetry: 1 (500) 250 N
2y yC D= = =  

Since CA is a two-force member, 

 
250 N

90 mm 75 mm 75 mm
300 N

yx

x

CC

C

= =

=
 

 0:
300 N

x x x

x

F D C
D

Σ = =
=

 

Free body: Tong DEF 

 0: (300 N)(105 mm) (250 N)(135 mm)EMΣ = +  
 (250 N)(157.5 mm) (360 mm) 0xF+ − =  

 290.625 NxF = +  

Minimum value of :sμ  250 N
290.625 N

y
s

x

F
F

μ = =  

  0.860sμ =   
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PROBLEM 8.27 

The press shown is used to emboss a small seal at E. Knowing 
that the coefficient of static friction between the vertical guide 
and the embossing die D is 0.30, determine the force exerted by 
the die on the seal. 

 

SOLUTION 

Free body: Member ABC 

 

 0: cos 20 (4) sin 20 (6.9282)Σ = ° + °A BD BDM F F  

 (50 lb)(4 15.4548) 0− + =  

 158.728 lbBDF =  

Free body: Die D 

 1

1

tan

tan 0.3
16.6992

s sφ μ−

−

=

=
= °

 

 
 
Force triangle: 

 158.728 lb
sin 53.301 sin 106.6992°

132.869 lb

=
°

=

D

D

 

 

On seal: 132.9 lb=D   
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PROBLEM 8.28 

The 100-mm-radius cam shown is used to control the motion of the 
plate CD. Knowing that the coefficient of static friction between the 
cam and the plate is 0.45 and neglecting friction at the roller 
supports, determine (a) the force P required to maintain the motion 
of the plate, knowing that the plate is 20 mm thick, (b) the largest 
thickness of the plate for which the mechanism is self locking (i.e., 
for which the plate cannot be moved however large the force P 
may be). 

 

SOLUTION 

Free body: Cam 

 

Impending motion: sF Nμ=  

 0: sin ( ) cos 0A sM QR NR N Rθ μ θΣ = − + =  

 
sin coss

QN
θ μ θ

=
−

 (1) 

Free body: Plate 0x sF P NμΣ = =  (2) 

Geometry in ΔABD with 100 mmR =  and 20 mmd =  

 

2

cos

80 mm
100 mm
0.8

sin 1 cos 0.6

θ

θ θ

−=

=

=

= − =

R d
R
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PROBLEM 8.28  (Continued) 

 

(a) Eq. (1) using 60 N and 0.45
60 N

0.6 (0.45)(0.8)
60 250 N

0.24

sQ

N

μ= =

=
−

= =

 

 Eq. (2) (0.45)(250 N)sP Nμ= =  

   112.5 NP =   

(b) For P = ∞, .N = ∞  Denominator is zero in Eq. (1). 

 

sin cos 0
tan 0.45

24.23

cos

100cos 24.23
100

s

s

R d
R

d

θ μ θ
θ μ
θ

θ

− =
= =
= °

−=

−=  

  8.81 mmd =   
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PROBLEM 8.29 

A slender rod of length L is lodged between peg C and the vertical wall and 
supports a load P at end A. Knowing that the coefficient of static friction is 0.20 at 
both B and C, find the range of values of the ratio L/a for which equilibrium is 
maintained. 

 

SOLUTION 

We shall first assume that the motion of end B is impending upward. The friction forces at B and C will have 
the values and directions indicated in the FB diagram. 

 

 0: sin 0
sinB C

aM PL Nθ
θ

⎛ ⎞Σ = − =⎜ ⎟
⎝ ⎠

 

 2sinC
PLN
a

θ=  (1) 

 0: cos sin 0x C C BF N N Nθ μ θΣ = + − =  (2) 

 0: sin cos 0y C C BF N N N Pθ μ θ μΣ = − − − =  (3) 

 

Multiply Eq. (2) by μ and subtract from Eq. (3): 

 2

(sin cos ) (cos sin ) 0

[sin (1 ) 2 cos ]
C C

C

N N P

P N

θ μ θ μ θ μ θ

θ μ μ θ

− − + − =

= − −
 

Substitute for CN from Eq. (1) and solve for a/L: 

 2 2sin [(1 )sin 2 cos ]a
L

θ μ θ μ θ= − −  (4) 

Making 35θ = °  and 0.20 inμ = Eq. (4): 

 
2sin 35 [(1 0.04)sin 35 2(0.20)cos35 ]

0.07336

= ° − ° − °

=

a
L  

  13.63=L
a
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PROBLEM 8.29  (Continued) 

 

Assuming now that the motion at B is impending downward, we should reverse the direction of BF  and CF  in. 
the FB diagram. The same result may be obtained by making 35θ = °  and 0.20 inμ = − Eq. (4): 

 
2sin 35 [(1 0.04)sin 35 2( 0.20)cos35 ]

0.2889

= ° − ° − − °

=

a
L  

  3.461=L
a

  

Thus, the range of values of L/a for which equilibrium is maintained is 3.46 13.63L
a

� �   
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PROBLEM 8.30 

The 50-lb plate ABCD is attached at A and D to collars that can slide on 
the vertical rod. Knowing that the coefficient of static friction is 0.40 
between both collars and the rod, determine whether the plate is in 
equilibrium in the position shown when the magnitude of the vertical 
force applied at E is (a) 0,P =  (b) 20 lb.P =  

 

SOLUTION 

(a) P = 0 0: (2 ft) (50 lb)(3 ft) 0D AM NΣ = − =  

 75 lbAN =  

 0: 75 lbx D AF N NΣ = = =  

 0: 50 lb 0y A DF F FΣ = + − =  

 50 lbA DF F+ =  

 But: ( ) 0.40(75 lb) 30 lb
( ) 0.40(75 lb) 30 lb

A m s A

D m s D

F N
F N

μ
μ

= = =
= = =

 

 Thus: ( ) ( ) 60 lbA m D mF F+ =  

 and ( ) ( )A m D m A DF F F F+ +�  Plate is in equilibrium  

(b) P = 20 lb 0: (2 ft) (50 lb)(3 ft) (20 lb)(5 ft) 0D AM NΣ = − + =  

 25 lbAN =  

 0: 25 lbx D AF N NΣ = = =  

 0: 50 lb 20 lb 0y A DF F FΣ = + − + =  

 30 lbA DF F+ =  

 But: ( ) 0.4(25 lb) 10 lb
( ) 0.4(25 lb) 10 lb

A m s A

D m s D

F N
F N

μ
μ

= = =
= = =

 

 Thus: ( ) ( ) 20 lbA m D mF F+ =  

 and ( ) ( )A D A m D mF F F F+ +�  Plate moves downward  
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PROBLEM 8.31 

In Problem 8.30, determine the range of values of the magnitude P of the 
vertical force applied at E for which the plate will move downward. 

PROBLEM 8.30 The 50-lb plate ABCD is attached at A and D to collars 
that can slide on the vertical rod. Knowing that the coefficient of static 
friction is 0.40 between both collars and the rod, determine whether the 
plate is in equilibrium in the position shown when the magnitude of the 
vertical force applied at E is (a) 0,P =  (b) 20 lb.P =  

 

SOLUTION 

We shall consider the following two cases: 

(1) 0 30 lbP� �  

 0: (2 ft) (50 lb)(3 ft) (5 ft) 0D AM N PΣ = − + =  

 75 lb 2.5AN P= −  

 (Note: 0AN �  and directed  for 30 lbP �  as assumed here) 

 0:x A DF N NΣ = =  

 0: 50 0

50
y A D

A D

F F F P

F F P

Σ = + + − =

+ = −

 

 But: 0( ) ( )
0.40(75 2.5 )
30

A m m s AF F N
P

P

μ= =
= −
= −

 

 Plate moves  if: ( ) ( )A D A m D mF F F F+ +�  

 or 50 (30 ) (30 )P P P− − + −�  10 lbP �   

(2) 30 lb 50 lbP� �  

 0: (2 ft) (50 lb)(3 ft) (5 ft) 0Σ = − − + =D AM N P  

 2.5 75AN P= −  

 (Note: AN �  and directed  for 30 lbP �  as assumed) 

 0:x A DF N NΣ = =  

 0: 50 0Σ = + + − =y A DF F F P  

  50+ = −A DF F P  
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PROBLEM 8.31  (Continued) 

 

 But: ( ) ( )
0.40(2.5 75)

30 lb

A m D m s AF F N
P

P

μ= =
= −
= −

 

 Plate moves  if: ( ) ( )A D A m D mF F F F+ +�  

 50 ( 30) ( 30)P P P− − + −�  110 36.7 lb
3

P =�   

 Thus, plate moves downward for: 10.00 lb 36.7 lbP� �   

 (Note: For 50 lb,P � plate is in equilibrium) 
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PROBLEM 8.32 

A pipe of diameter 60 mm is gripped by the stillson wrench shown. Portions AB 
and DE of the wrench are rigidly attached to each other, and portion CF is 
connected by a pin at D. If the wrench is to grip the pipe and be self-locking, 
determine the required minimum coefficients of friction at A and C. 

 

SOLUTION 

FBD ABD: 

 0: (15 mm) (110 mm) 0D A AM N FΣ = − =  

Impending motion: A A AF Nμ=  

 
Then 15 110 0Aμ− =  

or 0.13636Aμ =  0.1364Aμ =   

 0: 0x A x x AF F D D FΣ = − = =  

FBD pipe: 

 0: 0y C AF N NΣ = − =  

 C AN N=  

FBD DF: 

  0: (550 mm) (15 mm) (500 mm) 0F C C xM F N DΣ = − − =  

Impending motion: C C CF Nμ=  

Then 550 15 500 A
C

C

F
N

μ − =  

But and 0.13636A
C A A

A

FN N
N

μ= = =  

So 550 15 500(0.13636)Cμ = +  0.1512Cμ =    
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PROBLEM 8.33 

Solve Problem 8.32 assuming that the diameter of the pipe is 30 mm. 

PROBLEM 8.32 A pipe of diameter 60 mm is gripped by the stillson wrench 
shown. Portions AB and DE of the wrench are rigidly attached to each other, 
and portion CF is connected by a pin at D. If the wrench is to grip the pipe and 
be self-locking, determine the required minimum coefficients of friction at  
A and C. 

 

SOLUTION 

FBD ABD: 

  0: (15 mm) (80 mm) 0D A AM N FΣ = − =  
 

 
Impending motion: A A AF Nμ=  

Then 15 mm (80 mm) 0Aμ− =  0.1875Aμ =   

 0: 0x A xF F DΣ = − =  

So that 0.1875x A AD F N= =  

FBD pipe: 0: 0y C AF N NΣ = − =  

 C AN N=  

 

FBD DF: 0: (550 mm) (15 mm) (500 mm) 0Σ = − − =F C C xM F N D  

 

Impending motion: C C CF Nμ=  

 550 15 500(0.1875) A
C

C

N
N

μ − =  

But A CN N=  (from pipe FBD) so 1A

C

N
N

=  

and  0.1977Cμ =   
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PROBLEM 8.34 

A 10-ft beam, weighing 1200 lb, is to be moved to the left onto the 
platform. A horizontal force P is applied to the dolly, which is 
mounted on frictionless wheels. The coefficients of friction between 
all surfaces are 0.30sμ =  and 0.25,kμ =  and initially 2 ft.x =  
Knowing that the top surface of the dolly is slightly higher than the 
platform, determine the force P required to start moving the beam. 
(Hint: The beam is supported at A and D.) 

 

SOLUTION 

FBD beam: 

 
 0: (8ft) (1200 lb)(5ft) 0Σ = − =A DM N  

 750 lbD =N  

 0: 1200 750 0y AF NΣ = − + =  

 450 lbA =N  

 ( ) 0.3(450) 135.0 lbA m s AF Nμ= = =  

 ( ) 0.3(750) 225 lbD m s DF Nμ= = =  

Since ( ) ( ) ,A m D mF F� sliding first impends at A with  

 ( ) 135 lbA A mF F= =  

 0: 0
135.0 lb

x A D

D A

F F F
F F

Σ = − =
= =

 

FBD dolly: 

From FBD of dolly: 

 0: 0x DF F PΣ = − =  

 135.0 lbDP F= =  135.0 lbP =   
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PROBLEM 8.35 

(a) Show that the beam of Problem 8.34 cannot be moved if the top 
surface of the dolly is slightly lower than the platform. (b) Show 
that the beam can be moved if two 175-lb workers stand on the 
beam at B and determine how far to the left the beam can be moved. 

PROBLEM 8.34 A 10-ft beam, weighing 1200 lb, is to be moved 
to the left onto the platform. A horizontal force P is applied to the 
dolly, which is mounted on frictionless wheels. The coefficients of 
friction between all surfaces are 0.30sμ =  and 0.25,kμ =  and 
initially 2 ft.x =  Knowing that the top surface of the dolly is 
slightly higher than the platform, determine the force P required to 
start moving the beam. (Hint: The beam is supported at A and D.) 

 

SOLUTION 

(a) Beam alone 

 0: (8 ft) (1200 lb)(3 ft) 0C BM NΣ = − =  

 450 lbB =N  

 0: 450 1200 0y CF NΣ = + − =  

 750 lbC =N  

 
( ) 0.3(750) 225 lb
( ) 0.3(450) 135 lb

C m s C

B m s B

F N
F N

μ
μ

= = =
= = =

 

 Since ( ) ( ) ,B m C mF F�  sliding first impends at B, and Beam cannot be moved   

 

(b) Beam with workers standing at B 

 
 0: (10 ) (1200)(5 ) 350(10 ) 0C BM N x x xΣ = − − − − − =  

 9500 1550
10B

xN
x

−=
−

 

 0: (1200)(5) (10 ) 0
6000

10

B C

C

M N x

N
x

Σ = − − =

=
−
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PROBLEM 8.35  (Continued) 

 

 Check that beam starts moving for x = 2 ft: 

 For x = 2 ft: 9500 1550(2) 800 lb
10 2

6000 750 lb
10 2

( ) 0.3(750) 225 lb
( ) 0.3(800) 240 lb

B

C

C m s C

B m s B

N

N

F N
F N

μ
μ

−= =
−

= =
−

= = =
= = =

 

 Since ( ) ( ) ,C m B mF F�  sliding first impends at C, Beam moves   

 How far does beam move? 

 Beam will stop moving when  

  ( )C B mF F=  

 But 6000 15000.25
10 10C k CF N

x x
μ= = =

− −
 

 and 9500 1550 2850 465( ) 0.30
10 10B m s B

x xF N
x x

μ − −= = =
− −

 

 Setting ( ) :C B mF F=  1500 2850 465= − x  2.90ft=x   

 (Note: We have assumed that, once started, motion is continuous and uniform (no acceleration).) 
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PROBLEM 8.36 

Knowing that the coefficient of static friction between the collar and the rod 
is 0.35, determine the range of values of P for which equilibrium is maintained 
when 50θ = ° and 20 N m.M = ⋅  

 

SOLUTION 

Free body member AB: 

BC is a two-force member. 

 0: 20 N m cos 50 (0.1 m) 0Σ = ⋅ − ° =A BCM F  

 311.145 NBCF =  

Motion of C impending upward: 

 0: (311.145 N)cos 50 0Σ = ° − =xF N  

 200 NN =  

 0: (311.145 N)sin 50 (0.35)(200 N) 0Σ = ° − − =yF P  

 168.351 NP =   

Motion of C impending downward: 

 0: (311.145 N)cos 50 0Σ = ° − =xF N  

 200 NN =  

 0: (311.145 N)sin 50 (0.35)(200 N) 0Σ = ° − + =yF P  

 308.35 NP =   

Range of P: 168.4 N 308 NP� �   
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PROBLEM 8.37 

Knowing that the coefficient of static friction between the collar and the 
rod is 0.40, determine the range of values of M for which equilibrium is 
maintained when 60θ = °  and 200 N.P =  

 

SOLUTION 

Free body member AB: 

BC is a two-force member. 

 0: cos 60 (0.1 m) 0Σ = − ° =A BCM M F  

 0.05 BCM F=  (1) 

Motion of C impending upward: 

 0: cos 60 0Σ = ° − =x BCF F N  

 0.5 BCN F=  

 0: sin 60 200 N (0.40)(0.5 ) 0Σ = ° − − =y BC BCF F F  

 300.29 NBCF =  

Eq. (1): 0.05(300.29)M =  

  15.014 N mM = ⋅   

Motion of C impending downward: 

 0: cos 60 0Σ = ° − =x BCF F N  

 0.5 BCN F=  

 0: sin 60 200 N (0.40)(0.5 ) 0Σ = ° − + =y BC BCF F F  

 187.613 NBCF =  

Eq. (1): 0.05(187.613)M =  

  9.381 N mM = ⋅   

Range of M: 9.38 N m 15.01 N mM⋅ ⋅� �   
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PROBLEM 8.38 

The slender rod AB of length 600 mml =  is attached to a collar at B and 
rests on a small wheel located at a horizontal distance 80 mma =  from 
the vertical rod on which the collar slides. Knowing that the coefficient 
of static friction between the collar and the vertical rod is 0.25 and 
neglecting the radius of the wheel, determine the range of values of P for 
which equilibrium is maintained when 100 NQ =  and 30 .θ = °  

 

SOLUTION 

For motion of collar at B impending upward: 

 s Nμ=F  

 0: sin 0
sinB
CaM Ql θ

θ
Σ = − =  

 2sinlC Q
a

θ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

 20: cos sin cosx
lF N C Q
a

θ θ θ⎛ ⎞Σ = = = ⎜ ⎟
⎝ ⎠

 

 0: sin 0y sF P Q C Nθ μΣ = + − − =  

 

3 2

2

sin sin cos 0

sin (sin cos ) 1

s

s

l lP Q Q Q
a a

lP Q
a

θ μ θ θ

θ θ μ θ

⎛ ⎞ ⎛ ⎞+ − − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎡ ⎤= − −⎢ ⎥⎣ ⎦
 (1) 

Substitute data: 2600 mm(100 N) sin 30 (sin 30 0.25cos 30 ) 1
80 mm

⎡ ⎤= ° ° − ° −⎢ ⎥⎣ ⎦
P  

 46.84 NP = − (P is directed ) 

   46.8 NP = −   
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PROBLEM 8.38  (Continued) 

 

For motion of collar, impending downward: 

 s Nμ=F  

In Eq. (1) we substitute for .μ μ− s s  

 2

2

sin (sin cos ) 1

600 mm(100 N) sin 30 (sin 30 0.25cos ) 1
80 mm

θ θ μ θ

θ

⎡ ⎤= + −⎢ ⎥⎣ ⎦
⎡ ⎤= ° ° + −⎢ ⎥⎣ ⎦

s
lP Q
a

P

 

  34.34 N= +P   

For equilibrium:  46.8 N 34.3 NP− � �   
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PROBLEM 8.39 

Two 10-lb blocks A and B are connected by a slender rod of negligible 
weight. The coefficient of static friction is 0.30 between all surfaces of 
contact, and the rod forms an angle 30 .θ = °  with the vertical. (a) Show that 
the system is in equilibrium when 0.P =  (b) Determine the largest value of 
P for which equilibrium is maintained. 

 

SOLUTION 

FBD block B: 

(a) Since 2.69 lbP =  to initiate motion,  equilibrium exists with 0P =   

 

(b) For max ,P  motion impends at both surfaces: 

 

 Block B: 0: 10lb cos 30 0Σ = − − ° =y B ABF N F  

 310 lb
2B ABN F= +  (1) 

 Impending motion: 0.3B s B BF N Nμ= =  

 0: sin 30 0Σ = − ° =x B ABF F F  

 2 0.6AB B BF F N= =  (2) 

 Solving Eqs. (1) and (2): 310 lb (0.6 ) 20.8166 lb
2B BN N= + =  

FBD block A: 

 Then 0.6 12.4900 lbAB BF N= =  

 Block A: 0: sin 30 0Σ = ° − =x AB AF F N  

 1 1 (12.4900 lb) 6.2450 lb
2 2A ABN F= = =  

 Impending motion: 0.3(6.2450 lb) 1.8735 lbA s AF Nμ= = =  

 0: cos 30 10 lb 0Σ = + ° − − =y A ABF F F P  

 

3 10 lb
2

31.8735 lb (12.4900 lb) 10 lb
2

2.69 lb

= + −

= + −

=

A ABP F F

 2.69 lbP =   
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PROBLEM 8.40 

Two identical uniform boards, each of weight 40 lb, are temporarily leaned 
against each other as shown. Knowing that the coefficient of static friction 
between all surfaces is 0.40, determine (a) the largest magnitude of the 
force P for which equilibrium will be maintained, (b) the surface at which 
motion will impend. 

 

SOLUTION 

Board FBDs: 

 
Assume impending motion at C, so 

 0.4C s C CF N Nμ= =  

FBD II: 0: (6 ft) (8 ft) (3 ft)(40 lb) 0B C CM N FΣ = − − =  

 [6 ft 0.4(8 ft)] (3 ft)(40 lb)CN− =  

or 42.857 lbCN =  

and 0.4 17.143 lbC CF N= =  

 0: 0x B CF N FΣ = − =  

 17.143 lbB CN F= =  

 0: 40 lb 0y B CM F NΣ = − − + =  

 40 lb 2.857 lbB CF N= − =  

Check for motion at B: 2.857 lb 0.167 ,  OK, no motion.
17.143 lb

B
s

B

F
N

μ= = �  

FBD I: 0: (8 ft) (6 ft) (3 ft)( 40 lb) 0A B BM N F PΣ = + − + =  

 
(8 ft)(17.143 lb) (6 ft)(2.857 lb) 40 lb

3 ft
11.429 lb

P += −

=
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PROBLEM 8.40  (Continued) 

 

Check for slip at A (unlikely because of P): 

 0: 0 or 17.143 lbx A B A BF F N F NΣ = − = = =  

 0: 40 lb 0y A BF N P FΣ = − − + =  

or 11.429 lb 40 lb 2.857 lb
48.572 lb

AN = + −
=

 

Then 17.143 lb 0.353
48.572 lb

μ= =A
s

A

F
N

�  

OK, no slip assumption is correct.⇒  

Therefore 

(a) max 11.43 lbP =   

(b) Motion impends at C   
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PROBLEM 8.41 

Two identical 5-ft-long rods connected by a pin at B are placed 
between two walls and a horizontal surface as shown. Denoting 
by sμ  the coefficient of static friction at A, B, and C, determine 
the smallest value of sμ  for which equilibrium is maintained. 

 

SOLUTION 

Sense of impending motion: 

   

 0: 2 3 4 0B A s AM W N NμΣ = − − =  

 2
(3 4 )A

s

WN
μ

=
+

 (1) 

 :y AB s AF N W NμΣ = −  (3) 

 0: 0x x s BA AF B N NμΣ = + − =  

 x A s BAB N Nμ= −  (5) 

 0: 1.5 4 3 0B C s CM W N NμΣ = − + =  

 1.5
(4 3 )C

s

WN
μ

=
−

 (2) 

 :y BC s CF N W NμΣ = +  (4) 

 0: 0x x C s BCF B N NμΣ = − − =  

 x C s BCB N Nμ= +  (6) 

Equate (5) and (6): A s BA C s BCN N N Nμ μ− = +  

Substitute from Eqs. (3) and (4): 
2 2

( ) ( )

(1 ) (1 )

μ μ μ μ

μ μ μ μ

− − = + +

+ − = + +
A s s A C s s C

A s s C s s

N W N N W N

N W N W

 

Substitute from Eqs. (1) and (2): 2 2

2

2 1.5(1 ) (1 )
3 4 4 3

22 1.5
3 4 4 3 1

μ μ μ μ
μ μ

μ
μ μ μ

+ − = + +
+ −

− =
+ − +

s s s s
s s

s

s s s

W WW W  

Solve for :sμ  0.0949sμ =   
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PROBLEM 8.42 

Two 8-kg blocks A and B resting on shelves are connected by a rod of 
negligible mass. Knowing that the magnitude of a horizontal force P 
applied at C is slowly increased from zero, determine the value of P for 
which motion occurs, and what that motion is, when the coefficient of 
static friction between all surfaces is (a) 0.40,sμ =  (b) 0.50.sμ =  

 

SOLUTION 

(a) 0.40:sμ =  Assume blocks slide to right. 

 

2(8 kg)(9.81 m/s ) 78.48 N

A s A

B s B

W mg
F N
F N

μ
μ

= = =
=
=

 

 0: 2 0y A BF N N WΣ = + − =  

 2A BN N W+ =  

 0: 0x A BF P F FΣ = − − =  

 ( ) (2 )
0.40(2)(78.48 N) 62.78 N

A B s A B sP F F N N W
P

μ μ= + = + =
= =

 (1) 

 0: (0.1 m) ( )(0.09326 m) (0.2 m) 0B A AM P N W FΣ = − − + =  

 (62.78)(0.1) ( 78.48)(0.09326) (0.4)( )(0.2) 0− − + =A BN N  

 0.17326 1.041AN =  

 6.01 N 0 OKAN = �  

  System slides: 62.8 NP =   

(b) 0.50:sμ =  See part a. 

 Eq. (1): 0.5(2)(78.48 N) 78.48 NP = =  

 0: (0.1 m) ( )(0.09326 m) (0.2 m) 0B A AM P N W FΣ = + − + =  

 (78.48)(0.1) ( 78.48)(0.09326) (0.5) (0.2) 0+ − + =A AN N  

 0.19326 0.529AN = −  

 2.73 N 0AN = − �  uplift, rotation about B 
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PROBLEM 8.42  (Continued) 

 

 For 0:AN =  0: (0.1 m) (0.09326 m) 0BM P WΣ = − =  

 (78.48 N)(0.09326m)/(0.1) 73.19= =P  

  System rotates about B: 73.2 NP =   
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PROBLEM 8.43 

A slender steel rod of length 225 mm is placed inside a pipe as shown. 
Knowing that the coefficient of static friction between the rod and the 
pipe is 0.20, determine the largest value of θ for which the rod will not 
fall into the pipe. 

 

SOLUTION 

Motion of rod impends down at A and to left at B. 

 A s A B s BF N F Nμ μ= =  

 0: sin cos 0θ θΣ = − + =x A B BF N N F  

 sin cos 0A B s BN N Nθ μ θ− + =  

 (sin cos )A B sN N θ μ θ= −  (1) 

 0: cos sin 0y A B BF F N F Wθ θΣ = + + − =  

 cos sin 0s A B s BN N N Wμ θ μ θ+ + − =  (2) 

Substitute for AN  from Eq. (1) into Eq. (2): 

 (sin cos ) cos sin 0s B s B s BN N N Wμ θ μ θ θ μ θ− + + − =  

 2 2(1 )cos 2 sin (1 0.2 )cos 2(0.2)sinB
s s

W WN
μ θ μ θ θ θ

= =
− + − +

 (3) 

 750: (112.5cos ) 0
cosA BM N W θ

θ
⎛ ⎞Σ = − =⎜ ⎟
⎝ ⎠

 

Substitute for BN  from Eq. (3), cancel W, and simplify to find 

 
3 2

3

9.6cos 4sin cos 6.6667 0

cos (2.4 tan ) 1.6667

θ θ θ
θ θ

+ − =

+ =
 

Solve by trial & error: 35.8θ = °   
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PROBLEM 8.44 

In Problem 8.43, determine the smallest value of θ  for which the rod will 
not fall out the pipe. 

PROBLEM 8.43 A slender steel rod of length 225 mm is placed inside a 
pipe as shown. Knowing that the coefficient of static friction between the 
rod and the pipe is 0.20, determine the largest value of θ for which the rod 
will not fall into the pipe. 

 

SOLUTION 

Motion of rod impends up at A and right at B. 

 A s A B s BF N F Nμ μ= =  

 0: sin cos 0x A B BF N N Fθ θΣ = − − =  

 sin cos 0A B s BN N Nθ μ θ− − =  

 (sin cos )A B sN N θ μ θ= +  (1) 

 0: cos sin 0y A B BF F N F Wθ θΣ = − + − − =  

 cos sin 0s A B s BN N N Wμ θ μ θ− + − − =  (2) 

Substitute for AN  from Eq. (1) into Eq. (2): 

 (sin cos ) cos sin 0s B s B s BN N N Wμ θ μ θ θ μ θ− + + − − =  

 2 2(1 )cos 2 sin (1 0.2 )cos 2(0.2)sinB
s s

W WN
μ θ μ θ θ θ

= =
− − − −

 (3) 

 750: (112.5cos ) 0
cosA BM N W θ

θ
⎛ ⎞Σ = − =⎜ ⎟
⎝ ⎠

 

Substitute for BN  from Eq. (3), cancel W, and simplify to find 

 
3 2

3

9.6 cos 4sin cos 6.6667 0

cos (2.4 tan ) 1.6667

θ θ θ
θ θ

− − =

− =
 

Solve by trial + error: 20.5θ = °   
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PROBLEM 8.45 

Two slender rods of negligible weight are pin-connected at C and 
attached to blocks A and B, each of weight W. Knowing that 80θ = °  
and that the coefficient of static friction between the blocks and the 
horizontal surface is 0.30, determine the largest value of P for which 
equilibrium is maintained. 

 

SOLUTION 

FBD pin C: 
 

 

 

 

 

 

 
sin 20 0.34202
cos 20 0.93969

= ° =
= ° =

AC

BC

F P P
F P P

 

 0: sin 30 0Σ = − − ° =y A ACF N W F  

or 0.34202 sin 30 0.171010= + ° = +AN W P W P  

FBD block A: 0: cos 30 0Σ = − ° =x A ACF F F  

or 0.34202 cos 30 0.29620= ° =AF P P  

For impending motion at A: A s AF Nμ=  

Then 0.29620: 0.171010
0.3

A
A

s

FN W P P
μ

= + =  

or 1.22500P W=  

 0: cos 30 0Σ = − − ° =y B BCF N W F  

 0.93969 cos 30 0.81380= + ° = +BN W P W P  

 0: sin 30 0Σ = ° − =x BC BF F F  

 0.93969 sin 30 0.46985= ° =BF P P  
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PROBLEM 8.45  (Continued) 

 

FBD block B: 

For impending motion at B: B s BF Nμ=  

Then 0.46985: 0.81380
0.3

B
B

s

F PN W P
μ

= + =  

or 1.32914P W=  

Thus, maximum P for equilibrium max 1.225P W=   
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PROBLEM 8.46 

The machine part ABC is supported by a frictionless hinge at B and a 
10° wedge at C. Knowing that the coefficient of static friction is 0.20 
at both surfaces of the wedge, determine (a) the force P required to 
move the wedge to the left, (b) the components of the corresponding 
reaction at B. 

 

SOLUTION 

 1 1

0.20

tan tan 0.20 11.3099
s

s s

μ

φ μ− −

=

= = = °
 

Free body: ABC 

 
 

 10 11.3099 21.3099° + ° = °  

 0: ( cos 21.3099 )(10) (120 lb)(8) 0
103.045 lb

Σ = ° − =
=

B C

C

M R
R

 

 

Free body: Wedge 

 

 

 

Force triangle: 
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PROBLEM 8.46  (Continued) 

 

Law of sines: 

 
( 103.045 lb)

sin 32.6198 sin 78.690
=

=
° °

CRP  

(a) 56.6 lb=P    

(b) Returning to free body of ABC: 

 0: 120 (103.045)sin 21.3099 0Σ = + − ° =x xF B  

 82.552 lbxB = −  82.6 lbx =B    

 0: (103.045)cos 21.3099 0Σ = + ° =y yF B  

 96.000 lbyB = −  96.0 lby =B    
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PROBLEM 8.47 

Solve Problem 8.46 assuming that the wedge is to be moved to the 
right. 

PROBLEM 8.46 The machine part ABC is supported by a 
frictionless hinge at B and a 10° wedge at C. Knowing that the 
coefficient of static friction is 0.20 at both surfaces of the wedge, 
determine (a) the force P required to move the wedge to the left,  
(b) the components of the corresponding reaction at B. 

 

SOLUTION 

 
1 1

0.20

tan tan 0.20 11.30993

μ

φ μ− −

=

= = = °
s

s s

 

Free body: ABC 

 
 11.30993 10 1.30993° − ° = °  

 0: ( cos 1.30993 )(10) (120 lb)(8) 0
96.025 lb

Σ = ° − =
=

B C

C

M R
R

 

 

Free body: Wedge 

 
 
 
 
Force triangle: 
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PROBLEM 8.47  (Continued) 

 

Law of sines: 

 
( 96.025 lb)

sin 12.6198 sin 78.690
=

=
° °

CRP  

(a) 21.4 lb=P    

(b) Returning to free body of ABC: 

 0: 120 (96.025)sin 1.30993 0Σ = + + ° =x xF B  

 122.195 lbxB = −  122.2 lbx =B    

 0: (96.025)cos1.30993 0Σ = + ° =y yF B  

 96.000 lbyB = −  96.0 lby =B    
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PROBLEM 8.48 

Two 8° wedges of negligible weight are used to move and position the 800-kg 
block. Knowing that the coefficient of static friction is 0.30 at all surfaces of 
contact, determine the smallest force P that should be applied as shown to one 
of the wedges. 

 

SOLUTION 

 10.30 tan 0.30 16.70s sμ φ −= = = °  

Free body: 800-kg block and right-hand wedge 

 2(800 kg)(9.81 m/s ) 7848 NW = =  

 

Force triangle: 90 16.70 24.70
48.60

α = ° − ° − °
= °

 

Law of sines: 1

1

7848 N
sin 16.70 sin 48.60

3006.5 N

=
° °

=

R

R

 

Free body: Left-hand wedge 

 

Force triangle: 16.70 24.70
41.40

β = ° + °
= °

 

Law of sines: 1

sin 41.40 sin(90 16.70 )
RP =

° ° − °
 

 3006.5 N
sin 41.40 cos 16.70°

P =
°

 2080 N=P    
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PROBLEM 8.49 

Two 8° wedges of negligible weight are used to move and position the 
800-kg block. Knowing that the coefficient of static friction is 0.30 at all 
surfaces of contact, determine the smallest force P that should be applied 
as shown to one of the wedges. 

 

SOLUTION 

 10.30 tan 0.30 16.70s sμ φ −= = = °  

Free body: 800-kg block 

 

Force triangle: 2(800 kg)(9.81 m/s ) 7848 N
90 2 90 2(16.70 )
56.60

s

W
α φ

= =
= ° − = ° − °
= °

 

Law of sines: 1

1

7848 N
sin 16.70 sin 56.60

2701 N

=
° °

=

R

R

 

Free body: Right-hand wedge 

Force triangle: 

 

 16.70 24.70
41.40

β = ° + °
= °

 

Law of sines: 1

sin 41.40 sin(90 24.70 )
RP =

° ° − °
 

 2701 N
sin 41.40 cos 24.70°

P =
°

 1966 N=P    
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PROBLEM 8.50 

The elevation of the end of the steel beam supported by a 
concrete floor is adjusted by means of the steel wedges E and F. 
The base plate CD has been welded to the lower flange of the 
beam, and the end reaction of the beam is known to be 100 kN. 
The coefficient of static friction is 0.30 between two steel 
surfaces and 0.60 between steel and concrete. If the horizontal 
motion of the beam is prevented by the force Q, determine  
(a) the force P required to raise the beam, (b) the corresponding 
force Q. 

 

SOLUTION 

Free body: Beam and plate CD 

 1

1

(100 kN)
cos16.7°
104.4 kN

R

R

=

=
 

Free body: Wedge E 

 

(a) 104.4 kN
sin 43.4 sin 63.3

P =
° °

 80.3 kN=P   

(b) 1tan 0.3 16.7φ −= = °s  

 (100 kN) tan16.7= °Q  30 kN=Q   

 Free body: Wedge F 

 (To check that it does not move.) 

 Since wedge F is a two-force body, 2R  and 3R  are colinear 

 Thus 26.7θ = °  

 But 1
concrete tan 0.6 31.0φ θ−= = ° �    OK 
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PROBLEM 8.51 

The elevation of the end of the steel beam supported by a 
concrete floor is adjusted by means of the steel wedges E and F. 
The base plate CD has been welded to the lower flange of  
the beam, and the end reaction of the beam is known to be  
100 kN. The coefficient of static friction is 0.30 between two  
steel surfaces and 0.60 between steel and concrete. If the 
horizontal motion of the beam is prevented by the force Q, 
determine (a) the force P required to raise the beam, (b) the 
corresponding force Q. 

 

SOLUTION 

Free body: Wedge F 1tan 0.30 16.7sφ −= = °  

 

(a) (100 kN) tan 26.7 (100 kN) tan
50.29 kN 30 kN

φ= ° +
= +

sP
P

 

 80.29 kN=P  80.3 kN=P   

 1
(100 kN) 111.94 kN
cos 26.7°

= =R  

 Free body: Beam, plate, and wedge E 

 

(b) tan 26.7 (100 kN) tan 26.7= ° = °Q W  

 50.29 kN=Q  50.3 kN=Q   
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PROBLEM 8.52 

A wedge A of negligible weight is to be driven between two 100-lb 
plates B and C. The coefficient of static friction between all surfaces 
of contact is 0.35. Determine the magnitude of the force P required 
to start moving the wedge (a) if the plates are equally free to move, 
(b) if plate C is securely bolted to the surface. 

 

SOLUTION 

(a) With plates equally free to move 

 Free body: Plate B 1 1tan tan 0.35 19.2900s sφ μ− −= = = °  

 Force triangle: 

  
  180 124.29 19.29 36.42α = ° − ° − ° = °  

 Law of sines: 1

1

100 lb
sin 19.29 sin 36.42°

55.643 lb

=
°

=

R

R

 

 Free body: Wedge A 

 Force triangle: 

 
 By symmetry, 3 1 55.643 lb

19.29 15 34.29
R R
β

= =
= ° + ° = °

 

 Then 12 sinP R β=  

 or 2(55.643)sin 34.29= °P  62.7 lbP =   

(b) With plate C bolted 

The free body diagrams of plate B and wedge A (the only members to move) are same as above.  
Answer is thus the same. 

 62.7 lbP =   
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PROBLEM 8.53 

Block A supports a pipe column and rests as shown on wedge B. 
Knowing that the coefficient of static friction at all surfaces of contact 
is 0.25 and that 45 ,θ = °  determine the smallest force P required to raise 
block A. 

 

SOLUTION 

 1 1tan tan 0.25 14.036s sφ μ− −= = = °  

FBD block A: 

 

 
2

2

3 kN
sin 104.036 sin 16.928°

10.0000 kN

R

R

=
°

=
 

FBD wedge B: 

 

 

10.0000 kN
sin 73.072 sin 75.964°

9.8611 kN

=
°

=

P

P  9.86 kN=P    
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PROBLEM 8.54 

Block A supports a pipe column and rests as shown on wedge B. Knowing 
that the coefficient of static friction at all surfaces of contact is 0.25 and 
that 45 ,θ = °  determine the smallest force P for which equilibrium is 
maintained. 

 

SOLUTION 

 1 1tan tan 0.25 14.036s sφ μ− −= = = °  

FBD block A: 

 

 
2

2

3 kN
sin(75.964 ) sin(73.072 )

3.0420 kN

R

R

=
° °

=
 

FBD wedge B: 

 

 

3.0420 kN
sin 16.928 sin 104.036°

0.91300 kN

=
°

=

P

P  913 N=P    
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PROBLEM 8.55 

Block A supports a pipe column and rests as shown on wedge B. 
The coefficient of static friction at all surfaces of contact is 0.25.  
If 0,=P  determine (a) the angle θ for which sliding is impending, 
(b) the corresponding force exerted on the block by the vertical wall. 

 

SOLUTION 

Free body: Wedge B 1tan 0.25 14.04sφ −= = °  

(a) Since wedge is a two-force body, 2R  and 3R  must be equal and opposite.  
 Therefore, they form equal angles with vertical 

 sβ φ=  

 and 

  
2 2(14.04 )

s s

s

θ φ φ
θ φ

− =
= = °

 

 28.1θ = °   

Free body: Block A 

 
 1 (3 kN)sin 14.04 0.7278 kN= ° =R  

(b) Force exerted by wall: 1 728 N=R  14.04°   
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PROBLEM 8.56 

A 12° wedge is used to spread a split ring. The coefficient of static 
friction between the wedge and the ring is 0.30. Knowing that a force P 
of magnitude 25 lb was required to insert the wedge, determine the 
magnitude of the forces exerted on the ring by the wedge after insertion. 

 

SOLUTION 

Free body: Wedge 1 1tan tan 0.30 16.6992s sφ μ− −= = = °  

 
Force triangle: 
 

1
2

6
6 16.6992
22.6992
Horizontal component of 

(25 lb)
tan 22.6992
29.9 lb

α φ= ° +
= ° + °
= °
=

=
°

=

s

Q R

Q

 

Free body: After wedge has been inserted 

 

Wedge is now a two-force body with forces shown. 

 

 29.9 lbQ =   

(Note: Since angles between force Q  and normal to wedge is 6 ,sφ° �  wedge stays in place.) 
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PROBLEM 8.57 

A 10° wedge is to be forced under end B of the 5-kg rod AB. Knowing 
that the coefficient of static friction is 0.40 between the wedge and the 
rod and 0.20 between the wedge and the floor, determine the smallest 
force P required to raise end B of the rod. 

 

SOLUTION 

FBD AB: 

 
2

1 1
1 1

(5 kg)(9.81 m/s )
49.050 N

tan ( ) tan 0.40 21.801s s

W mg

W
W

φ μ− −

=

=
=

= = = °

 

 1 10: cos(10 21.801 ) sin(10 21.801 )
2 (49.050 N) 0
π

Σ = ° + ° − ° + °

− =

AM rR rR
r

 

 1 96.678 NR =  

FBD wedge: 

 

 1 1
2 2tan ( ) tan 0.20 11.3099s sφ μ− −= = =  

 96.678 N
sin(43.111 ) sin 78.690°

P =
°

 67.4 N=P   
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PROBLEM 8.58 

A 10° wedge is used to split a section of a log. The coefficient of static friction 
between the wedge and the log is 0.35. Knowing that a force P of magnitude 
600 lb was required to insert the wedge, determine the magnitude of the forces 
exerted on the wood by the wedge after insertion. 

 

SOLUTION 

FBD wedge (impending motion ): 

 

1

1

tan

tan 0.35
19.29

s sφ μ−

−

=

=
= °

 

By symmetry: 1 2R R=  

 10: 2 sin(5 ) 600 lb 0φΣ = ° + − =y sF R  

or 1 2
300 lb 729.30 lb

sin (5°+19.29°)
= = =R R  

When P is removed, the vertical components of 1R  and 2R  vanish, leaving the horizontal components 

 

1 2

1 cos(5 )
(729.30 lb)cos(5 19.29 )

x x

s

R R
R φ

=
= ° +
= ° + °  1 2 665 lbx xR R= =   

(Note that 5 ,sφ °�  so wedge is self-locking.) 
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PROBLEM 8.59 

A conical wedge is placed between two horizontal plates that are then 
slowly moved toward each other. Indicate what will happen to the wedge 
(a) if s 0.20,μ =  (b) if 0.30.sμ =  

 

SOLUTION 

 
As the plates are moved, the angle θ  will decrease. 

(a) 1 1tan tan 0.2 11.31 .s sφ μ− −= = = °  

 As θ  decrease, the minimum angle at the contact approaches 
  12.5 11.31 ,sφ° = °�  so the wedge will slide up and out from the slot.  

(b) 1 1tan tan 0.3 16.70 .s sφ μ− −= = = °  

 As θ  decreases, the angle at one contact reaches 16.7°. (At this  
  time the angle at the other contact is 25 16.7 8.3 ).sφ° − ° = ° �  The wedge binds in the slot.  
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PROBLEM 8.60 

A 15° wedge is forced under a 50-kg pipe as shown. The coefficient of static 
friction at all surfaces is 0.20. (a) Show that slipping will occur between the pipe 
and the vertical wall. (b) Determine the force P required to move the wedge. 

 

SOLUTION 

Free body: Pipe 

 0: sin (1 sin ) cos 0B A AM Wr F r N rθ θ θΣ = + + − =  

Assume slipping at A: 

 
cos (1 sin ) sin

sin
cos (1 sin )

sin 15
cos15 (0.20)(1 sin 15 )
0.36241

μ
θ μ θ θ

θ
θ μ θ

=
− + =

=
− +

°=
° − + °

=

A s A

A s A

A
s

A

F N
N N W

WN

WN

W

 

 0: sin sin cos 0x B A AF F W F Nθ θ θΣ = − − − + =  

 
cos sin sin

0.36241 cos 15 0.20(0.36241 )sin 15 sin 15
0.072482

θ μ θ θ= − −
= ° − ° − °
=

B A s A

B

B

F N N W
F W W W
F W

 

 0: cos cos sin 0y B A AF N W F Nθ θ θΣ = − − − =  

 
sin cos cos

(0.36241 )sin 15 0.20(0.36241 )cos 15 cos15
1.12974

θ μ θ θ= + +
= ° + ° + °
=

B A s A

B

B

N N N W
N W W W
N W

 

Maximum available: 0.22595B s BF N Wμ= =  

(a) We note that maxBF F�   No slip at B  
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PROBLEM 8.60  (Continued) 

 

(b) Free body: Wedge 20: cos sin 0y B BF N N Fθ θΣ = − + =  

 
2

2

2

cos sin
(1.12974 )cos15 (0.07248 )sin 15
1.07249

θ θ= −
= ° − °
=

B BN N F
N W W
N W

 

 20: cos sin 0θ θ μΣ = + + − =x B B sF F N N P  

 
2cos sin

(0.07248 )cos15 (1.12974 )sin 15 0.2(1.07249 )
0.5769

θ θ μ= + +
= ° + ° +
=

B B sP F N N
P W W W
P W

 

 2: 0.5769(50 kg)(9.81 m/s )W mg P= =  283 N=P    
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PROBLEM 8.61 

A 15° wedge is forced under a 50-kg pipe as shown. Knowing that the coefficient 
of static friction at both surfaces of the wedge is 0.20, determine the largest 
coefficient of static friction between the pipe and the vertical wall for which 
slipping will occur at A. 

 

SOLUTION 

Free body: Pipe 

 0: cos ( sin ) 0A B B B B BM N r N r N r Wrθ μ μ θΣ = − − − =  

 

cos (1 sin )

cos15 0.2(1 sin15 )
1.4002

B
B

B

B

WN

WN

N W

θ μ θ
=

− +

=
° − + °

=

 

 0: sin cos 0x A B B BF N N Nθ μ θΣ = − − =  

 
(sin cos )

(1.4002 )(sin15 0.2 cos15 )
0.63293

θ μ θ= +
= ° + × °
=

A B B

A

N N
W

N W
 

 0: cos sin 0y A B B BF F W N Nθ μ θΣ = − − + − =  

 
(cos sin )

(1.4002 )(cos15 0.2 sin )
0.28001

A B B

A

A

F N W
F W W
F W

θ μ θ
θ

= − −
= ° − × −
=

 

For slipping at A: A A AF Nμ=  

 0.28001
0.63293

A
A

A

F W
N W

μ = =  0.442Aμ =   
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PROBLEM 8.62 

An 8° wedge is to be forced under a machine base at B. 
Knowing that the coefficient of static friction at all surfaces of 
contact is 0.15, (a) determine the force P required to move the 
wedge, (b) indicate whether the machine base will slide on the 
floor. 

 

SOLUTION 

Free body: Machine base 

 0: (200 lb)(3 ft) (400 lb)(1.5 ft) (6 ft) 0

200 lb
B y

y

M A

A

Σ = + − =

=
 

 0: 200 lb 400 lb 0y y yF A BΣ = + − − =  

 
200 lb 200 lb 400 lb 0

400 lb
y

y

B

B

+ − − =

=
 

Free body: Wedge 
(Assume machine base will not move) 

 10.15, tan 0.15 8.53s sμ φ −= = = °  

We know that 400 lbyB =  

Force triangle: 8 8 8.53 16.53φ° + = ° + ° = °s  

 

 
(400 lb) tan16.53 (400 lb) tan8.53
178.7 lb

P
P

= ° + °
=

 

Total maximum friction force at A and B: 

 0.15(200 lb 400 lb) 90 lbm sF Wμ= = + =  

If machine moves with wedge:  90 lbmP F= =  

Using smaller P, we have 

(a) 90.0 lbP =   

(b)  Machine base moves   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1283 

 

PROBLEM 8.63 

Solve Problem 8.62 assuming that the wedge is to be forced under 
the machine base at A instead of B. 

PROBLEM 8.62 An 8° wedge is to be forced under a machine 
base at B. Knowing that the coefficient of static friction at all 
surfaces of contact is 0.15, (a) determine the force P required to 
move the wedge, (b) indicate whether the machine base will slide 
on the floor. 

 

SOLUTION 

FBD: Machine base 

 0: (200 lb)(3 ft) (400 lb)(1.5 ft) (6 ft) 0B yM AΣ = + − =  

 200lby =A  

 0: 200 lb 400 lb 0y y yF A BΣ = + − − =  

 400lby =B  

 1tan 0.15 8.53sφ −= = °  

We known that  200 lbyA =  

FBD: Wedge 

Force triangle: 

 

(a) (200 lb) tan 8.53 (200 lb) tan 16.53= ° + °P  89.4 lbP =   

(b) Total maximum friction force at A and B: 

 ( ) 0.15(200 lb 400 lb) 90 lbm sF Wμ= = + =  

 Since ,mP F�   machine base will not move   
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PROBLEM 8.64* 

A 200-N block rests as shown on a wedge of negligible weight. The coefficient 
of static friction μs is the same at both surfaces of the wedge, and friction 
between the block and the vertical wall may be neglected. For P = 100 N, 
determine the value of μs for which motion is impending. (Hint: Solve the 
equation obtained by trial and error.) 

 

SOLUTION 

Free body: Wedge 

Force triangle: 

 

Law of sines: 2

sin(90 ) sin(15 2 )φ φ
=

° − ° +s s

R P  

 2
sin(90 )
sin(15 2 )

φ
φ

° −
=

° +
s

s
R P  (1) 

Free body: Block 

 0yF∑ =  

Vertical component of R2 is 200 N 

Return to force triangle of wedge. Note 100 NP =  

 
100 N (200 N) tan (200 N) tan(15 )

0.5 tan tan(15 )
φ φ

φ φ
= + ° +
= + ° +

s

s
 

Solve by trial and error 6.292sφ =  

 tan tan 6.292s sμ φ= = °  0.1103sμ =   
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PROBLEM 8.65* 

Solve Problem 8.64 assuming that the rollers are removed and that μs is the 
coefficient of friction at all surfaces of contact. 

PROBLEM 8.64* A 200-N block rests as shown on a wedge of negligible 
weight. The coefficient of static friction μs is the same at both surfaces of the 
wedge, and friction between the block and the vertical wall may be neglected. 
For P = 100 N, determine the value of μs for which motion is impending.  
(Hint: Solve the equation obtained by trial and error.) 

 

SOLUTION 

Free body: Wedge 

Force triangle: 

 

Law of sines: 2

sin (90 ) sin (15 2 )s s

R P
φ φ

=
° − ° +

 

 2
sin (90 )
sin (15 2 )

s

s
R P

φ
φ

° −
=

° +
 (1) 

Free body: Block (Rollers removed) 

Force triangle: 

              

Law of sines: 2

sin (90 ) sin (75 2 )s s

R W
φ φ

=
° + ° −

 

 2
sin (90 )

sin (75 2 )
s

s
R W

φ
θ

° +
=

° −
 (2) 
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PROBLEM 8.65*  (Continued) 

 

Equate R2 from Eq. (1) and Eq. (2): 

 

sin (90 ) sin (90 )
sin (15 2 ) sin (75 2 )

100 lb
200 N
sin (90 )sin (15 2 )

0.5
sin (75 2 )sin (90 )

s s

s s

s s

s s

P W

P
W

φ φ
φ φ

φ φ
φ φ

° − ° +
=

° + ° −
=
=

° + ° +
=

° − ° −

 

Solve by trial and error: 5.784sφ = °  

 tan tan 5.784μ φ= = °s s  0.1013sμ =   
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PROBLEM 8.66 

Derive the following formulas relating the load W and the force P exerted on the handle of the jack discussed 
in Section 8.6. (a) P = (Wr/a) tan (θ + φs), to raise the load; (b) P = (Wr/a) tan(φs − θ ), to lower the load if the 
screw is self-locking; (c) P = (Wr/a) tan (θ − φs), to hold the load if the screw is not self-locking. 

 

SOLUTION 

FBD jack handle: 

See Section 8.6. 0: 0 orC
rM aP rQ P Q
a

Σ = − = =  

FBD block on incline: 

(a) Raising load 
 

 

 

 

 tan ( )sQ W θ φ= +  tan ( )s
rP W
a

θ φ= +   

(b) Lowering load if screw is self-locking (i.e.,: if )sφ θ>  

 

 tan ( )sQ W φ θ= −  tan ( )s
rP W
a

φ θ= −   

(c) Holding load is screw is not self-locking (i.e., if )sφ θ�  

 

 tan ( )sQ W θ φ= −  tan ( )s
rP W
a

θ φ= −   
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PROBLEM 8.67 

The square-threaded worm gear shown has a mean radius of 1.5 in. and a 
lead of 0.375 in. The large gear is subjected to a constant clockwise 
couple of 7.2 kip ⋅ in. Knowing that the coefficient of static friction between 
the two gears is 0.12, determine the couple that must be applied to shaft AB 
in order to rotate the large gear counterclockwise. Neglect friction in the 
bearings at A, B, and C. 

 

SOLUTION 

FBD large gear: 

 0: (12 in.) 7.2 kip in. 0CM WΣ = − ⋅ =  

 
0.600 kips
600 lb

W =
=

 

Block on incline: 

 

 

1

1 1

0.375 in.tan 2.2785
2 (1.5 in.)

tan tan 0.12
6.8428

tan ( )
(600 lb) tan 9.1213
96.333lb

s s

sQ W

θ
π

φ μ

θ φ

−

− −

= = °

= =
= °
= +
= °
=

 

FBD worm gear: 

 1.5 in.r =  

 0: (1.5in.)(96.333lb) 0BM MΣ = − =  

  144.5 lb in.M = ⋅   
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PROBLEM 8.68 

In Problem 8.67, determine the couple that must be applied to shaft AB 
in order to rotate the large gear clockwise. 

PROBLEM 8.67 The square-threaded worm gear shown has a mean 
radius of 1.5 in. and a lead of 0.375 in. The large gear is subjected to a 
constant clockwise couple of 7.2 kip ⋅ in. Knowing that the coefficient of 
static friction between the two gears is 0.12, determine the couple that must 
be applied to shaft AB in order to rotate the large gear counterclockwise. 
Neglect friction in the bearings at A, B, and C. 

 

SOLUTION 

FBD large gear: 

 0: (12 in.) 7.2 kip in. 0
0.600 kips 600 lb

CM W
W

Σ = − ⋅ =
= =

 

Block on incline: 

 

 

1

1 1

0.375 in.tan
2 (1.5 in.)

2.2785

tan tan 0.12
6.8428

tan ( )
(600 lb) tan 4.5643
47.898 lb

s s

sQ W

θ
π

φ μ

φ θ

−

− −

=

= °

= =
= °
= −
= °
=

 

FBD worm gear: 

 1.5 in.r =  

 0: (1.5in.)(47.898 lb) 0BM MΣ = − =  
 71.8lb in.M = ⋅   
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PROBLEM 8.69 

High-strength bolts are used in the construction of many steel structures. For a 24-mm-
nominal-diameter bolt the required minimum bolt tension is 210 kN. Assuming the 
coefficient of friction to be 0.40, determine the required couple that should be applied to 
the bolt and nut. The mean diameter of the thread is 22.6 mm, and the lead is 3 mm. 
Neglect friction between the nut and washer, and assume the bolt to be square-threaded. 

 

SOLUTION 

FBD block on incline: 

 

 

1

1 1

3 mmtan
(22.6 mm)

2.4195

tan tan 0.40
21.801
(210 kN) tan (21.801 2.4195 )
94.468 kN

Torque
2
22.6 mm (94.468 kN)

2
1067.49 N m

s s

s

Q
Q

d Q

θ
π

φ μ
φ

−

− −

=

= °

= =
= °
= ° + °
=

=

=

= ⋅  Torque 1068 N m= ⋅   
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PROBLEM 8.70 

The ends of two fixed rods A and B are each made in the form of a single-threaded screw of mean radius  
6 mm and pitch 2 mm. Rod A has a right-handed thread and rod B has a left-handed thread. The coefficient of 
static friction between the rods and the threaded sleeve is 0.12. Determine the magnitude of the couple that 
must be applied to the sleeve in order to draw the rods closer together. 

 

 

SOLUTION 

To draw rods together: 

Screw at A 

 

1

2 mmtan
2 (6 mm)
3.037

tan 0.12
6.843
(2 kN) tan 9.88
348.3 N

Torque at
(348.3 N)(6 mm)
2.09 N m

s

Q

A Qr

θ
π

θ
φ −

=

= °

=
= °
= °
=
=
=
= ⋅

 

Same torque required at B Total torque 4.18 N m= ⋅   
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PROBLEM 8.71 

Assuming that in Problem 8.70 a right-handed thread is used on both rods A and B, determine the magnitude 
of the couple that must be applied to the sleeve in order to rotate it. 

PROBLEM 8.70 The ends of two fixed rods A and B are each made in the form of a single-threaded screw of 
mean radius 6 mm and pitch 2 mm. Rod A has a right-handed thread and rod B has a left-handed thread. The 
coefficient of static friction between the rods and the threaded sleeve is 0.12. Determine the magnitude of the 
couple that must be applied to the sleeve in order to draw the rods closer together. 

 

 

SOLUTION 

From the solution to Problem 8.70, 

 Torque at 2.09 N mA = ⋅  

Screw at B: Loosening 3.037
6.843
(2 kN) tan 3.806
133.1 N

θ
φ

= °
= °
= °
=

s

Q

 

 Torque at
(133.1 N)(6 mm)
0.798 N m

B Qr=
=
= ⋅

 

 Total torque 2.09 N m 0.798 N m= ⋅ + ⋅  Total torque 2.89 N m= ⋅   
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PROBLEM 8.72 

In the machinist’s vise shown, the movable jaw D is rigidly attached 
to the tongue AB that fits loosely into the fixed body of the vise. 
The screw is single-threaded into the fixed base and has a mean 
diameter of 0.75 in. and a pitch of 0.25 in. The coefficient of static 
friction is 0.25 between the threads and also between the tongue and 
the body. Neglecting bearing friction between the screw and the 
movable head, determine the couple that must be applied to the 
handle in order to produce a clamping force of 1 kip. 

 

SOLUTION 

Free body: Jaw D and tongue AB 

P is due to elastic forces in clamped object. 

W is force exerted by screw. 

 0: 0y H J J HF N N N N NΣ = − = = =  

For final tightening, 

 0.25 NH J sF F Nμ= = =  

 0: 2(0.25 N) 0Σ = − − =xF W P  

  2( )= −N W P  (1) 

 0: (3.75) (2) (3) (0.25 N)(1.25) 0HM P W NΣ = − − + =  

 3.75 2 2.6875 N 0P W− − =  (2) 

Substitute Eq. (1) into Eq. (2): 3.75 2 2.6875[2( )] 0P W W P− − − =  

 
7.375 9.125 9.125(1 kip)

1.23729 kips
= =
=

W P
W

 

Block-and-incline analysis of screw: 

 

tan 0.25
14.0362

0.25 in.tan
(0.75 in.)

6.0566
20.093
(1.23729 kips) tan 20.093
0.45261 kip

0.75 in.(452.61 lb)
2

φ μ
φ

θ
π

θ
θ φ

= =
= °

=

= °
+ = °

= °
=

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

s s

s

s

Q

T Qr  169.7 lb in.T = ⋅   
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PROBLEM 8.73 

In Problem 8.72, a clamping force of 1 kip was obtained by 
tightening the vise. Determine the couple that must be applied 
to the screw to loosen the vise. 

PROBLEM 8.72 In the machinist’s vise shown, the movable 
jaw D is rigidly attached to the tongue AB that fits loosely into 
the fixed body of the vise. The screw is single-threaded into the 
fixed base and has a mean diameter of 0.75 in. and a pitch of 
0.25 in. The coefficient of static friction is 0.25 between the 
threads and also between the tongue and the body. Neglecting 
bearing friction between the screw and the movable head, 
determine the couple that must be applied to the handle in order 
to produce a clamping force of 1 kip. 

 

SOLUTION 

Free body: Jaw D and tongue AB 

P is due to elastic forces in clamped object. 

W is force exerted by screw. 

 0: 0y H J J HF N N N N NΣ = − = = =  

As vise is just about to loosen, 0.25 NH J sF F Nμ= = =  

 0: 2(0.25 N) 0Σ = − + =xF W P  

 2( )= −N P W  (1) 

 0: (3.75) (2) (3) (0.25 N)(1.25) 0HM P W NΣ = − − − =  

 3.75 2 3.3125 N 0P W− − =  (2) 

Substitute Eq. (1) into Eq. (2): 3.75 2 3.3125[2( )] 0P W P W− − − =  

 
4.625 2.875 2.875(1 kip)

0.62162 kip
W P
W

= =
=  

Block-and-incline analysis of screw: 

 

tan 0.25 14.0362
0.25in.tan 6.0566
(0.75in.)

7.9796
(621.62 lb) tan 7.9796 87.137 lb

0.75 in.(87.137 lb)
2

φ μ φ

θ θ
π

φ θ

= = = °

= = °

− = °
= ° =

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

s s s

s

Q

M Qr  32.7 lb in.M = ⋅   
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PROBLEM 8.74 

In the gear-pulling assembly shown the square-threaded screw AB has a mean 
radius of 15 mm and a lead of 4 mm. Knowing that the coefficient of static 
friction is 0.10, determine the couple that must be applied to the screw in order 
to produce a force of 3 kN on the gear. Neglect friction at end A of the screw. 

 

SOLUTION 

Block/Incline: 

 

1 0.25 in.tan
1.875 in.

2.4302

θ
π

−=

= °  

 

1

1

tan
tan (0.10)
5.7106

φ μ−

−

=

=
= °

s s

 

 
(3000 N) tan (8.1408 )
429.14 N

Q = °
=  

 

Couple
(0.015 m)(429.14 N)
6.4371 N m

=
=
= ⋅

rQ

 6.44 N mM = ⋅   
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PROBLEM 8.75 

A 6-in.-radius pulley of weight 5 lb is attached to a 1.5-in.-radius shaft that fits 
loosely in a fixed bearing. It is observed that the pulley will just start rotating if a 
0.5-lb weight is added to block A. Determine the coefficient of static friction 
between the shaft and the bearing. 

 

SOLUTION 

 
 0: (10.5 lb)(6 in. ) (10 lb)(6 in. ) 0D f fM r rΣ = − − + =  

 
(0.5 lb)(6 in.) (20.5 lb)

0.146341 in.
f

f

r

r

=

=
 

 sinf sr r φ=  

 

0.146341 in.sin
1.5 in.

0.097561

sφ =

=  

 5.5987sφ = °  

 
tan
tan 5.5987

s sμ φ=
= °  0.0980sμ =   
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PROBLEM 8.76 

The double pulley shown is attached to a 10-mm-radius shaft that 
fits loosely in a fixed bearing. Knowing that the coefficient of 
static friction between the shaft and the poorly lubricated bearing is 
0.40, determine the magnitude of the force P required to start 
raising the load. 

 

SOLUTION 

 0: (45 ) (90 ) 0D f fM P r W rΣ = − − + =  

 

90
45

90 mm 4 mm(196.2 N)
45 mm 4 mm

449.82 N

f

f

r
P W

r

P

+
=

−

+=
−

=  450 N=P   
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PROBLEM 8.77 

The double pulley shown is attached to a 10-mm-radius shaft 
that fits loosely in a fixed bearing. Knowing that the 
coefficient of static friction between the shaft and the poorly 
lubricated bearing is 0.40, determine the magnitude of the 
force P required to start raising the load. 

 

SOLUTION 

Find P required to start raising load 

 0: (45 ) (90 ) 0D f fM P r W rΣ = − − − =  

 

90
45

90 mm 4 mm(196.2 N)
45 mm 4 mm

411.54 N

f

f

r
P W

r

P

−
=

−

−=
−

=  412 N=P   
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PROBLEM 8.78 

The double pulley shown is attached to a 10-mm-radius shaft 
that fits loosely in a fixed bearing. Knowing that the coefficient 
of static friction between the shaft and the poorly lubricated 
bearing is 0.40, determine the magnitude of the smallest force P 
required to maintain equilibrium. 

 

SOLUTION 

Find smallest P to maintain equilibrium 

 0: (45 ) (90 ) 0D f fM P r W rΣ = + − − =  

 

90
45

90 mm 4 mm(196.2 N)
45 mm 4 mm

344.35 N

f

f

r
P W

r

P

−
=

+

−=
+

=  344 N=P   
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PROBLEM 8.79 

The double pulley shown is attached to a 10-mm-radius shaft 
that fits loosely in a fixed bearing. Knowing that the coefficient 
of static friction between the shaft and the poorly lubricated 
bearing is 0.40, determine the magnitude of the smallest force P 
required to maintain equilibrium. 

 

SOLUTION 

Find smallest P to maintain equilibrium 

 
 0: (45 ) (90 ) 0D f fM P r W rΣ = + − + =  

 

90
45

90 mm 4 mm(196.2 N)
45 mm 4 mm

376.38 N

f

f

r
P W

r

P

+
=

+

+=
+

=  376 N=P   
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PROBLEM 8.80 

A lever of negligible weight is loosely fitted onto a 75-mm-
diameter fixed shaft. It is observed that the lever will just start 
rotating if a 3-kg mass is added at C. Determine the coefficient 
of static friction between the shaft and the lever. 

 

SOLUTION 

 0: (150) (100) 0Σ = − − =O C D fM W W Rr  

But 2

2

(23 kg)(9.81 m/s )

(30 kg)(9.81 m/s )
(53 kg)(9.81)

C

D

C D

W

W
R W W

=

=
= + =

 

Thus, after dividing by 9.81, 

 
23(150) 30(100) 53 0

8.49 mm
f

f

r

r

− − =

=
 

But 8.49 mm
37.5 mm

μ ≈ =f
s

r
r

 0.226sμ ≈   
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PROBLEM 8.81 

The block and tackle shown are used to raise a 150-lb load. Each of the 
3-in.-diameter pulleys rotates on a 0.5-in.-diameter axle. Knowing that 
the coefficient of static friction is 0.20, determine the tension in each 
portion of the rope as the load is slowly raised. 

 

SOLUTION 

For each pulley: Axle diameter 0.5 in.=  

 0.5 in.sin 0.20 0.05 in.
2f s sr r rφ μ ⎛ ⎞= ≈ = =⎜ ⎟

⎝ ⎠
 

                   

Pulley BC: 0: (3 in.) (150 lb)(1.5 in. ) 0B CD fM T rΣ = − + =  

 1 (150 lb)(1.5 in. 0.05 in.)
3CDT = +  77.5 lbCDT =   

 0: 77.5 lb 150 lb 0y ABF TΣ = + − =  72.5 lbABT =   

Pulley DE: 0: (1.5 ) (1.5 ) 0Σ = + − − =B CD f EF fM T r T r  

 

1.5
1.5

1.5 in. 0.05 in.(77.5 lb)
1.5 in. 0.05 in.

f
EF CD

f

r
T T

r
+

=
−

+=
−

 82.8 lbEFT =   
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PROBLEM 8.82 

The block and tackle shown are used to lower a 150-lb load. Each of the 
3-in.-diameter pulleys rotates on a 0.5-in.-diameter axle. Knowing that 
the coefficient of static friction is 0.20, determine the tension in each 
portion of the rope as the load is slowly lowered. 

 

SOLUTION 

For each pulley: 0.5 in. 0.2 0.05 in.
2f sr rμ ⎛ ⎞= = =⎜ ⎟

⎝ ⎠
 

                    

Pulley BC: 0: (3 in.) (150 lb)(1.5 in. ) 0B CD fM T rΣ = − − =  

 (150 lb)(1.5 in. 0.05 in.)
3 in.CDT −=  72.5 lb=CDT   

 0: 72.5 lb 150 lb 0y ABF TΣ = + − =  77.5 lbABT =   

Pulley DE: (1.5 in. ) (1.5 in. ) 0CD f EF fT r T r− − + =  

 

1.5 in.
1.5 in.

1.5 in. 0.05 in.(72.5 lb)
1.5 in. 0.05 in.

f
EF CD

f

r
T T

r
−

=
+

−=
+

 67.8 lbEFT =   
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PROBLEM 8.83 

A loaded railroad car has a mass of 30 Mg and is supported by eight 800-mm-diameter wheels with 125-mm-
diameter axles. Knowing that the coefficients of friction are 0.020sμ =  and 0.015,kμ =  determine the 
horizontal force required (a) to start the car moving, (b) to keep the car moving at a constant speed. Neglect 
rolling resistance between the wheels and the track. 

 

SOLUTION 

 

; 400 mm

sin tan

tan

62.5 mm
400 mm

0.15625

f

f

r r R

r r
R R

rP W W
R

P W

W

μ

μθ θ

μθ

μ

μ

= =

= = =

= =

=

=

 

For one wheel: 21 (30 mg)(9.81 m/s )
8
1 (294.3 kN)
8

W =

=

 

For eight wheels of rail road car: 18(0.15625) (294.3 kN)
8

(45.984 ) kN

P μ

μ

Σ =

=

 

(a) To start motion: 0.020sμ =  

 
(45.984)(0.020)
0.9197 kN

PΣ =
=  920 NPΣ =   

(b) To maintain motion: 0.015kμ =  

 
(45.984)(0.015)
0.6897 kN

Σ =
=

P
 690 NPΣ =   
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PROBLEM 8.84 

A lever AB of negligible weight is loosely fitted onto a 2.5-in.-diameter 
fixed shaft. Knowing that the coefficient of static friction between the 
fixed shaft and the lever is 0.15, determine the force P required to start 
the lever rotating counterclockwise. 

 

SOLUTION 

 0.15(1.25 in.)
0.1875 in.

f sr rμ=

=
=

 

 0: (5 in. ) (50 lb) 0D f fM P r rΣ = + − =  

 

50(0.1875)
5.1875

1.807 lb

P =

=  1.807 lb=P   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1306 

 

 

PROBLEM 8.85 

A lever AB of negligible weight is loosely fitted onto a 2.5-in.-diameter 
fixed shaft. Knowing that the coefficient of static friction between the 
fixed shaft and the lever is 0.15, determine the force P required to start 
the lever rotating counterclockwise. 

 

SOLUTION 

 
0.15(1.25 in.)
0.1875 in.

2 in.tan
5 in .
21.801

f s

f

r r

r

μ

γ

γ

=

=
=

=

= °

 

In ΔEOD: 

  2 2(2 in.) (5 in.)
5.3852 in.

sin

0.1875 in.
5.3852 in.
1.99531

f

OD

rOE
OD OD

θ

θ

= +
=

= =

=

= °

 

 

Force triangle: 

 

(50 lb) tan ( )
(50 lb) tan 23.796
22.049 lb

P γ θ= +
= °
=  

  22.0 lb=P   
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PROBLEM 8.86 

A lever AB of negligible weight is loosely fitted onto a 2.5-in.-diameter 
fixed shaft. Knowing that the coefficient of static friction between the 
fixed shaft and the lever is 0.15, determine the force P required to start 
the lever rotating clockwise. 

 

SOLUTION 

 0.15(1.25 in.)
0.1875 in.

f s

f

r r

r

μ=

=
=

 

 0: (5 in. ) (50 lb) 0Σ = − − =D f fM P r r  

 

50(0.1875)
5 0.1875

1.948 lb

P =
−

=  1.948 lb=P   
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PROBLEM 8.87 

A lever AB of negligible weight is loosely fitted onto a 2.5-in.-diameter 
fixed shaft. Knowing that the coefficient of static friction between the 
fixed shaft and the lever is 0.15, determine the force P required to start 
the lever rotating clockwise. 

 

SOLUTION 

 
0.15(1.25 in.)
0.1875 in.
5 in.tan
2 in.
68.198

f sr rμ

β

β

=

=
=

=

= °

 

In ΔEOD: 

 2 2(2 in.) (5 in.)
5.3852 in.

0.1875 in.sin
5.3852 in.

1.99531

OD
OD

OE
OD

θ

θ

= +
=

= =

= °

 

Force triangle: 

 

 50 50 lb
tan ( ) tan 70.193

P
β θ

= =
+ °

 18.01 lb=P   
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PROBLEM 8.88 

The link arrangement shown is frequently used in highway bridge construction 
to allow for expansion due to changes in temperature. At each of the 60-mm-
diameter pins A and B the coefficient of static friction is 0.20. Knowing that the 
vertical component of the force exerted by BC on the link is 200 kN, determine 
(a) the horizontal force that should be exerted on beam BC to just move the link, 
(b) the angle that the resulting force exerted by beam BC on the link will form 
with the vertical. 

 

SOLUTION 

Bearing: 

 30 mm

0.20(30 mm)
6 mm

f s

r
r rμ

=
=

=
=

 

 

Resultant forces R must be tangent to friction circles at Points C and D. 

(a) 

 yR = Vertical component = 200 kN 

 

tan

(200 kN) tan 1.375
4.80 kN

θ=

= °
=

x yR R

 

  Horizontal force 4.80 kN=   

(b) 

 

6 mmsin
250 mm

sin 0.024

θ

θ

=

=  1.375θ = °   
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PROBLEM 8.89 

A scooter is to be designed to roll down a 2 percent slope at a constant speed. Assuming that the coefficient of 
kinetic friction between the 25-mm-diameter axles and the bearings is 0.10, determine the required diameter 
of the wheels. Neglect the rolling resistance between the wheels and the ground. 

 

SOLUTION 

 

 2tan 0.02
100

θ = =  

Since a scooter rolls at constant speed, each wheel is in equilibrium. Thus, W and R must have a common line 
of action tangent to the friction circle. 

 

(0.10)(12.5 mm)

1.25 mm

1.25 mm
tan tan 0.02
62.5 mm

f k

f

r r

rOBOA

μ

θ θ

= =

=

= = =

=

 

 Diameter of wheel 2( ) 125.0 mmOA= =   
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PROBLEM 8.90 

A 50-lb electric floor polisher is operated on a surface for which 
the coefficient of kinetic friction is 0.25. Assuming that the 
normal force per unit area between the disk and the floor is 
uniformly distributed, determine the magnitude Q of the horizontal 
forces required to prevent motion of the machine. 

 

SOLUTION 

See Figure 8.12 and Eq. (8.9). 

Using: 

 
9 in.
50 lb

R
P

=
=  

and 

 

0.25
2 2 (0.25)(50 lb)(9 in.)
3 3
75 lb in.

k

kM PR

μ

μ

=

= =

= ⋅  

0 yields:yMΣ =  (20 in.)
75 lb in. (20 in.)

M Q
Q

=
⋅ =

 

  3.75 lbQ =   
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PROBLEM 8.91 

Knowing that a couple of magnitude 30 N m⋅  is required to start the vertical 
shaft rotating, determine the coefficient of static friction between the annular 
surfaces of contact. 

 

SOLUTION 

For annular contact regions, use Equation 8.8 with impending slipping: 

 
3 3
2 1
2 2
2 1

2
3 s

R RM N
R R

μ −=
−

 

So, 
3 3

2 2
2 (0.06 m) (0.025 m)30 N m (4000 N)
3 (0.06 m) (0.025 m)sμ −⋅ =

−
 

 0.1670sμ =   
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PROBLEM 8.92* 

The frictional resistance of a thrust bearing decreases as the shaft and bearing surfaces wear out. It is generally 
assumed that the wear is directly proportional to the distance traveled by any given point of the shaft and thus 
to the distance r from the point to the axis of the shaft. Assuming, then, that the normal force per unit area is 
inversely proportional to r, show that the magnitude M of the couple required to overcome the frictional 
resistance of a worn-out end bearing (with contact over the full circular area) is equal to 75 percent of the 
value given by Eq. (8.9) for a new bearing. 

 

SOLUTION 

Using Figure 8.12, we assume 

 :kN A A r r
r

θΔ = Δ Δ = Δ Δ  

 kN r r k r
r

θ θΔ = Δ Δ = Δ Δ  

We write orP N P dN= ΣΔ = ∫  

 

2

0 0

22

0 0

2 ;
2

2

2
2 1

2 2 2 2

π

π

θ π
π

θ
π

θμ μ
π

μ πμθ μ
π π

= Δ Δ = =

Δ ΔΔ =

Δ ΔΔ = Δ = Δ =

= = ⋅ =

∫ ∫

∫ ∫

R

k k

R
k k

k

PP k r Rk k
R

P rN
R

P rM r F r N r
R

P P RM rdrd PR
R R

 

From Eq. (8.9) for a new bearing, 

 New
2
3

μ= kM PR  

Thus, 
1
2
2

New 3

3
4

= =M
M

 New0.75=M M    
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PROBLEM 8.93* 

Assuming that bearings wear out as indicated in Problem 8.92, show that the magnitude M of the couple 
required to overcome the frictional resistance of a worn-out collar bearing is 

1 2
1 ( )
2 kM P R Rμ= +  

where P = magnitude of the total axial force  
 R1, R2 = inner and outer radii of collar 

 

SOLUTION 

Let normal force on AΔ  be ,NΔ  and .Δ =
Δ

N k
A r

 

As in the text,  μΔ = Δ Δ = ΔF N M r F  

The total normal force P is 

 
2

1

2

0 0
lim

π
θ

Δ →

⎛ ⎞= ΣΔ = ⎜ ⎟
⎝ ⎠∫ ∫

R

A R

kP N rdr d
r

 

 
2

1
2 1

2 1
2 2 ( ) or

2 ( )
π π

π
= = − =

−∫
R

R

PP kdr k R R k
R R

 

Total couple: 
2

1

2

worn 0 0
lim

π
μ θ

Δ →

⎛ ⎞= ΣΔ = ⎜ ⎟
⎝ ⎠∫ ∫

R

A R

kM M r rdr d
r

 

 ( ) ( )2

1

2 2
2 12 2

worn 2 1
2 1

2 ( )
2 ( )

πμ
πμ πμ

π

−
= = − =

−∫
R

R

P R R
M k rdr k R R

R R
 

 worn 2 1
1 ( )
2

M P R Rμ= +   
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PROBLEM 8.94* 

Assuming that the pressure between the surfaces of contact is uniform, show that 
the magnitude M of the couple required to overcome frictional resistance for the 
conical bearing shown is 

3 3
2 1
2 2
2 1

2
3 sin

k P R RM
R R

μ
θ

−
=

−
 

 

SOLUTION 

Let normal force on AΔ  be ΔN  and .Δ =
Δ

N k
A

 

So 
sin

rN k A A r s sφ
θ

ΔΔ = Δ Δ = Δ Δ Δ =  

where φ  is the azimuthal angle around the symmetry axis of rotation. 

 sinyF N kr rθ φΔ = Δ = Δ Δ  

Total vertical force: 
0

lim yA
P F

Δ →
= ΣΔ  

 
2 2

1 1

2

0
2

R R

R R
P krdr d k rdr

π
φ π⎛ ⎞= =⎜ ⎟

⎝ ⎠∫ ∫ ∫  

 ( ) ( )
2 2
2 1 2 2

2 1

or PP k R R k
R R

π
π

= − =
−

 

Friction force: F N k Aμ μΔ = Δ = Δ  

Moment: 
sin

rM r F r krμ φ
θ

ΔΔ = Δ = Δ  

Total couple: 
2

1

2 2

0 0
lim

sin
R

A R

kM M r dr d
π μ φ

θΔ →

⎛ ⎞= ΣΔ = ⎜ ⎟
⎝ ⎠∫ ∫  

 ( ) ( )2

1

2 3 3
2 32 2

2 3

22
sin 3 sin

R

R

k PM r dr R R
R R

μ πμπ
θ θ π

= = −
−∫  

 
3 3
2 1
2 2
2 1

2
3 sin

R RPM
R R

μ
θ

−=
−
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PROBLEM 8.95 

Solve Problem 8.90 assuming that the normal force per unit 
area between the disk and the floor varies linearly from a 
maximum at the center to zero at the circumference of  
the disk. 

PROBLEM 8.90 A 50-lb electric floor polisher is operated 
on a surface for which the coefficient of kinetic friction is 
0.25. Assuming that the normal force per unit area between 
the disk and the floor is uniformly distributed, determine 
the magnitude Q of the horizontal forces required to prevent 
motion of the machine. 

 

SOLUTION 

Let normal force on AΔ  be ΔN  and 1 .Δ ⎛ ⎞= −⎜ ⎟Δ ⎝ ⎠

N rk
A R

 

 1 1r rF N k A k r r
R R

μ μ μ θ⎛ ⎞ ⎛ ⎞Δ = Δ = − Δ = − Δ Δ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
2

0 0 0
lim 1

R

A

rP N k rdr d
R

π
θ

Δ →

⎡ ⎤⎛ ⎞= ΣΔ = −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦∫ ∫  

 
2 3

0
2 1 2

2 3
R r R RP k rdr k

R R
π π

⎛ ⎞⎛ ⎞= − = −⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
∫  

 2
2

1 3or
3

PP kR k
R

π
π

= =  

 

2

0 0 0

3
2

0

3 4
3

3
2

lim 1

2

12
3 4 6

3 1
6 2

π
μ θ

πμ

πμ πμ

πμ μ
π

Δ →

⎡ ⎤⎛ ⎞= Σ Δ = −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞

= − =⎜ ⎟⎜ ⎟
⎝ ⎠

= =

∫ ∫

∫

R

A

R

rM r F r k rdr d
R

rk r dr
R

R Rk kR
R

P R PR
R

 

where 0.25 9 in.k Rμ μ= = =  
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PROBLEM 8.95  (Continued) 

 

 50 lbP W= =  

Then 1 (0.25)(50 lb)(9 in.)
2
56.250 lb in.

=

= ⋅

M  

Finally 56.250 lb in.
20 in.

MQ
d

⋅= =  2.81 lbQ =   
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PROBLEM 8.96 

A 900-kg machine base is rolled along a concrete floor using a series 
of steel pipes with outside diameters of 100 mm. Knowing that the 
coefficient of rolling resistance is 0.5 mm between the pipes and  
the base and 1.25 mm between the pipes and the concrete floor, 
determine the magnitude of the force P required to slowly move the 
base along the floor. 

 

SOLUTION 

FBD pipe: 

 

  
2

1

(900 kg)(9.81 m/s )
8829.0 N

.5 mm 1.25 mmsin
100 mm

1.00273

W mg

θ −

=

=
=

+=

= °

 

tanP W θ=  for each pipe, so also for total 

 (8829.0 N) tan (1.00273 )P = °  154.4 N=P   
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PROBLEM 8.97 

Knowing that a 6-in.-diameter disk rolls at a constant velocity down a 2 percent incline, determine the 
coefficient of rolling resistance between the disk and the incline. 

 

SOLUTION 

FBD disk: 

 

 tan slope 0.02θ = =  

 tan (3 in.)(0.02)b r θ= =  0.0600 in.b =   
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PROBLEM 8.98 

Determine the horizontal force required to move a 2500-lb automobile with 23-in.-diameter tires along a 
horizontal road at a constant speed. Neglect all forms of friction except rolling resistance, and assume the 
coefficient of rolling resistance to be 0.05 in. 

 

SOLUTION 

FBD wheel: 

 

 

1

11.5 in.
0.05 in.

sin

r
b

b
r

θ −

=
=

=

 

1tan tan sin bP W W
r

θ −⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 for each wheel, so for total 

 1 0.052500 lb tan sin
11.5

P −⎛ ⎞= ⎜ ⎟
⎝ ⎠

 10.87 lbP =   
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PROBLEM 8.99 

Solve Problem 8.83 including the effect of a coefficient of rolling resistance of 0.5 mm. 

PROBLEM 8.83 A loaded railroad car has a mass of 30 Mg and is supported by eight 800-mm-diameter wheels 
with 125-mm-diameter axles. Knowing that the coefficients of friction are 0.020sμ = and  0.015,kμ =  determine 
the horizontal force required (a) to start the car moving, (b) to keep the car moving at a constant speed. 
Neglect rolling resistance between the wheels and the track. 

 

SOLUTION 

For one wheel: 

 

tan sin

tan

tan
8 8

f

f

r r

r b
a

r b
a

W W r bQ
a

μ

θ θ

μθ

μθ

=

+
≈ ≈

+=

+= =

 

 

For eight wheels of car: 

2(30 Mg)(9.81 m/s ) 294.3 kN
400 mm, 62.5 mm, 0.5 mm

μ +=

= = =
= = =

r bP W
a

W mg
a r b

 

(a) To start motion: 0.02
(0.020)(62.5 mm) 0.5 mm(294.3 kN)

400 mm

s

P

μ μ= =
+=

 

 1.288 kNP =   

(b) To maintain constant speed 0.015
(0.015)(62.5 mm) 0.5 mm(294.3 kN)

400 mm

k

P

μ μ= =
+=

 

 1.058 kNP =   
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PROBLEM 8.100 

Solve Problem 8.89 including the effect of a coefficient of rolling resistance of 1.75 mm. 

PROBLEM 8.89 A scooter is to be designed to roll down a 2 percent slope at a constant speed. Assuming 
that the coefficient of kinetic friction between the 25-mm-diameter axles and the bearings is 0.10, determine 
the required diameter of the wheels. Neglect the rolling resistance between the wheels and the ground. 

 

SOLUTION 

Since the scooter rolls at a constant speed, each wheel is in equilibrium. Thus, W and R must have a common 
line of action tangent to the friction circle. 

 Radius of wheel=a  

 2tan 0.02
100

θ = =  

Since b and fr are small compared to a, 

 tan 0.02f kr b r b
a a

μθ
+ +

≈ = =  

Data: 0.10, 1.75 mm, 12.5 mmk b rμ = = =  

 

(0.10)(12.5 mm) 1.75 mm 0.02

150 mm

+ =

=
a

a  Diameter 2 300 mm= =a   
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PROBLEM 8.101 

A hawser is wrapped two full turns around a bollard. By exerting an 80-lb force on the free end of the hawser, 
a dockworker can resist a force of 5000 lb on the other end of the hawser. Determine (a) the coefficient of 
static friction between the hawser and the bollard, (b) the number of times the hawser should be wrapped 
around the bollard if a 20,000-lb force is to be resisted by the same 80-lb force. 

 

SOLUTION 

(a) 

1 2

2

1

2

1

2 turns 2(2 ) 4
80 lb, 5000 lb

ln

1 1 5000 lbln ln
4 80 lb

β π π

μ β

μ
β π

= = =
= =

=

= =

s

s

T T
T
T

T
T

 

 1 4.1351ln 62.5
4 4sμ
π π

= =  0.329μ =s   

 
(b) 1 2

2

1

2

1

80 lb, 20,000 lb, 0.329

ln

1 1 20,000 lbln ln
0.329 80 lb

1 5.5215ln(250) 16.783
0.329 0.329

s

s

T T
T
T

T
T

μ

μ β

β
μ

β

= = =

=

= =

= = =

 

 Number of turns 16.783
2π

=  Number of turns 2.67=   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1324 

 

 

PROBLEM 8.102 

A rope ABCD is looped over two pipes as shown. Knowing that the coefficient of 
static friction is 0.25, determine (a) the smallest value of the mass m for which 
equilibrium is possible, (b) the corresponding tension in portion BC of the rope. 

 

SOLUTION 

We apply Eq. (8.14) to pipe B and pipe C. 

 2

1

μ β= s
T e
T

 (8.14) 

Pipe B: 2 1,A BCT W T T= =  

 20.25,
3s
πμ β= =  

 0.25(2 /3) /6A

BC

W e e
T

π π= =  (1) 

Pipe C: 2 1, , 0.25,
3BC D sT T T W πμ β= = = =  

 0.025( /3) /12BC

D

T
e e

W
π π= =  (2) 

(a) Multiplying Eq. (1) by Eq. (2): 

 /6 /12 /6 /12 /4 2.193π π π π π+= ⋅ = = =A

D

W e e e e
W

 

 50 kg
2.193 2.193 2.193 2.193

AW
gA D A

D
W W mW m

g
= = = = =  

 22.8 kgm =   

(b) From Eq. (1): 
2

/6
(50 kg)(9.81 m/s ) 291 N

1.688
A

BC
WT
eπ= = =   
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PROBLEM 8.103 

A rope ABCD is looped over two pipes as shown. Knowing that the coefficient of 
static friction is 0.25, determine (a) the largest value of the mass m for which 
equilibrium is possible, (b) the corresponding tension in portion BC of the rope. 

 

SOLUTION 

See FB diagrams of Problem 8.102. We apply Eq. (8.14) to pipes B and C. 

Pipe B: 1 2
2, , 0.25,
3A BC sT W T T πμ β= = = =  

 0.25(2 /3) /62

1
:μ β π π= = =s BC

A

TT e e e
T W

 (1) 

Pipe C: 1 2, , 0.25,
3BC D sT T T W πμ β= = = =  

 0.25( /3) /122

1
:s D

BC

T We e e
T T

μ β π π= = =  (2) 

(a) Multiply Eq. (1) by Eq. (2): 

 /6 /12 /6 /12 /4 2.193D

A

W e e e e
W

π π π π π+= ⋅ = = =  

 0 2.193 2.193 2.193(50 kg)A AW W m m= = =  109.7 kgm =   

(b) From Eq. (1): /6 2(50 kg)(9.81 m/s )(1.688) 828 NBC AT W eπ= = =   
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PROBLEM 8.104 

A 300-lb block is supported by a rope that is wrapped 1 1
2  times around a 

horizontal rod. Knowing that the coefficient of static friction between the rope 
and the rod is 0.15, determine the range of values of P for which equilibrium 
is maintained. 

 

SOLUTION 

  
 1.5 turns 3 radβ π= =  

For impending motion of W up, 

 
(0.15)3(300 lb)

1233.36 lb

sP We eμ β π= =
=

 

For impending motion of W down, 

 
(0.15)3(300 lb)

72.971 lb

sP We eμ β π− −= =
=

 

For equilibrium,  73.0 lb 1233 lbP� �   
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PROBLEM 8.105 

The coefficient of static friction between block B and the horizontal 
surface and between the rope and support C is 0.40. Knowing that 
mA = 12 kg, determine the smallest mass of block B for which equilibrium 
is maintained. 

 

SOLUTION 

Support at C: FBD block B: 

  
 (12 kg)AW mg g= =  

 0: 0 ory B B B BF N W N WΣ = − = =  

Impending motion: 0.4 0.4B s B B BF N N Wμ= = =  

 0: 0 or 0.4x B B B B BF F T T F WΣ = − = = =  

At support, for impending motion of WA down: 

 s
A BW T eμ β=  

so (0.4) /2(12 kg) (6.4019 kg)μ β π− −= = =s
B AT W e g g  

Now 6.4019 kg 16.0048
0.4 0.4

B
B

TW g g⎛ ⎞= = =⎜ ⎟
⎝ ⎠

 

so that 16.0048B
B

W gm
g g

= =  16.00 kgBm =   
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PROBLEM 8.106 

The coefficient of static friction μs is the same between block B 
and the horizontal surface and between the rope and support C. 
Knowing that mA = mB, determine the smallest value of μs for 
which equilibrium is maintained. 

 

SOLUTION 

Support at C: FBD B: 

   

 0: 0 ory B BF N W N WΣ = − = =  

Impending motion: B s B sF N Wμ μ= =  

 0: 0 orx B B B B sF F T T F WμΣ = − = = =  

Impending motion of rope on support: s s
B sW T e Weμ β μ βμ= =  

or 1 s
se

μ βμ=  

or /2 1s
se

π μμ =  

Solving numerically: 0.475sμ =   
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PROBLEM 8.107 

A flat belt is used to transmit a couple from drum B to drum A. Knowing 
that the coefficient of static friction is 0.40 and that the allowable belt 
tension is 450 N, determine the largest couple that can be exerted on drum A. 

 

SOLUTION 

FBD’s drums: 

  7180 30
6 6

5180 30
6 6

A

B

π πβ π

π πβ π

= ° + ° = + =

= ° − ° = − =

 

 

 

 
Since ,B Aβ β�  slipping will impend first on B (friction coefficients being equal) 

So 2 max 1
(0.4)5 /6

1 1450 N or 157.914 N

s BT T T e

T e T

μ β

π

= =

= =

 

 1 20: (0.12 m)( ) 0A AM M T TΣ = + − =  

 (0.12 m)(450 N 157.914 N) 35.05 N mAM = − = ⋅  

 35.1 N mAM = ⋅   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1330 

 

 

PROBLEM 8.108 

A flat belt is used to transmit a couple from pulley A to 
pulley B. The radius of each pulley is 60 mm, and a force 
of magnitude P = 900 N is applied as shown to the axle 
of pulley A. Knowing that the coefficient of static friction 
is 0.35, determine (a) the largest couple that can be 
transmitted, (b) the corresponding maximum value of the 
tension in the belt. 

 

SOLUTION 

Drum A: 

 
(0.35)2

1

2 13.0028

s
T e e
T
T T

μ π π= =

=
 

 180 radiansβ π= ° =  

(a) Torque: 0: (675.15 N)(0.06 m) (224.84 N)(0.06 m)AM MΣ = − +  

 27.0 N mM = ⋅   

(b) 1 20: 900 N 0xF T TΣ = + − =  

 

1 1

1

1

2

3.0028 900 N 0
4.00282 900

224.841 N
3.0028(224.841 N) 675.15 N

T T
T
T
T

+ − =
=
=
= =  

  max 675 NT =   
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PROBLEM 8.109 

Solve Problem 8.108 assuming that the belt is looped around 
the pulleys in a figure eight. 

PROBLEM 8.108 A flat belt is used to transmit a couple from 
pulley A to pulley B. The radius of each pulley is 60 mm, and a 
force of magnitude P = 900 N is applied as shown to the axle 
of pulley A. Knowing that the coefficient of static friction is 
0.35, determine (a) the largest couple that can be transmitted, 
(b) the corresponding maximum value of the tension in the belt. 

 

SOLUTION 

Drum A: 

  

4240 240
180 3

πβ π= ° = ° =
°

 
60 1sin

120 2
30

θ

θ

= =

= °
 

 
0.35(4/3 )2

1

2 14.3322

s
T e e
T
T T

μ β π= =

=
 

(a) Torque: 0: (844.3 N)(0.06 m) (194.9 N)(0.06 m) 0BM MΣ = − + =  

   39.0 N mM = ⋅   

(b) 1 20: ( )cos30 900 NxF T TΣ = + ° −  

 
1 1

1

2

( 4.3322 )cos 30 900
194.90 N
4.3322(194.90 N) 844.3 N

T T
T
T

+ ° =
=
= =

 

  max 844 NT =   
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PROBLEM 8.110 

In the pivoted motor mount shown the weight W of the 
175-lb motor is used to maintain tension in the drive belt. 
Knowing that the coefficient of static friction between the 
flat belt and drums A and B is 0.40, and neglecting the 
weight of platform CD, determine the largest couple that 
can be transmitted to drum B when the drive drum A is 
rotating clockwise. 

 

SOLUTION 

FBD motor and mount: 

 
Impending belt slip: cw rotation 

 0.40
2 1 1 13.5136sT T e T e Tμ β π= = =  

 2 10: (12 in.)(175 lb) (7 in.) (13 in.) 0DM T TΣ = − − =  

 
1

1 2 1

2100 lb [(7 in.)(3.5136) 13 in.]
55.858 lb, 3.5136 196.263 lb

T
T T T

= +
= = =  

FBD drum at B: 
 

 0: (3 in.)(196.263 lb 55.858 lb) 0B BM MΣ = − − =  3 in.r =  

 421 lb in.BM = ⋅   

(Compare to 857 lb in.⋅  using V-belt, Problem 8.130) 
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PROBLEM 8.111 

Solve Problem 8.110 assuming that the drive drum A is 
rotating counterclockwise. 

PROBLEM 8.110 In the pivoted motor mount shown the 
weight W of the 175-lb motor is used to maintain tension in 
the drive belt. Knowing that the coefficient of static friction 
between the flat belt and drums A and B is 0.40, and neglecting 
the weight of platform CD, determine the largest couple that 
can be transmitted to drum B when the drive drum A is rotating 
clockwise. 

 

SOLUTION 

FBD motor and mount: 

 
Impending belt slip: ccw rotation 

 0.40
1 2 2 23.5136sT T e T e Tμ β π= = =  

 1 20: (12 in.)(175 lb) (13 in.) (7 in.) 0DM T TΣ = − − =  

 
2

2 1 2

2100 lb [(13 in.)(3.5136) 7 in.] 0
39.866 lb, 3.5136 140.072 lb

T
T T T

= + =
= = =  

FBD drum at B: 

 
 0: (3 in.)(140.072 lb 39.866 lb) 0B BM MΣ = − − =  

   301 lb in.BM = ⋅   
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PROBLEM 8.112 

A band brake is used to control the speed of a flywheel as shown. The 
coefficients of friction are μs = 0.30 and μk = 0.25. Determine the magnitude 
of the couple being applied to the flywheel, knowing that P = 45 N and that 
the flywheel is rotating counterclockwise at a constant speed. 

 

SOLUTION 

Free body: Cylinder 

 
Since slipping of band relative to cylinder is clockwise, T1 and T2 are located as shown. 

From free body: Lever ABC 

 20: (45 N)(0.48 m) (0.12 m) 0CM TΣ = − =  

 2 180 NT =  

Free body: Lever ABC 

 
From free body: Cylinder 

Using Eq. (8.14) with 0.25kμ =  and 3270 rad:
2
πβ = ° =  

 

(0.25)(3 /2) 3 /82

1

2
1 3 /8

180 N 55.415 N
3.2482

s
T e e e
T

TT
e

μ β π π

π

= = =

= = =
 

 0: (55.415 N)(0.36 m) (180 N)(0.36 m) 0DM MΣ = − + =  44.9 N m= ⋅M   
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PROBLEM 8.113 

The speed of the brake drum shown is controlled by a belt attached to the 
control bar AD. A force P of magnitude 25 lb is applied to the control bar 
at A. Determine the magnitude of the couple being applied to the drum, 
knowing that the coefficient of kinetic friction between the belt and the 
drum is 0.25, that a = 4 in., and that the drum is rotating at a constant 
speed (a) counterclockwise, (b) clockwise. 

 

SOLUTION 

(a) Counterclockwise rotation 
 Free body: Drum 

 0.252

1

2 1

8 in. 180 radians

2.1933

2.1933

k

r
T e e
T
T T

μ β π

β π= = ° =

= = =

=

 

 Free body: Control bar 

 1 20: (12 in.) (4 in.) (25 lb)(28 in.) 0CM T TΣ = − − =  

 
1 1

1

2

(12) 2.1933 (4) 700 0
216.93 lb
2.1933(216.93 lb) 475.80 lb

T T
T
T

− − =
=
= =

 

 
 Return to free body of drum 

 1 20: (8 in.) (8 in.) 0EM M T TΣ = + − =  

 (216.96 lb)(8 in.) (475.80 lb)(8 in.) 0M + − =  

 2070.9 lb in.M = ⋅  2070 lb in.M = ⋅   

(b) Clockwise rotation 

 0.252

1

2 1

8 in. rad

2.1933

2.1933

k

r
T e e
T
T T

μ β π

β π= =

= = =

=
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PROBLEM 8.113  (Continued) 

 
 Free body: Control rod 

 2 10: (12 in.) (4 in.) (25 lb)(28 in.) 0CM T TΣ = − − =  

 

1 1

1

2

2

2.1933 (12) (4) 700 0
31.363 lb
2.1933(31.363 lb)
68.788 lb

T T
T
T
T

− − =
=
=
=

 

 Return to free body of drum 

 1 20: (8 in.) (8 in.) 0EM M T TΣ = + − =  

 (31.363 lb)(8 in.) (68.788 lb)(8 in.) 0M + − =  

 299.4 lb in.M = ⋅  299 lb in.M = ⋅   
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PROBLEM 8.114 

Knowing that a = 4 in., determine the maximum value of the coefficient 
of static friction for which the brake is not self-locking when the drum 
rotates counterclockwise. 

 

SOLUTION 

 2

1

2 1

8 in., 180 radians

s s

s

r
T e e
T

T e T

μ β μ π

μ π

β π= = ° =

= =

=

 

Free body: Control rod 

 
 1 20: (28 in.) (12 in.) (4 in.) 0CM P T TΣ = − + =  

 1 128 12 (4) 0P T e Tμπ− + =  

For self-locking brake: 0P =  

 

1 112 4

3
ln 3 1.0986
1.0986 0.3497

μ π

μ π

μ π

μ
π

=

=
= =

= =

s

s

s

s

T T e

e

 0.350sμ =   
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PROBLEM 8.115 

Knowing that the coefficient of static friction is 0.30 and that the brake 
drum is rotating counterclockwise, determine the minimum value of a for 
which the brake is not self-locking. 

 

SOLUTION 

 0.302

1

2 1

8 in., radians

2.5663

2.5663

s

r
T e e
T
T T

μ β π

β π= =

= = =

=

 

Free body: Control rod 

 
 16 in.b a= −  

 1 20: (16 in. ) 0CM P b T b T aΣ = + − + =  

For brake to be self-locking,  0P =  

 2 1 1 1; 2.5663 (16 )
2.5663 16

= = −
= −

T a T b T a T a
a a

 

 3.5663 16a =  4.49 in.a =   
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PROBLEM 8.116 

Bucket A and block C are connected by a cable that passes over 
drum B. Knowing that drum B rotates slowly counterclockwise and 
that the coefficients of friction at all surfaces are μs = 0.35 and 
μk = 0.25, determine the smallest combined mass m of the bucket 
and its contents for which block C will (a) remain at rest, (b) start 
moving up the incline, (c) continue moving up the incline at a 
constant speed. 

 

SOLUTION 

Free body: Drum 

 

2
2 3

2 /3
2

T e
mg

T mge

μ π

μπ

=

=  (1) 

 

(a) Smallest m for block C to remain at rest 

 Cable slips on drum. 

 Eq. (1) with 2(0.25) /3
20.25; 1.6881πμ = = =k T mge mg  

 Block C: At rest, motion impending 

 0: cos 30
cos 30

0.35 cos 30
100 kg

C

C

s C

C

F N m g
N m g
F N m g

m
μ

Σ = − °
= °
= = °
=

 

 20: sin 30CF T F m g CΣ = + − ° =  

 
1.6881 0.35 cos 30 sin 30 0

1.6881 0.19689
C C

C

mg m g m g
m m

+ ° − ° =
=  

 0.11663 0.11663(100 kg);Cm m= =  11.66 kgm =   
(b) Smallest m to start block moving up 

 No slipping at both drum and block: 0.35sμ =  

 Eq. (1): 2(0.35) /3
2 2.0814T mge mgπ= =  
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PROBLEM 8.116  (Continued) 

 

 Block C: 

 Motion impending  

 100kgCm =  

 0: cos30F N mgΣ = − °  

 
cos30

0.35 cos30
C

s C

N m g
F N m gμ

= °
= = °  

 20: sin 30 0CF T F m gΣ = − − ° =  

 
2.0814 0.35 cos30 sin 30 0

2.0814 0.80311
0.38585 0.38585(100 kg)

C C

C

C

mg m g m g
m m
m m

− ° − ° =
=
= =

 

 38.6 kgm =   

(c) Smallest m to keep block moving up drum: No slipping: 0.35sμ =  

 Eq. (1) with 0.35sμ =  

 
2 /3 2(0.35) /3

2

2 2.0814

sT mg mge
T mg

μ π π= =
=

 

 Block C: Moving up plane, thus 0.25kμ =   

 Motion up  

 0: cos 30 0Σ = − ° =CF N m g  

 
cos 30

0.25 cos 30μ
= °
= = °

C

k C

N m g
F N m g

 

 20: sin 30 0Σ = − − ° =CF T F m g  

 
2.0814 0.25 cos 30 sin 30 0

2.0814 0.71651
0.34424 0.34424(100 kg)

− ° − ° =
=
= =

C C

C

C

mg m g m g
m m
m m

 

 34.4 kgm =   
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PROBLEM 8.117 

Solve Problem 8.116 assuming that drum B is frozen and cannot rotate. 

PROBLEM 8.116 Bucket A and block C are connected by a cable that passes 
over drum B. Knowing that drum B rotates slowly counterclockwise and that 
the coefficients of friction at all surfaces are 0.35sμ =  and 0.25,kμ =  
determine the smallest combined mass m of the bucket and its contents for 
which block C will (a) remain at rest, (b) start moving up the incline,  
(c) continue moving up the incline at a constant speed. 

 

SOLUTION 

(a) Block C remains at rest: Motion impends 

 Drum: 0.35(2 /3)2

2 2.0814

μ β π= =

=

k
T e e
mg
T mg

 

 Block C:  Motion impends 

 0: cos30 0CF N m gΣ = − ° =  

 
cos30

0.35 cos30
C

s C

N m g
F N m gμ

= °
= = °

 

 20: sin 30 0CF T F m gΣ = + − ° =  

 

2.0814 0.35 cos30 sin 30 0
2.0814 0.19689

0.09459 0.09459(100 kg)

+ ° − ° =
=

= =

C C

C

C

mg m g m g
mg m

m m  9.46 kgm =   

(b) Block C: Starts moving up 0.35sμ =  

 Drum: Impending motion of cable  

  2

1

0.35(2/3 )

1

1 2.0814
0.48045

μ β

π

=

=

=

=

s
T e
T

mg e
T

mgT

mg
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PROBLEM 8.117  (Continued) 

 
 Block C: Motion impends  

 0: cos30CF N m gΣ = − °  

 
cos30

0.35 cos30
C

s C

N m g
F N m gμ

= °
= = °

 

 10: sin 30 0CF T F m gΣ = − − ° =  

 

0.48045 0.35 cos30 0.5 0
0.48045 0.80311

1.67158 1.67158(100 kg)

− ° − =
=

= =

C C

C

C

mg m g m g
m m

m m  167.2 kgm =   

(c) Smallest m to keep block moving  
 Drum: Motion of cable  

   

0.25(2/3 )2

1

1

1

0.25

1.6881

0.59238
1.6881

μ β π

μ =

= =

=

= =

k

k

T e e
T

mg
T

mgT mg

 

 Block C: Block moves  

 0: cos30 0CF N m gΣ = − ° =  

 
cos30

0.25 cos30
C

k C

N m g
F N m gμ

= °
= = °

 

 10: sin 30 0CF T F m gΣ = − − ° =  

 

0.59238 0.25 cos30 0.5 0
0.59238 0.71651

1.20954 1.20954(100 kg)

− ° − =
=

= =

C C

C

C

mg m g m g
m m

m m  121.0 kgm =   
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PROBLEM 8.118 

A cable is placed around three parallel pipes. Knowing that the 
coefficients of friction are 0.25sμ =  and 0.20,kμ =  determine  
(a) the smallest weight W for which equilibrium is maintained,  
(b) the largest weight W that can be raised if pipe B is slowly 
rotated counterclockwise while pipes A and C remain fixed. 

 

SOLUTION 

(a) Smallest W for equilibrium ,π μ μ= = sB  

 

 0.25 0.25 0.25

50 lb
AC BC

AC BC

T T We e e
T T

π π π= = =  

 

/4 /4 /4 3 /4 10.551
50 lb

10.551; 4.739 lb
50 lb

AC BC

AC BC

T T W e e e e
T T

W W

π π π π⋅ ⋅ = ⋅ ⋅ = =

= =  4.74 lbW =   

(b) Largest W which can be raised by pipe B rotated  

 , , ,k k sβ π μ μ β π μ μ β π μ μ= = = = = =  

 

 0.2 0.2 0.2550 lb AC

AC BC BC

T We e e
T T T

π π π= = =  

 

/5 /5 /4 (1/5 1/5 1/4)

3 /20

50 lb

1.602
50 lb 50 lb1.602; 31.21 lb

1.602

π π π π

π

− + −⋅ ⋅ = ⋅ ⋅ =

= =

= = =

AC BC

AC BC

T T
e e e e

T T W

e

W
W

 31.2 lbW =   
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PROBLEM 8.119 

A cable is placed around three parallel pipes. Two of the pipes are 
fixed and do not rotate; the third pipe is slowly rotated. Knowing 
that the coefficients of friction are 0.25sμ =  and 0.20,kμ =  
determine the largest weight W that can be raised (a) if only pipe A 
is rotated counterclockwise, (b) if only pipe C is rotated clockwise. 

 

SOLUTION 

(a) Pipe a rotates  , , ,s k kβ π μ μ β π μ μ β π μ μ= = = = = =  

 

 0.25 0.2 0.2

50 lb
AC AC BC

BC

T T T
e e e

T W
π π π= = =  

 

/4 /5 /5

(1/4 1/5 1/5) 3 /20

50 lb

0.62423

0.62423; 31.21 lb
50 lb

AC BC

AC BC

T T W e e e
T T

e e
W W

π π π

π π

− −

− − −

⋅ ⋅ = ⋅ ⋅

= = =

= =  31.2 lbW =   

(b) Pipe C rotates  , , ,k s kβ π μ μ β π μ μ β π μ μ= = = = = =  

 

 0.2 0.25 0.250 lb BC BC

AC AC

T T
e e e

T T W
π π π= = =  

 

/5 /4 /5 (1/5 1/4 1/5) 3 /20

3 /20

50 lb

50 lb 1.602

50 lb 31.21 lb
1.602

AC BC

AC BC

T T
e e e e e

T T W

e
W

W

π π π π π

π

− − +⋅ ⋅ = ⋅ ⋅ = =

= =

= =  31.2 lbW =   
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PROBLEM 8.120 

A cable is placed around three parallel pipes. Knowing that the 
coefficients of friction are 0.25sμ =  and 0.20,kμ =  determine  
(a) the smallest weight W for which equilibrium is maintained,  
(b) the largest weight W that can be raised if pipe B is slowly 
rotated counterclockwise while pipes A and C remain fixed. 

 

SOLUTION 

(a) 0.25sμ μ= = at all pipes. 

 
 0.25 /2 0.25 0.25 /250 lb π π π= = =AC BC

AB BC

T T
e e e

T T W
 

 

/8 /4 /8 /8 /4 /8 /250 lb 4.8105

50 lb 4.8015; 10.394 lb

BCAB

AB BC

TT
e e e e e

T T W

W
W

π π π π π π π+ +⋅ ⋅ = ⋅ ⋅ = = =

= =  10.39 lbW =   

(b) Pipe B rotated  ; ; ;
2 2
π πβ μ μ β π μ μ β μ μ= = = = = =k s k  

 

 0.2 /2 0.25 0.2 /250 lb BC BC

AB AB

T T
e e e

T T W
π π π= = =  

 

/10 /4 /10

/10 /4 /10 /20

50 lb

0.85464
50 lb 0.85464

50 lb 58.504 lb
0.85464

BCAB

AB BC

TT e e e
T T W

e e

W

W

π π π

π π π π

−

− + −

⋅ ⋅ = ⋅ ⋅

= = =

=

= =  58.5 lbW =   
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PROBLEM 8.121 

A cable is placed around three parallel pipes. Two of the pipes are 
fixed and do not rotate; the third pipe is slowly rotated. Knowing 
that the coefficients of friction are 0.25sμ =  and 0.20,kμ =  
determine the largest weight W that can be raised (a) if only pipe A 
is rotated counterclockwise, (b) if only pipe C is rotated clockwise. 

 

SOLUTION 

(a) Pipe a rotates  ; , ;
2 2s k k
π πβ μ μ β π μ μ β μ μ= = = = = =  

 

 0.25 /2 0.2 0.2 /2

50 lb
BCAB AB

BC

TT Te e e
T W

π π π= = =  

 

/8 /5 /10

(1/8 1/5 1/10) 7 /40

50 lb
0.57708

0.57708; 28.854 lb
50 lb

π π π

π π

− −

− − −

⋅ ⋅ = ⋅ ⋅

= = =

= =

BCAB

AB BC

TT W e e e
T T

e e
W W  28.9 lbW =   

(b) Pipe C rotates  ; ; ,
2 2k k s
π πβ μ μ β π μ μ β μ μ= = = = = =  

 

 0.2 /2 0.2 0.25 /250 lb AB

AB BC BC

T We e e
T T T

π π π= = =  

 

/10 /5 /8 7 /4050 lb 0.57708

50 lb 0.57708

28.854 lb

BCAB

AB BC

TT e e e e
T T W

W
W

π π π π−⋅ ⋅ = ⋅ ⋅ = =

=

=  28.9 lbW =   
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PROBLEM 8.122 

A recording tape passes over the 20-mm-radius drive drum B and 
under the idler drum C. Knowing that the coefficients of friction 
between the tape and the drums are 0.40sμ =  and 0.30kμ =  and 
that drum C is free to rotate, determine the smallest allowable value 
of P if slipping of the tape on drum B is not to occur. 

 

SOLUTION 

FBD drive drum: 

 
 0: ( ) 0B AM r T T MΣ = − − =  

 300 N mm 15.0000 N
20 mmA

MT T
r

⋅− = = =  

Impending slipping: 0.4s
AT Te Teμ β π= =  

So 0.4( 1) 15.0000 NT e π − =  

or 5.9676 NT =  

If C is free to rotate, P T=  5.97 NP =   
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PROBLEM 8.123 

Solve Problem 8.122 assuming that the idler drum C is frozen and 
cannot rotate. 

PROBLEM 8.122 A recording tape passes over the 20-mm-radius 
drive drum B and under the idler drum C. Knowing that the 
coefficients of friction between the tape and the drums are 0.40sμ =  
and 0.30kμ =  and that drum C is free to rotate, determine the smallest 
allowable value of P if slipping of the tape on drum B is not to occur. 

 

SOLUTION 

FBD drive drum: 

 
 0: ( ) 0B AM r T T MΣ = − − =  

 300 N mm 15.0000 NA
MT T
r

− = = ⋅ =  

Impending slipping: 0.4s
AT Te Teμ β π= =  

So 0.4( 1) 15.000 Ne Tπ − =  

or 5.9676 NT =  

If C is fixed, the tape must slip  

So 0.3 /2(5.9676 N) 9.5600 Nk CP Te eμ β π= = =  9.56 NP =   
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PROBLEM 8.124 

The 10-lb bar AE is suspended by a cable that passes over a 5-in.-radius 
drum. Vertical motion of end E of the bar is prevented by the two stops 
shown. Knowing that 0.30sμ =  between the cable and the drum, determine 
(a) the largest counterclockwise couple 0M  that can be applied to the drum 
if slipping is not to occur, (b) the corresponding force exerted on end E of 
the bar. 

 

SOLUTION 

Drum: Slipping impends 0.30sμ =  

 0.302

1
: 2.5663

2.5663

D

B

D B

T Te e
T T

T T

μβ π= = =

=

 

(a) Free-body: Drum and bar 

 

 00: (8 in.) 0CM M EΣ = − =  

 
0 (3.78649 lb)(8 in.)

30.27 lb in.
M =

= ⋅  0 30.3 lb in.= ⋅M   

(b) Bar AE: 0: 10 lb 0y B DF T T EΣ = + − − =  

 

2.5663 10 lb 0
3.5663 10 lb 0

3.5663 10 lb

+ − − =
− − =

= −

B B

B

B

T T E
T E

E T  (1) 

 0: (3 in.) (10 lb)(5 in.) (10 in.) 0D BM E TΣ = − + =  

 (3.5663 10 lb)(3 in.) 50 lb in. (10 in.) 0B BT T− − ⋅ + =  

 20.699 80 3.8649 lbB BT T= =  

 Eq. (1): 3.5663(3.8649 lb) 10 lbE = −  

 3.78347 lbE = +  3.78 lb=E   
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PROBLEM 8.125 

Solve Problem 8.124 assuming that a clockwise couple 0M  is applied to the 
drum. 

PROBLEM 8.124 The 10-lb bar AE is suspended by a cable that passes over a 
5-in.-radius drum. Vertical motion of end E of the bar is prevented by the two 
stops shown. Knowing that 0.30sμ =  between the cable and the drum, 
determine (a) the largest counterclockwise couple 0M  that can be applied to 
the drum if slipping is not to occur, (b) the corresponding force exerted on end 
E of the bar. 

 

SOLUTION 

Drum: Slipping impends 

2

1

0.30

0.30

2.5663

2.5663

s

B

D

B D

T e
T
T e
T
T T

μβ

π

μ =

=

= =

=

 

(a) Free body: Drum and bar 

 

 0

0

0: (8 in.) 0
(2.1538 lb)(8 in.)

CM M E
M

Σ = − =
=

 

 0 17.23 lb in.= ⋅M   

(b) Bar AE: 

 0: 10 lb 0y B DF T T EΣ = + + − =  

 2.5663 10 lb= + + −D DT T E  

 3.5663 10 lbDE T= − +  (1) 

 0: (10 in.) (10 lb)(5 in.) (13 in.) 0B DM T EΣ = − + =  

 (10 in.) 50 lb in. ( 3.5663 10 lb)(13 in.) 0D DT T− ⋅ + − + =  

 36.362 80 lb in. 0; 2.200 lbD DT T− + ⋅ = =  

 Eq. (1): 3.5633(2.200 lb) 10 lbE = − +  

 2.1538 lb= +E  2.15 lb=E   
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PROBLEM 8.126 

The strap wrench shown is used to grip the pipe firmly without marring the external surface of the pipe. 
Knowing that the coefficient of static friction is the same for all surfaces of contact, determine the smallest 
value of sμ  for which the wrench will be self-locking when 200 mm, 30 mm,a r= = and 65 .θ = °  

 

 

SOLUTION 

For wrench to be self-locking ( 0),P =  the value of sμ  must prevent slipping of strap which is in contact with 
the pipe from Point A to Point B and must be large enough so that at Point A the strap tension can increase 
from zero to the minimum tension required to develop “belt friction” between strap and pipe. 

Free body: Wrench handle 

 

Geometry In ΔCDH: 
tan

sin

tan

sin

θ

θ

θ

θ

=

=

= = −

= −

= − = −

aCH

aCD

DE BH CH BC
aDE r

aAD CD CA r

 

On wrench handle 0: ( ) ( ) 0D BM T DE F ADΣ = − =  

 sin

tan

θ

θ

−
= =

−

B

a rT AD
aF DE r

 (1) 
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PROBLEM 8.126  (Continued) 

 

Free body: Strap at Point A 

 
  10: 2 0F T FΣ = − =  

 1 2T F=  (2) 

Pipe and strap 

 (2 ) radiansβ π θ= −  

Eq. (8.13): 2

1
lns

T
T

μ β =  

 1 ln
2

B
s

T
F

μ
β

=  (3) 

Return to free body of wrench handle 

 0: sin cos 0x BF N F Tθ θΣ = + − =  

 sin cosBTN
F F

θ θ= −  

Since ,sF Nμ=  we have 1 sin cosB

s

T
F

θ θ
μ

= −  

or sin

cos

θμ
θ

=
−

s
BT

F

 (4) 

(Note: For a given set of data, we seek the larger of the values of sμ  from Eqs. (3) and (4).) 

For 200 mm, 30 mm, 65°a r θ= = =  

Eq. (1): 

200 mm 30 mm
sin 65

200 mm 30 mm
tan 65

190.676 mm 3.0141
63.262 mm

2 2 65 5.1487 radians
180

πβ π θ π

−
°=

−
°

= =

= − = − ° =
°

BT
F
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PROBLEM 8.126  (Continued) 

 

Eq. (3): 1 3.0141ln
5.1487 rad 2
0.41015
5.1487

μ =

=

s  

 0.0797=   

Eq. (4): sin 65
3.0141 cos 65
0.90631
2.1595

sμ °=
− °

=

 

 0.3497=    

We choose the larger value: 0.350sμ =   
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PROBLEM 8.127 

Solve Problem 8.126 assuming that 75 .θ = °  

PROBLEM 8.126 The strap wrench shown is used to grip the pipe firmly without marring the external 
surface of the pipe. Knowing that the coefficient of static friction is the same for all surfaces of contact, 
determine the smallest value of sμ  for which the wrench will be self-locking when 200 mm, 30 mm,a r= =  
and 65 .θ = °  

 

 

SOLUTION 

For wrench to be self-locking ( 0),P =  the value of sμ  must prevent slipping of strap which is in contact with 
the pipe from Point A to Point B and must be large enough so that at Point A the strap tension can increase 
from zero to the minimum tension required to develop “belt friction” between strap and pipe. 

Free body: Wrench handle 

 

Geometry In ΔCDH: 
tan

sin

tan

sin

aCH

aCD

DE BH CH BC
aDE r

aAD CD CA r

θ

θ

θ

θ

=

=

= = −

= −

= − = −

 

On wrench handle 0: ( ) ( ) 0D BM T DE F ADΣ = − =  

 sin

tan

θ

θ

−
= =

−

B

a rT AD
aF DE r

 (1) 
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PROBLEM 8.127  (Continued) 

 

Free body: Strap at Point A 

 
  10: 2 0F T FΣ = − =  

 1 2T F=  (2) 

Pipe and strap 

 (2 ) radiansβ π θ= −  

Eq. (8.13): 2

1
lns

T
T

μ β =  

 1 ln
2

B
s

T
F

μ
β

=  (3) 

Return to free body of wrench handle 

 0: sin cos 0x BF N F Tθ θΣ = + − =  

 sin cosBTN
F F

θ θ= −  

Since ,sF Nμ=  we have 1 sin cosB

s

T
F

θ θ
μ

= −  

or sin

cos

θμ
θ

=
−

s
BT

F

 (4) 

(Note: For a given set of data, we seek the larger of the values of sμ  from Eqs. (3) and (4).) 

For 200 mm, 30 mm, 75°a r θ= = =  

Eq. (1): 

200 mm 30 mm
sin 75

200 mm 30 mm
tan 75

177.055 mm 7.5056
23.590 mm

2 2 75 4.9742
180

πβ π θ π

−
°=

−
°

= =

= − = − ° =
°

BT
F
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PROBLEM 8.127  (Continued) 

 

Eq. (3): 1 7.5056ln
4.9742 rad 2
1.3225
4.9742

sμ =

=

 

 0.2659=   

Eq. (4): sin 75
7.5056 cos 75
0.96953
7.2468

sμ °=
− °

=

 

 0.1333=    

We choose the larger value: 0.266sμ =   
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PROBLEM 8.128 

Prove that Eqs. (8.13) and (8.14) are valid for any shape of surface provided 
that the coefficient of friction is the same at all points of contact. 

 

SOLUTION 

 0: [ ( )]sin 0
2
θΔΣ = Δ − + + Δ =nF N T T T  

or (2 )sin
2
θΔΔ = + ΔN T T  

 0: [( ) ]cos 0
2
θΔΣ = + Δ − − Δ =tF T T T F  

or cos
2
θΔΔ = ΔF T  

Impending slipping: sF NμΔ = Δ  

So sincos 2 sin
2 2 2s sT T Tθ θ θμ μΔ Δ ΔΔ = + Δ  

In limit as θΔ   0: orμ θ μ θ= =s s
dTdT Td d
T

 

So 
2

1 0

T

sT

dT d
T

β
μ θ=∫ ∫  

and 2

1
ln s

T
T

μ β=  or  2 1
sT T eμ β=   

(Note: Nothing above depends on the shape of the surface, except it is assumed to be a smooth curve.) 
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PROBLEM 8.129 

Complete the derivation of Eq. (8.15), which relates the tension in both parts of a V belt. 

 

SOLUTION 

Small belt section: 

 Side view: End view: 

 

 0: 2 sin [ ( )]sin 0
2 2 2y
NF T T Tα θΔ ΔΣ = − + + Δ =  

 0: [( ) ]cos 0
2xF T T T FθΔΣ = + Δ − − Δ =  

Impending slipping: 2cos sin
2 2sin

2

θ θμ μ α
Δ + Δ ΔΔ = Δ ⇒ Δ =s s

T TF N T  

In limit as θΔ   0: or
sin sin

2 2

μ θ μ θα α= =s sTd dTdT d
T

 

so 
2

1 0sin
2

βμ θα=∫ ∫
T

s
T

dT d
T

 

or 2

1
ln

sin
2

μ β
α= sT

T
 

or 2/ sin
2 1

sT T e
αμ β=   
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PROBLEM 8.130 

Solve Problem 8.107 assuming that the flat belt and drums are replaced by a 
V belt and V pulleys with 36 .α = °  (The angle α is as shown in Figure 8.15a.) 

PROBLEM 8.107 A flat belt is used to transmit a couple from drum B to 
drum A. Knowing that the coefficient of static friction is 0.40 and that the 
allowable belt tension is 450 N, determine the largest couple that can be 
exerted on drum A. 

 

SOLUTION 

Since β is smaller for pulley B. The belt will slip first at B. 

 

2

5
6

/ sin2

1

(0.4) / sin18 3.389

1

1
1

rad 5150 rad
180° 6

450 N

450 N 29.63; 15.187 N

sT e
T

e e
T

T
T

αμ β

π

πβ π

°

⎛ ⎞= ° =⎜ ⎟
⎝ ⎠

=

= =

= =

 

Torque on pulley A: 

 

 max 10: ( )(0.12 m) 0
(450 N 15.187 N)(0.12 m) 0

BM M T T
M

Σ = − − =
− − =

 

 52.18 N mM = ⋅  52.2 N mM = ⋅   
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PROBLEM 8.131 

Solve Problem 8.108 assuming that the flat belt and pulleys are 
replaced by a V belt and V pulleys with 36 .α = °  (The angle α is 
as shown in Figure 8.15a.) 

PROBLEM 8.108 A flat belt is used to transmit a couple from 
pulley A to pulley B. The radius of each pulley is 60 mm, and a 
force of magnitude 900 NP =  is applied as shown to the axle of 
pulley A. Knowing that the coefficient of static friction is 0.35, 
determine (a) the largest couple that can be transmitted, (b) the 
corresponding maximum value of the tension in the belt. 

 

SOLUTION 

Pulley A: radβ π=  

 2/ sin2

1

0.35 / sin182

1

3.5582

1

2 1

35.1

35.1

sT e
T
T e
T
T e
T
T T

αμ β

π °

=

=

= =

=

 

 1 20: 900 N 0xF T TΣ = + − =  

 1 1

1

2

35.1 900 N 0
24.93 N
35.1(24.93 N) 875.03 N

+ − =
=
= =

T T
T
T

 

 2 10: (0.06 m) (0.06 m) 0AM M T TΣ = − + =  

 (875.03 N)(0.06 m) (24.93 N)(0.06 m) 0M − + =  

 51.0 N mM = ⋅   

 max 2T T=  max 875 NT =   
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PROBLEM 8.132 

Knowing that the coefficient of friction between the 25-kg block and the 
incline is 0.25,sμ =  determine (a) the smallest value of P required to start the 
block moving up the incline, (b) the corresponding value of β. 

 

SOLUTION 

FBD block (Impending motion up) 

 

2

1

1

(25 kg)(9.81 m/s )
245.25 N

tan

tan (0.25)
14.04

φ μ−

−

=

=
=

=

=
= °

s s

W mg

 

(a) (Note: For minimum P,  so .)sβ φ=P R⊥  

 Then 

  sin (30 )
(245.25 N)sin 44.04°

sP W φ= ° +
=

 

 min 170.5 NP =   

(b) We have sβ φ=  14.04β = °   
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PROBLEM 8.133 

The 20-lb block A and the 30-lb block B are supported by an incline 
that is held in the position shown. Knowing that the coefficient of static 
friction is 0.15 between all surfaces of contact, determine the value of θ 
for which motion is impending. 

 

SOLUTION 

Since motion impends, sF Nμ=  at all surfaces. 

Free body: Block A  

 

 Impending motion: 

 10: 20cosyF N θΣ = =  

 10: 20sin 0θ μΣ = − − =x sF T N  

 20sin 0.15(20cos )T θ θ= +  

 20sin 3cosT θ θ= +  (1) 

Free body: Block B  

 

 Impending motion: 

 2 10: 30cos 0yF N NθΣ = − − =  

 2

2 2

30cos 20cos 50cos

0.15(50cos ) 6cos

θ θ θ

μ θ θ

= + =

= = =s

N

F N
 

 1 20: 30sin 0x s sF T N Nθ μ μΣ = − + + =  

 30sin 0.15(20cos ) 0.15(50cos )T θ θ θ= − −  

 30sin 3cos 7.5cosT θ θ θ= − −  (2) 

Eq. (1) subtracted by Eq. (2): 20sin 3cos 30sin 3cos 7.5cos 0θ θ θ θ θ+ − + + =  

 13.513.5cos 10sin , tan
10

θ θ θ °= =  53.5θ = °    
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PROBLEM 8.134 

A worker slowly moves a 50-kg crate to the left along a loading dock 
by applying a force P at corner B as shown. Knowing that the crate 
starts to tip about the edge E of the loading dock when a = 200 mm, 
determine (a) the coefficient of kinetic friction between the crate and 
the loading dock, (b) the corresponding magnitude P of the force. 

 

SOLUTION 

Free body: Crate  Three-force body. 

Reaction E must pass through K where P and W intersect. 

Geometry: 

(a) (0.6 m) tan15 0.16077 mHK = ° =  

 

 

0.9 m 1.06077 m
0.4 mtan 0.37708

1.06077 m
φ

= + =

= =s

JK HK

 tan 0.377s sμ φ= =   

 20.66sφ = °  

 Force triangle: 

(b) (50 kg)(9.81 m/s)
490.5 N

W =
=

 

 Law of sines: 

 

490.5 N
sin 20.66 sin 84.34°

173.91 N

=
°

=

P

P  173.9 NP =   
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PROBLEM 8.135 

A slender rod of length L is lodged between peg C and the vertical wall and 
supports a load P at end A. Knowing that the coefficient of static friction between 
the peg and the rod is 0.15 and neglecting friction at the roller, determine the range 
of values of the ratio L/a for which equilibrium is maintained. 

 

SOLUTION 

FBD rod: 

Free-body diagram: For motion of B impending upward: 

 0: sin 0
sinB C

aM PL Nθ
θ

⎛ ⎞Σ = − =⎜ ⎟
⎝ ⎠

 

 2sinC
PLN
a

θ=  (1) 

 0: sin cos 0y C s CF N N Pθ μ θΣ = − − =  

 (sin cos )CN Pθ μ θ− =  

 

Substitute for CN  from Eq. (1), and solve for a/L. 

 2sin (sin cos )s
a
L

θ θ μ θ= −  (2) 

For 30θ = °  and 0.15:sμ =  2sin 30 (sin 30 0.15cos 30 )

0.092524 10.808

= ° ° − °

= =

a
L
a L
L a

 

For motion of B impending downward, reverse sense of friction force .CF  To do this we make  
0.15 in. Eq. (2).sμ = −  

Eq. (2): 2sin 30 (sin 30 ( 0.15)cos 30 )

0.15748 6.350

= ° ° − − °

= =

a
L
a L
L a

 

Range of values of L/a for equilibrium: 6.35 10.81L
a

� �   
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PROBLEM 8.136 

A safety device used by workers climbing ladders fixed to high structures 
consists of a rail attached to the ladder and a sleeve that can slide on the 
flange of the rail. A chain connects the worker’s belt to the end of an 
eccentric cam that can be rotated about an axle attached to the sleeve at C. 
Determine the smallest allowable common value of the coefficient of 
static friction between the flange of the rail, the pins at A and B, and the 
eccentric cam if the sleeve is not to slide down when the chain is pulled 
vertically downward. 

 

SOLUTION 

Free body: Cam 

 

 0: (0.8 in.) (3in.) (6 in.) 0C D s DM N N PμΣ = − − =  

 6
0.8 3D

s

PN
μ

=
−

 (1) 

 

Free body: Sleeve and cam 

 

 0: 0x D A BF N N NΣ = − − =  

 A B DN N N+ =  (2) 

 0: 0y A B DF F F F PΣ = + + − =  

 

or ( )s A B DN N N Pμ + + =  (3) 

Substitute from Eq. (2) into Eq. (3): (2 )
2

μ
μ

= =s D D
s

PN P N  (4) 

Equate expressions for DN  from Eq. (1) and Eq. (4): 

 

6 ; 0.8 3 12
2 0.8 3

0.8
15

s s
s s

s

P P μ μ
μ μ

μ

= − =
−

=  0.0533sμ =   

(Note: To verify that contact at pins A and B takes places as assumed, we shall check that 0AN �  and 0.)=BN  
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PROBLEM 8.136  (Continued) 

 

From Eq. (4): 9.375
2 2(0.0533)D

s

P PN P
μ

= = =  

From free body of cam and sleeve: 

 0: (8 in.) (4 in.) (9 in.) 0B A DM N N PΣ = − − =  

 
8 (9.375 )(4) 9

5.8125 0 OK
= +
=

A

A

N P P
N P �

 

From Eq. (2): 
5.8125 9.375

3.5625 0 OK

+ =
+ =

=

A B D

B

B

N N N
P N P

N P �
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PROBLEM 8.137 

To be of practical use, the safety sleeve described in the preceding 
problem must be free to slide along the rail when pulled upward. 
Determine the largest allowable value of the coefficient of static 
friction between the flange of the rail and the pins at A and B if the 
sleeve is to be free to slide when pulled as shown in the figure, 
assuming (a) 60 ,θ = °  (b) 50 ,θ = °  (c) 40 .θ = °  

 

SOLUTION 

Note the cam is a two-force member. 

Free body: Sleeve 

We assume contact between rail and pins as shown. 

 0: (3 in.) (3 in.) (4 in.) (4 in.) 0Σ = + − − =C A B A BM F F N N  

But A s A

B s B

F N
F N

μ
μ

=
=

 

We find 3 ( ) 4( ) 0
4 1.33333
3

s A B A B

s

N N N Nμ

μ

+ − + =

= =

 

We now verify that our assumption was correct. 

 0: cos 0x A BF N N P θΣ = − + =  

 cosB AN N P θ− =  (1) 

  0: sin 0y A BF F F P θΣ = − − + =  

 sins A s BN N Pμ μ θ+ =  

 sin
A B

s

PN N θ
μ

+ =  (2) 

Add Eqs. (1) and (2): sin2 cos 0 OKθθ
μ

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
B

s
N P �  
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PROBLEM 8.137  (Continued) 

 

Subtract Eq. (1) from Eq. (2): sin2 cosA
s

N P θ θ
μ

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
 

0AN � only if sin cos 0
s

θ θ
μ

− �  

 tan 1.33333
53.130

sθ μ
θ

=
= °

�  

(a) For case (a): Condition is satisfied, contact takes place as shown. Answer is correct. 

 1.333sμ =   

 But for (b) and (c): 53.130θ °�  and our assumption is wrong, AN  is directed to left. 

 0: cos 0x A BF N N P θΣ = − − + =  

 cosA BN N P θ+ =  (3) 

 0: sin 0y A AF F F P θΣ = − − + =  

 ( ) sins A BN N Pμ θ+ =  (4) 

 
 Divide Eq. (4) by Eq. (3): 

 tansμ θ=  (5) 

(b) We make 50 inθ = ° Eq. (5): 

 tan 50sμ = °  1.192μ =s   

(c) We make 40 inθ = ° Eq. (5): 

 tan 40sμ = °  0.839μ =s   
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PROBLEM 8.138 

Bar AB is attached to collars that can slide on the inclined rods shown. 
A force P is applied at Point D located at a distance a from end A. 
Knowing that the coefficient of static friction μs between each collar 
and the rod upon which it slides is 0.30 and neglecting the weights of 
the bar and of the collars, determine the smallest value of the ratio a/L 
for which equilibrium is maintained. 

 

SOLUTION 

FBD bar and collars: 

Impending motion: 1

1

tan

tan 0.3
16.6992

s sφ μ−

−

=

=
= °

 

Neglect weights: 3-force FBD and  90ACB = °  

so 
cos (45 )
sin (45 )

sin (45 16.6992 )cos (45 16.6992 )

s

s

aAC

l
a
l

φ
φ

=
° +

= ° −

= ° − ° ° + °

 

 0.225a
l

=   
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PROBLEM 8.139 

The machine part ABC is supported by a frictionless hinge at B 
and a 10° wedge at C. Knowing that the coefficient of static 
friction at both surfaces of the wedge is 0.20, determine (a) the 
force P required to move the wedge, (b) the components of the 
corresponding reaction at B. 

 

SOLUTION 

 1tan 0.20 11.31sφ −= = °  

Free body: Part ABC 

 
 0 (1800 N)(0.35 m) cos 21.31 (0.6 m) 0BM RΣ = − ° =  

 1127.1 NCR =  

Free body: Wedge Force triangle: 

   

(a) Law of sines: 1127.1 N
sin(11.31 21.31 ) sin 78.69

P =
° + ° °

 

  619.6 NP =  620 N=P   

(b) Return to part ABC: 

 0: 1800 N sin 21.31 0x x CF B RΣ = + − ° =  

 
1800 N (1127.1 N)sin 21.31

1390.4 N
x

x

B
B

+ − °
= −  1390 Nx =B   

 0: cos 21.31 0y y CF B RΣ = + ° =  

 

(1127.1 N)cos 21.31° 0

1050 N
y

y

B

B

+ =

= −  1050 Ny =B   
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PROBLEM 8.140 

A wedge A of negligible weight is to be driven between two 100-lb 
blocks B and C resting on a horizontal surface. Knowing that the 
coefficient of static friction at all surfaces of contact is 0.35, 
determine the smallest force P required to start moving the wedge 
(a) if the blocks are equally free to move, (b) if block C is securely 
bolted to the horizontal surface. 

 

SOLUTION 

Wedge angle θ : 1 0.75 in.tan
4 in.

10.62

θ

θ

−=

= °

 

(a) Free body: Block B 

 

  1

1

1

tan 0.35 19.29
100 lb

sin19.29 sin 40.80°

50.56 lb

φ −= = °

=
°

=

s

R

R

 

 Free body: Wedge 

 By symmetry: 3 1R R=  

 
 12 sin ( ) 2(50.56)sin 29.91θ φ= + = °sP R  

 50.42 lbP =  50.4 lb=P   

(b) Free bodies unchanged: Same result. 50.4 lb=P   
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PROBLEM 8.141 

The position of the automobile jack shown is controlled by a 
screw ABC that is single-threaded at each end (right-handed 
thread at A, left-handed thread at C). Each thread has a pitch of 
0.1 in. and a mean diameter of 0.375 in. If the coefficient of static 
friction is 0.15, determine the magnitude of the couple M that 
must be applied to raise the automobile. 

 

SOLUTION 

Free body: Parts A, D, C, E 

Two-force members 

Joint D: 

Symmetry:  AD CDF F=  

 0: 2 sin 25 800 lb 0y CDF FΣ = ° − =  

 946.5 lbCDF =  

Joint C: 

Symmetry: =CE CDF F  

 0: 2 cos 25 0x CD ACF F FΣ = ° − =  

 
2(946.5 lb)cos 25
1715.6 lb

AC

AC

F
F

= °
=

 

Block-and-incline analysis of one screw: 

 

 1

0.1 mtan
(0.375 in.)

4.852

tan 0.15
8.531

(1715.6 lb) tan13.383
408.2 lb

θ
π

θ

φ −

=

= °

=
= °

= °
=

s

Q
Q

 

 

But, we have two screws: 0.375 in.Torque 2 2(408.2 lb)
2

Qr ⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 Torque 153.1 lb in.= ⋅   
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PROBLEM 8.142 

A lever of negligible weight is loosely fitted onto a 30-mm-
radius fixed shaft as shown. Knowing that a force P of 
magnitude 275 N will just start the lever rotating clockwise, 
determine (a) the coefficient of static friction between the 
shaft and the lever, (b) the smallest force P for which the 
lever does not start rotating counterclockwise. 

 

SOLUTION 

(a) Impending motion  

 2(40 kg)(9.81 m/s ) 392.4 NW = =  

 0: (160 ) (100 ) 0D f fM P r W rΣ = − − + =  

 

160 100

(160 mm)(275 N) (100 mm)(392.4 N)
275 N 392.4 N

7.132 mm

sin

7.132 mm 0.2377
30 mm

f

f

f

f s s

f
s

P Wr
P W

r

r

r r r

r
r

φ μ

μ

−=
+

−=
+

=

= =

= = =  0.238sμ =   

(b) Impending motion  sin

(30 mm)(0.2377)
7.132 mm

f s s

f

r r r

r

φ μ= =

=
=

 

 0: (160 ) (100 ) 0D f fM P r W rΣ = + − − =  

 

100
160

100 mm 7.132 mm(392.4 N)
160 mm 7.132 mm

218.04 N

f

f

r
P W

r

P

P

−
=

+

−=
+

=  218 N=P    
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PROBLEM 8.143 

A couple MB is applied to the drive drum B to maintain 
a constant speed in the polishing belt shown. Knowing 
that 0.45kμ =  between the belt and the 15-kg block 
being polished and 0.30sμ =  between the belt and the 
drive drum B, determine (a) the couple MB, (b) the 
minimum tension in the lower portion of the belt if no 
slipping is to occur between the belt and the drive drum. 

 

SOLUTION 

Block: 

 
 

Portion of belt located under block: 

 2 10: 66.217 N 0xF T TΣ = − − =  (1) 

Drum B: 

 

 0.32

1
2.5663s

T e e
T

μ π π= = =  

 2 12.5663T T=  (2) 

Eq. (1): 1 12.5663 66.217 N 0− − =T T  

 11.5663 66.217 NT =  

 1 42.276 NT =  min 42.3 NT =   

Eq. (2): 2 2.5663(42.276 N) 108.493 NT = =  

 0: (108.493 N)(0.075 m) (42.276 N)(0.075 m) 0B BM MΣ = − + =  

 4.966 N mBM = ⋅  4.97 N mB = ⋅M    
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PROBLEM 9.1 

Determine by direct integration the moment of inertia of the shaded area with 
respect to the y axis. 

 

SOLUTION 

By observation hy x
b

=  

Now 2 2

2

[( ) ]

1

ydI x dA x h y dx

xhx dx
b

= = −

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

Then 2

0
1

b

y y
xI dI hx dx
b

⎛ ⎞= = −⎜ ⎟
⎝ ⎠∫ ∫  

 
4

3

0

1
3 4

b
xh x
b

⎡ ⎤
= −⎢ ⎥

⎣ ⎦
 31or

12yI b h=   
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PROBLEM 9.2 

Determine by direct integration the moment of inertia of the shaded area 
with respect to the y axis. 

 

SOLUTION 

At , :x a y a= =  ka
a

=  2or k a=  

Then 
2ay

x
=  

Now 2 2

2
2 2

( )ydI x dA x y dx

ax dx a x dx
x

= =

⎛ ⎞
= =⎜ ⎟⎜ ⎟

⎝ ⎠

 

Then 
2 22 2 2 2 2 21 [(2 ) ( ) ]

2 2

aa

y y a a

aI dI a x dx a x a a⎡ ⎤= = = = −⎢ ⎥⎣ ⎦∫ ∫  

 43or
2yI a=   
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PROBLEM 9.3 

Determine by direct integration the moment of inertia of the shaded area with 
respect to the y axis. 

 

SOLUTION 

 2y kx=  

For :x a=  2b ka=  

 2
bk
a

=  

Thus: 2
2

by x
a

=  

 ( )dA b y dx= −  

 

2 2 2 2
2

2 4 3 3
20

( )

1 1
3 5

y

a

y y

bdI x dA x b y dx x b x dx
a

bI dI bx x dx a b a b
a

⎛ ⎞= = − = −⎜ ⎟
⎝ ⎠

⎛ ⎞= = − = −⎜ ⎟
⎝ ⎠∫ ∫  32

15yI a b=   
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PROBLEM 9.4 

Determine by direct integration the moment of inertia of the shaded 
area with respect to the y axis. 

 

SOLUTION 

 
2

24 x xy h
a a

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
 

 
2

2 2
2

3 4

20

4

4

y

a

y

dA y dx

x xdI x dA hx dx
a a

x xI h dx
a a

=

⎛ ⎞
= = −⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞

= −⎜ ⎟⎜ ⎟
⎝ ⎠

∫

 

 
4 5 3 3

2
0

4 4
4 4 55

a

y
x x a aI h h
a a

⎡ ⎤ ⎛ ⎞
= − = −⎜ ⎟⎢ ⎥ ⎜ ⎟

⎣ ⎦ ⎝ ⎠
 31

5yI ha=   
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PROBLEM 9.5 

Determine by direct integration the moment of inertia of the shaded 
area with respect to the x axis. 

 

SOLUTION 

By observation hy x
b

=  

or bx y
h

=  

Now 2 2

2

3

( )xdI y dA y x dy
by y dy
h

b y dy
h

= =

⎛ ⎞= ⎜ ⎟
⎝ ⎠

=

 

Then 3

0

h

x x
bI dI y dy
h

= =∫ ∫  

 4

0

1
4

hb y
h
⎡ ⎤= ⎢ ⎥⎣ ⎦

 31or
4xI bh=   
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PROBLEM 9.6 

Determine by direct integration the moment of inertia of the shaded 
area with respect to the x axis. 

 

SOLUTION 

At , :x a y a= =  ka
a

=  2or k a=  

Then 
2ay

x
=  

Now 
32

3

6

3

1 1
3 3

1
3

x
adI y dx dx
x

a dx
x

⎛ ⎞
= = ⎜ ⎟⎜ ⎟

⎝ ⎠

=

 

Then 
26

6
3 2

1 1 1 1
3 3 2

aa

x x a a

aI dI dx a
x x

⎡ ⎤= = = −⎢ ⎥⎣ ⎦∫ ∫  

 6
2 2

1 1 1
6 (2 ) ( )

a
a a

⎡ ⎤
= − −⎢ ⎥

⎣ ⎦
 41or

8xI a=   
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PROBLEM 9.7 

Determine by direct integration the moment of inertia of the shaded 
area with respect to the x axis. 

 

SOLUTION 

See figure of solution of Problem 9.3. 

 2
by x
a

=  

 

3
3 3 3 6

6

3
3 6

60

3 7
3 3

6

3 3

1 1 1 1
3 3 3 3

1 1
3 3

1 1 1 1
3 3 7 3 21

7 1 6
21 21 21

x

a

x x

bdI b dx y dx b dx x dx
a

bI dI b x dx
a

b ab a ab
a

ab ab

= − = −

⎛ ⎞
= = −⎜ ⎟⎜ ⎟

⎝ ⎠

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

⎛ ⎞= − =⎜ ⎟
⎝ ⎠

∫ ∫

 32
7xI ab=   
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PROBLEM 9.8 

Determine by direct integration the moment of inertia of the shaded 
area with respect to the x axis. 

 

SOLUTION 

See figure of solution of Problem 9.4. 

 
1 2 1

3

( )

1
3x

xy h h h
a

dI y dx

= + −

=
 

 ( ) ( )

3

1 2 10

4

1 2 1
2 1 0

2 2
2 1 2 12 14 4

2 1
2 1 2 1

1 ( )
3

1 ( )
12

( )( )
12( ) 12

a

x y

a

xI dI h h h dx
a

x ah h h
a h h

h h h hh ha ah h
h h h h

⎡ ⎤= = + −⎢ ⎥⎣ ⎦

⎛ ⎞⎡ ⎤= + − ⎜ ⎟⎢ ⎥ −⎣ ⎦ ⎝ ⎠

+ −+
= − = ⋅

− −

∫ ∫

 

 ( )2 2
1 2 1 2( )

12x
aI h h h h= + +   
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PROBLEM 9.9 

Determine by direct integration the moment of inertia of the shaded 
area with respect to the x axis. 

 

SOLUTION 

 
At 0, :x y b= =  (1 0)b c= −  or c b=  

At , 0:x a y= =  1/20 (1 )b ka= −  1/2
1or k

a
=  

Then 
1/2

1/21 xy b
a

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
 

Now 
31/2

3
1/2

1 1 1
3 3x

xdI y dx b dx
a

⎡ ⎤⎛ ⎞
= = −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 

or 
1/2 3/2

3
1/2 3/2

1 1 3 3
3x

x x xdI b dx
aa a

⎛ ⎞
= − + −⎜ ⎟⎜ ⎟

⎝ ⎠
 

Then 
1/2 3/2

3
1/2 3/20

12 1 3 3
3

a

x x
x x xI dI b dx

aa a
⎛ ⎞

= = − + −⎜ ⎟⎜ ⎟
⎝ ⎠

∫ ∫  

 
3/2 2 5/2

3
1/2 3/2

0

2 3 22
3 2 5

a
x x xb x

aa a
⎡ ⎤

= − + −⎢ ⎥
⎣ ⎦

 31or
15xI ab=   
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PROBLEM 9.10 

Determine by direct integration the moment of inertia of the shaded area with 
respect to the x axis. 

 

SOLUTION 

 

At , :x a y b= =  / ora a bb ke k
e

= =  

Then / / 1x a x aby e be
e

−= =  

Now 3 / 1 3

3 3( / 1)

1 1 ( )
3 3
1
3

x a
x

x a

dI y dx be dx

b e dx

−

−

= =

=

 

Then 
3

3 3( / 1) 3( / 1)

0 0

1
3 3 3

aa x a x a
x x

b aI dI b e dx e− −⎡ ⎤= = = ⎢ ⎥⎣ ⎦∫ ∫  

 3 31 (1 )
9

ab e−= −  3or 0.1056xI ab=   
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PROBLEM 9.11 

Determine by direct integration the moment of inertia of the shaded 
area with respect to the x axis. 

 

SOLUTION 

At 3 , :x a y b= =  3(3 )b k a a= −  

or 38
bk
a

=  

Then 3
3 ( )

8
by x a
a

= −  

Now 3

3
3

3

3
9

9

1
3
1 ( )
3 8

( )
1536

xdI y dx

b x a dx
a

b x a dx
a

=

⎡ ⎤= −⎢ ⎥⎣ ⎦

= −

 

Then 
33 33 9 10

9 9

3
10

9

1( ) ( )
101536 1536

[(3 ) 0]
15,360

aa

x x a a

b bI dI x a dx x a
a a

b a a
a

⎡ ⎤= = − = −⎢ ⎥⎣ ⎦

= − −

∫ ∫  

 31or
15xI ab=   
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PROBLEM 9.12 

Determine by direct integration the moment of inertia of the shaded 
area with respect to the y axis. 

 

SOLUTION 

At 0, :x y b= =  (1 0)b c= −  or c b=  

 , 0:x a y= =  1/20 (1 )c ka= −  1/2
1or k

a
=  

 

 

 

 

Then 
1/2

1/21 xy b
a

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
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PROBLEM 9.13 

Determine by direct integration the moment of inertia of the shaded area with 
respect to the y axis. 

 

SOLUTION 

At , :x a y b= =  /a ab ke=  

or bk
e

=  

Then / / 1x a x aby e be
e

−= =  

Now 2 2

2 / 1

( )

( )
y

x a

dI x dA x y dx

x be dx−

= =

=

 

Then 2 / 1

0

a x a
y yI dI bx e dx−= =∫ ∫  

Now use integration by parts with 

 
2 / 1

/ 12

x a

x a

u x dv e dx

du x dx v ae

−

−

= =

= =
 

Then 2 / 1 2 / 1 / 1
00 0

3 / 1

0

( )2

2

a aax a x a x a

a x a

x e dx x ae ae x dx

a a xe dx

− − −

−

⎡ ⎤= −⎣ ⎦

= −

∫ ∫

∫

 

Using integration by parts with 

 
/ 1

/ 1

x a

x a

u x dv e dx

du dx v ae

−

−

= =

= =
 

Then 

{ }

3 / 1 / 1
0 0

3 2 2 / 1
0

2 ( ) | ( )

2 ( ) |

ax a a x a
y

x a a

I b a a xae ae dx

b a a a a e

− −

−

⎧ ⎫⎡ ⎤= − −⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭

⎡ ⎤= − −⎣ ⎦

∫  

 { }3 2 2 2 12 ( )b a a a a a e−⎡ ⎤= − − −⎣ ⎦  3or 0.264yI a b=   
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PROBLEM 9.14 

Determine by direct integration the moment of inertia of the 
shaded area with respect to the y axis. 

 

SOLUTION 

At 3 , :x a y b= =  3(3 )b k a a= −  

or 38
bk
a

=  

Then 3
3 ( )

8
by x a
a

= −  

Now 2 2 2 3
3

2 3 2 2 3
3

( ) ( )
8

( 3 3 )
8

y
bdI x dA x y dx x x a dx
a

b x x x a xa a dx
a

⎡ ⎤= = = −⎢ ⎥⎣ ⎦

= − + −

 

Then 
3 5 4 3 2 3 2

3

3
6 5 2 4 3 3

3

6 5 2 4 3 3
3

6 5 2 4 3 3

( 3 3 )
8

1 3 3 1
6 5 4 38

1 3 3 1(3 ) (3 ) (3 ) (3 )
6 5 4 38

1 3 3 1( ) ( ) ( ) ( )
6 5 4 3

a

y y a

a

a

bI dI x x a x a a x dx
a

b x ax a x a x
a

b a a a a a a a
a

a a a a a a a

= = − + −

⎡ ⎤= − + −⎢ ⎥⎣ ⎦

⎧⎡ ⎤= − + −⎨⎢ ⎥⎣ ⎦⎩
⎫⎡ ⎤− − + − ⎬⎢ ⎥⎣ ⎦⎭

∫ ∫  

 or   33.43yI a b=   
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PROBLEM 9.15 

Determine the moment of inertia and the radius of gyration of 
the shaded area shown with respect to the x axis. 

 

SOLUTION 

At 1 2, :x a y y b= = =  1

3
2 3

: or

: or

by b ma m
a
by b ka k
a

= =

= =

 

Then 1
by x
a

=  

or 1
ax y
b

=  

and 3
2 3

by x
a

=  

or 1/3
2 1/3

ax y
b

=  

Now 2 1

1/3
1/3

( )dA x x dy
a ay y dy

bb

= −

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

Then 
1/3

1/30

4/3 2
1/3

0

12

3 1 1 12
4 2 2

b

b

yA dA a y dy
bb

a y y ab
bb

⎛ ⎞
= = −⎜ ⎟⎜ ⎟

⎝ ⎠

⎡ ⎤= − =⎢ ⎥⎣ ⎦

∫ ∫  

Now 2 2 1/3
1/3x
a adI y dA y y y dy

bb
⎡ ⎤⎛ ⎞= = −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦
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PROBLEM 9.15  (Continued) 

 

Then 7/3 3
1/30

1 12
b

xI a y y dy
bb

⎛ ⎞= −⎜ ⎟
⎝ ⎠∫  

 10/3 4
1/3

0

3 1 12
10 4

b

a y y
bb

⎡ ⎤= −⎢ ⎥⎣ ⎦
 31or

10xI ab=   

and 
31

2 210
1
2

1
5

x
x

abI
k b

A ab
= = =  or 

5x
bk =   
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PROBLEM 9.16 

Determine the moment of inertia and the radius of gyration of the shaded 
area shown with respect to the x axis. 

 

SOLUTION 

 2 1/2
1 1 2 2y k x y k x= =  

For 1 20 andx y y b= = =  

 

2 1/2
1 2

1 22 1/2

b k a b k a
b bk k
a a

= =

= =
 

Thus, 

 2 1/2
1 22 1/2

b by x y x
a a

= =  

 2 1

1/2 2
1/2 20

3/2 3

1/2 2

( )

2
3 3
1
3

a

dA y y dx
b bA x x dx

a a
ba baA
a a

A ab

= −

⎡ ⎤= −⎢ ⎥⎣ ⎦

= −

=

∫

 

 

3 3
2 1

3 3
3/2 6

3/2 6

1 1
3 3
1 1
3 3

xdI y dx y dx

b bx dx x dx
a a

= −

= −
 

 ( )

3 3
3/2 6

3/2 60 0

3 5/2 3 7
3

3/2 65
2

3 3
2 1

7 15 213 3

a a

x x
b bI dI x dx x dx
a a
b a b a ab
a a

= = −

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

∫ ∫ ∫
 33

35xI ab=   

 
( )33

352 x
x ab

b

abI
k

A
= =  9

35xk b=   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1394 

 

 

PROBLEM 9.17 

Determine the moment of inertia and the radius of gyration of the 
shaded area shown with respect to the y axis. 

 

SOLUTION 

At 1 2, :x a y y b= = =  3
1 3

2

: or

: or

by b ka k
a
by b ma m
a

= =

= =

 

Then 3
1 3

2

by x
a
by x
a

=

=

 

Now 3
2 1 3( ) b bdA y y dx x x dx

a a
⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

 

Then 3
20

2 4
2

0

12

1 1 12
2 24

a

a

bA dA x x dx
a a

b x x ab
a a

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

⎡ ⎤= − =⎢ ⎥⎣ ⎦

∫ ∫  

Now 2 2 3
3y

b bdI x dA x x x dx
a a

⎡ ⎤⎛ ⎞= = −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

Then 2 3
20

2
a

y y
bI dI x x x dx
a a

1⎛ ⎞= = −⎜ ⎟
⎝ ⎠∫ ∫  

 4 6
2

0

1 1 12
4 6

ab x x
a a
⎡ ⎤= −⎢ ⎥⎣ ⎦

 31or
6yI a b=   

and 
31

2 26
1
2

1
3

y
y

I a b
k a

A ab
= = =  or

3y
ak =   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1395 

 

 

PROBLEM 9.18 

Determine the moment of inertia and the radius of gyration of the 
shaded area shown with respect to the y axis. 

 

SOLUTION 

See figure of solution on Problem 9.16. 

 

2 2
2 1

2 1/2 2 5/2 4
1/2 2 1/2 20 0 0

1 ( )
3 y

a a a

y

A ab dI x dA x y y dx

b b b bI x x x dx x dx x dx
a a a a

= = = −

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠∫ ∫ ∫

 

 ( )
7/2 5

3
1/2 27

2

2 1
5 7 5y

b b b aI a b
a a

⎛ ⎞= ⋅ − ⋅ = −⎜ ⎟
⎝ ⎠

 33
35yI a b=   

 
( )33

352

3

y
y ab

a bI
k

A
= =  9

35yk a=   
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PROBLEM 9.19 

Determine the moment of inertia and the radius of gyration of the 
shaded area shown with respect to the x axis. 

 

SOLUTION 

1 :y  At 2 , 0:x a y= =  0 sin (2 )c k a=  

 2 or
2

ak k
a

ππ= =  

 At , :x a y h= =  sin ( )
2

h c a
a

π=  or c h=  

2 :y  At , 2 :x a y h= =  2h ma b= −  

 At 2 , 0:x a y= =  0 (2 )m a b= +  

Solving yields 2 , 4hm b h
a

= − =  

Then 1 2
2sin 4

2
2 ( 2 )

hy h x y x h
a a

h x a
a

π= = − +

= − +

 

Now 2 1
2( ) ( 2 ) sin

2
hdA y y dx x a h x dx

a a
π⎡ ⎤= − = − + −⎢ ⎥⎣ ⎦

 

Then 
2 2 ( 2 ) sin

2
a

a
A dA h x a x dx

a a
π⎡ ⎤= = − + −⎢ ⎥⎣ ⎦∫ ∫  

 
2

21 2( 2 ) cos
2

a

a

ah x a x
a a

π
π

⎡ ⎤= − − + +⎢ ⎥⎣ ⎦
 

 
22 1 2( 2 ) 1

0.36338

ah a a ah
a

ah
π π

⎡ ⎤⎛ ⎞ ⎛ ⎞= − + − + = −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

=
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PROBLEM 9.19  (Continued) 

 

Find:  and x xI k  

We have 
3 3

2 1

3
3 3

3

1 1 1 2 ( 2 ) sin
3 3 3 2

8 ( 2 ) sin
3 2

x
hdI y y dx x a h x dx

a a

h x a x
aa

π

π

⎧ ⎫⎪ ⎪⎛ ⎞ ⎡ ⎤ ⎛ ⎞= − = − + −⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎣ ⎦ ⎝ ⎠⎪ ⎪⎩ ⎭

⎡ ⎤= − + −⎢ ⎥⎣ ⎦

 

Then 
32 3 3

3
8 ( 2 ) sin

3 2
a

x x a

hI dI x a x dx
aa

π⎡ ⎤= = − + −⎢ ⎥⎣ ⎦∫ ∫  

Now 3 2 2sin sin (1 cos ) sin sin cosθ θ θ θ θ θ= − = −  

Then 
3 2 3 2

3

23
4 3

3

3
4

3

3

8 ( 2 ) sin sin cos
3 2 2 2

2 2 2( 2 ) cos cos
3 2 3 2

2 2 2 ( 2 )
3 3

2 21
3 3

a

x a

a

a

hI x a x x x dx
a a aa

h a ax a x x
a aa

h a a a a
a

ah

π π π

π π
π π

π π

π

⎡ ⎤⎛ ⎞= − + − −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

⎡ ⎤= − − + + −⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞= − + + − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦
⎛ ⎞= −⎜ ⎟
⎝ ⎠

∫  

 30.52520xI ah=  3or 0.525xI ah=   

and 
3

2 0.52520
0.36338

x
x

I ahk
A ah

= =  or 1.202xk h=   
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PROBLEM 9.20 

Determine the moment of inertia and the radius of gyration of the 
shaded area shown with respect to the y axis. 

 

SOLUTION 

1 :y  At 2 , 0:x a y= =  0 sin (2 )c k a=  

 2 or
2

ak k
a

ππ= =  

 At , :x a y h= =  sin ( )
2

h c a
a

π=  or c h=  

2 :y  At , 2 :x a y h= =  2h ma b= −  

 At 2 , 0:x a y= =  0 (2 )m a b= +  

Solving yields 2 , 4hm b h
a

= − =  

Then 1 2
2sin 4

2
2 ( 2 )

hy h x y x h
a a

h x a
a

π= = − +

= − +

 

Now 2 1
2( ) ( 2 ) sin

2
hdA y y dx x a h x dx

a a
π⎡ ⎤= − = − + −⎢ ⎥⎣ ⎦

 

Then 
2 2 ( 2 ) sin

2
a

a
A dA h x a x dx

a a
π⎡ ⎤= = − + −⎢ ⎥⎣ ⎦∫ ∫  

 
2

21 2( 2 ) cos
2

a

a

ah x a x
a a

π
π

⎡ ⎤= − − + +⎢ ⎥⎣ ⎦
 

 
22 1 2( 2 ) 1

0.36338

ah a a ah
a

ah
π π

⎡ ⎤⎛ ⎞ ⎛ ⎞= − + − + = −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

=
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PROBLEM 9.20  (Continued) 

 
Find:  and  y yI k  

We have 2 2

3 2 2

2 ( 2 ) sin
2

2 ( 2 ) sin
2

y
hdI x dA x x a h x dx

a a

h x ax x x dx
a a

π

π

⎧ ⎫⎡ ⎤= = − + −⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
⎡ ⎤= − + −⎢ ⎥⎣ ⎦

 

Then 
2 3 2 22 ( 2 ) sin

2
a

y y a
I dI h x ax x x dx

a a
π⎡ ⎤= = − + −⎢ ⎥⎣ ⎦∫ ∫  

Now using integration by parts with 

 2 sin
2

u x dv x dx
a

π= =  

 22 cos
2

adu x dx v x
a

π
π

= = −  

Then 2 2 2 2sin cos cos (2 )
2 2 2

a ax x dx x x x x dx
a a a

π π π
π π

⎛ ⎞ ⎛ ⎞= − − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫  

Now let cos
2

u x dv x dx
a

π= =  

 2 sin
2

adu dx v x
a

π
π

= =  

Then 2 22 4 2 2sin cos sin sin
2 2 2 2

a a a ax x dx x x x x x dx
a a a a

π π π π
π π π π

⎡ ⎤⎛ ⎞ ⎛ ⎞= − + −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦∫ ∫  

 

4 3

22 3
2

2 3

2 1 2
4 3

2 8 16cos sin cos
2 2 2

y

a

a

I h x ax
a

a a ax x x x x
a a a

π π π
π π π

⎡ ⎛ ⎞= − +⎢ ⎜ ⎟
⎝ ⎠⎣

⎤⎛ ⎞
− − + + ⎥⎜ ⎟⎜ ⎟⎥⎝ ⎠⎦

 

 

3
4 3 2

3

2
4 3

2

3

2 1 2 2 16(2 ) (2 ) (2 )
4 3

2 1 2 8( ) ( ) ( )
4 3

0.61345

a ah a a a a
a

ah a a a a
a

a h

π π

π

⎧ ⎫⎪ ⎪⎡ ⎤= − + − +⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
⎧ ⎫⎪ ⎪⎡ ⎤− − + −⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭

=  or 30.613yI a h=   

and 
3

2 0.61345
0.36338

y
y

I a hk
A ah

= =  or 1.299yk a=    

endbook.net
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PROBLEM 9.21 

Determine the polar moment of inertia and the polar radius of gyration 
of the shaded area shown with respect to Point P. 

 

SOLUTION 

 

We have 2 2
2 1[( ) ]xdI y dA y x x dy= = −  

Then 
22 2

2

2
3 3

0

3 3 3

4

2 (2 ) (2 0)

1 12 2
3 3

1 22 ( ) (2 ) ( )
3 3

10

a a

x a

a a

a

I y a a dy y a dy

a y a y

a a a a a

a

⎡ ⎤= − + −⎢ ⎥⎣ ⎦
⎧ ⎫⎪ ⎪⎡ ⎤ ⎡ ⎤= +⎨ ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭
⎧ ⎫⎡ ⎤ ⎡ ⎤= + −⎨ ⎬⎢ ⎥ ⎣ ⎦⎣ ⎦⎩ ⎭

=

∫ ∫  

Also 2 2
2 1[( ) ]ydI x dA x y y dx= = −  

Then 
22 2

0

4

2 (2 ) (2 0)

10

a a

y a
I x a a dx x a dx

a

⎡ ⎤= − + −⎢ ⎥⎣ ⎦

=

∫ ∫  

Now 4 410 10P x yJ I I a a= + = +  or 420PJ a=   

and 
4

2 20
(4 )(2 ) (2 )( )

P
P

J ak
A a a a a

= =
−

 

 210
3

a=  or 1.826Pk a=   
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PROBLEM 9.22 

Determine the polar moment of inertia and the polar radius of gyration 
of the shaded area shown with respect to Point P. 

 

SOLUTION 

 

 1 ( )
2 2 2
a a yx a y

a
= + = +  

 1 ( )
2

dA x dy a y dy= = +  

 
2 2

2 2

0 0
0

1 1 1 1 3( )
2 2 2 2 2 2 4

a
a a y aA dA a y dy ay a a

⎛ ⎞
= = + = + = + =⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫  23

2
A a=   

 

2 2 2 3

0 0

3 4
4 4

0

1 1 1( ) ( )
2 2 2

1 1 1 1 1 7
2 3 4 2 3 4 2 12

a a

x

a

I y dA y a y dy ay y dy

y ya a a

= = + = +

⎛ ⎞= + = + =⎜ ⎟
⎝ ⎠

∫ ∫ ∫

 47
12xI a=   

 
3

3

0 0

1 1 1 1 ( )
2 3 3 2

a a

yI x dy a y dy⎛ ⎞= = +⎜ ⎟
⎝ ⎠∫ ∫  

 3 4 4 4 4

0 0

1 1 1 1 1 15( ) ( ) (2 )
2 24 24 4 96 96

aa

yI a y dy a y a a a⎡ ⎤= + = + = − =⎣ ⎦∫  

 41 5
2 32yI a=  45

16yI a=   

From Eq. (9.4): 4 4 47 5 28 15
12 16 48O x yJ I I a a a+⎛ ⎞= + = + = ⎜ ⎟

⎝ ⎠
 443

48OJ a=   

 
443

2 2 248
23

2

43 43
72 72

O
O O O O

aJ
J k A k a k a

A a
= = = = =  0.773Ok a=   
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PROBLEM 9.23 

(a) Determine by direct integration the polar moment of inertia of the annular 
area shown with respect to Point O. (b) Using the result of Part a, determine 
the moment of inertia of the given area with respect to the x axis. 

 

SOLUTION 

(a) 2dA u duπ=  

 
2 2

3

(2 )

2
OdJ u dA u u du

u du

π

π

= =

=
 

 

2

1

2

1

3

4

2

12
4

R

O O R

R

R

J dJ u du

u

π

π

= =

=

∫ ∫

 4 4
2 12OJ R Rπ ⎡ ⎤= −⎣ ⎦   

 

(b) From Eq. (9.4): (Note by symmetry.)  x yI I=  

 4 4
2 1

2

1
2 4

O x y x

x O

J I I I

I J R Rπ
= + =

⎡ ⎤= = −⎣ ⎦  4 4
2 14xI R Rπ ⎡ ⎤= −⎣ ⎦   
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PROBLEM 9.24 

(a) Show that the polar radius of gyration kO of the annular area shown is 
approximately equal to the mean radius 1 2( ) 2mR R R= +  for small values 
of the thickness 2 1.t R R= −  (b) Determine the percentage error introduced 
by using Rm in place of kO for the following values of t/Rm: 1, 1

2 , and 1
10 . 

 

SOLUTION 

(a) From Problem 9.23: 

 4 4
2 12OJ R Rπ ⎡ ⎤= −⎣ ⎦  

 ( )
4 4
2 122
2 2
2 1

O
O

R RJ
k

A R R

π

π

⎡ ⎤−⎣ ⎦= =
−

 

  2 2 2
2 1

1
2Ok R R⎡ ⎤= +⎣ ⎦  

 Thickness: 2 1t R R= −  

 Mean radius: 1 2
1 ( )
2mR R R= +  

 Thus, 1 2
1 1and
2 2m mR R t R R t= − = +  

 
2 2

2 2 21 1 1 1
2 2 2 4O m m mk R t R t R t
⎡ ⎤⎛ ⎞ ⎛ ⎞= + + − = +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

 

 For t small compared to :mR  2 2
O mk R≈  O mk R≈   

(b) (exact value) (approximation value)Percentage error 100
(exact value)
−=  

 
( )

( )

2
12 21 44

2 2 21 14 4

1 1
P.E. (100) 100

1

m

m

t
Rm m

tm
R

R t R

R t

+ −+ −
= − = −

+ +
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PROBLEM 9.24  (Continued) 

 

 For 1:
m

t
R

=  
1
4

1
4

1 1
P.E. (100) 10.56%

1

+ −
= = −

+
  

 For 1 :
2m

t
R

=  
( )

( )

21 1
4 2

21 1
4 2

1 1
P.E. (100) 2.99%

1

+ −
= − = −

+
  

 For 1 :
10m

t
R

=  
( )

( )

21 1
4 10

21 1
4 10

1 1
P.E. (100) 0.125%

1

+ −
= = −

+
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PROBLEM 9.25 

Determine the polar moment of inertia and the polar radius of 
gyration of the shaded area shown with respect to Point P. 

 

SOLUTION 

1 :y  At 2 , 2 :x a y a= =  

 2
1 1

12 (2 ) or
2

a k a k
a

= =  

2 :y  At 0, :x y a= =  a c=  

 At 2 , 2 :x a y a= =  

 2
22 (2 )a a k a= +  or 2

1
4

k
a

=  

Then 2 2
1 2

2 2

1 1
2 4

1 (4 )
4

y x y a x
a a

a x
a

= = +

= +

 

Now 2 2 2
2 1

2 2

1 1( ) (4 )
4 2
1 (4 )

4

dA y y dx a x x dx
a a

a x dx
a

⎡ ⎤= − = + −⎢ ⎥⎣ ⎦

= −

 

Then 
22 2 2 2 3 2

0 0

1 1 1 82 (4 ) 4
4 2 3 3

aa
A dA a x dx a x x a

a a
⎡ ⎤= = − = − =⎢ ⎥⎣ ⎦∫ ∫  

Now 
3 3

3 3 2 2 2
2 1

6 4 2 2 4 6 6
3 3

6 4 2 2 4 6
3

1 1 1 1 1(4 )
3 3 3 4 2

1 1 1(64 48 12 )
3 64 8

1 (64 48 12 7 )
192

xdI y y dx a x x dx
a a

a a x a x x x dx
a a

a a x a x x dx
a

⎧ ⎫⎪ ⎪⎛ ⎞ ⎡ ⎤ ⎡ ⎤= − = + −⎨ ⎬⎜ ⎟ ⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭
⎡ ⎤= + + + −⎢ ⎥⎣ ⎦

= + + −
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PROBLEM 9.25  (Continued) 

 

Then 
2 6 4 2 2 4 6

30

12 (64 48 12 7 )
192

a

x xI dI a a x a x x dx
a

= = + + −∫ ∫  

 

2
6 4 3 2 5 7

3
0

6 4 3 2 5 7
3

4 4

1 1264 16
596

1 1264 (2 ) 16 (2 ) (2 ) (2 )
596

1 12 32128 128 32 128
96 5 15

a

a x a x a x x
a

a a a a a a a
a

a a

⎡ ⎤= + + −⎢ ⎥⎣ ⎦

⎡ ⎤= + + −⎢ ⎥⎣ ⎦
⎛ ⎞= + + × − =⎜ ⎟
⎝ ⎠

 

Also 2 2 2 21 (4 )
4ydI x dA x a x dx

a
⎡ ⎤= = −⎢ ⎥⎣ ⎦

 

Then 
22 2 2 2 2 3 5

0 0

2 3 5 4 4

1 1 4 12 (4 )
4 2 3 5

1 4 1 32 1 1 32(2 ) (2 )
2 3 5 2 3 5 15

aa

y yI dI x a x dx a x x
a a

a a a a a
a

⎡ ⎤= = − = −⎢ ⎥⎣ ⎦

⎡ ⎤ ⎛ ⎞= − = − =⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

∫ ∫  

Now 4 432 32
15 15P x yJ I I a a= + = +  or 464

15PJ a=   

and 
464

2 215
28

3

8
5

P
P

aJk a
A a

= = =  or 1.265Pk a=   
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PROBLEM 9.26 

Determine the polar moment of inertia and the polar radius of gyration 
of the shaded area shown with respect to Point P. 

 

SOLUTION 

The equation of the circle is 

 2 2 2x y r+ =  

So that 2 2x r y= −  

Now 2 2dA x dy r y dy= = −  

Then 2 2

/2
2

r

r
A dA r y dy

−
= = −∫ ∫  

Let sin ; cosy r dy r dθ θ θ= =  

Then 
/2 2 2

/6

/2/2 2 2 2

/6 /6

2 26 32

2

2 ( sin ) cos

sin 22 cos 2
2 4

sin 32 2
2 2 4 3 8

2.5274

A r r r d

r d r

r r

r

π

π

ππ

π π

π ππ

θ θ

θ θθ θ

π

−

− −

= −

⎡ ⎤= = +⎢ ⎥⎣ ⎦

⎡ ⎤ ⎛ ⎞⎛ ⎞− −
= − + = +⎢ ⎥ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
=

∫

∫

 

Now ( )2 2 2 2
xdI y dA y r y dy= = −  

Then 2 2 2

/2
2

r

x x r
I dI y r y dy

−
= = −∫ ∫  

Let sin ; cosy r dy r dθ θ θ= =  

Then 
/2 2 2 2

/6

/2 2 2

/6

2 ( sin ) ( sin ) cos

2 sin ( cos ) cos

xI r r r r d

r r r d

π

π

π

π

θ θ θ θ

θ θ θ θ

−

−

= −

=

∫

∫

 

Now 2 2 1sin 2 2sin cos sin cos sin 2
4

θ θ θ θ θ θ= ⇒ =  
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PROBLEM 9.26  (Continued) 

 

Then 
/24/2 4 2

/6 /6

24
6 32

4

1 sin 42 sin 2
4 2 2 8

sin
2 2 2 8

3
2 3 16

x
rI r d

r

r

ππ

π π

π ππ

θ θθ θ

π

− −

⎛ ⎞ ⎡ ⎤= = −⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦

⎡ ⎤⎛ ⎞−
= − −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠

∫  

Also ( )3
3 2 21 1

3 3ydI x dy r y dy= = −  

Then 2 2 3/2

/2

12 ( )
3

r

y y r
I dI r y dy

−
= = −∫ ∫  

Let sin ; cosy r dy r dθ θ θ= =  

Then 
/2 2 2 3/2

/6

2 [ ( sin ) ] cos
3yI r r r d

π

π
θ θ θ

−
= −∫  

 
/2 3 3

/6

2 ( cos ) cos
3yI r r d

π

π
θ θ θ

−
= ∫  

Now 4 2 2 2 21cos cos (1 sin ) cos sin 2
4

θ θ θ θ θ= − = −  

Then 
/2 4 2 2

/6

/2
4

/ 6

2 1cos sin 2
3 4

2 sin 2 1 sin 4
3 2 4 4 2 8

yI r d

r

π

π

π

π

θ θ θ

θ θ θ θ

−

−

⎛ ⎞= −⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞ ⎛ ⎞= + − −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

∫  

 

2
4 6 3 6 32 2

4

4

sin sin2 1 1
3 2 4 2 2 4 4 2 8

2 1 3 1 3
3 4 16 12 4 2 48 32 2

2 9 3
3 4 64

r

r

r

π π π ππ π

π π π π

π

⎧ ⎫⎡ ⎤⎡ ⎤ ⎛ ⎞⎛ ⎞ − − − −⎪ ⎪= − − + − −⎢ ⎥⎢ ⎥ ⎜ ⎟⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎢ ⎥⎝ ⎠⎪ ⎪⎝ ⎠⎣ ⎦ ⎣ ⎦⎩ ⎭
⎡ ⎤⎛ ⎞ ⎛ ⎞

= − + + − +⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞

= +⎜ ⎟⎜ ⎟
⎝ ⎠
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PROBLEM 9.26  (Continued) 

 

Now 
4

43 2 9 3
2 3 16 3 4 64P x y
rJ I I rπ π⎛ ⎞ ⎛ ⎞

= + = − + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 4 43 1.15545
3 16

r rπ⎛ ⎞
= + =⎜ ⎟⎜ ⎟

⎝ ⎠
 4or 1.155PJ r=   

and 
4

2
2

1.15545
2.5274

P
P

J rk
A r

= =  or 0.676Pk r=   
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PROBLEM 9.27 

Determine the polar moment of inertia and the polar radius of gyration 
of the shaded area shown with respect to Point O. 

 

SOLUTION 

At , 2 :R aθ π= =  2 ( )a a k π= +  

or ak
π

=  

Then 1aR a a θθ
π π

⎛ ⎞= + = +⎜ ⎟
⎝ ⎠

 

Now ( )( )dA dr r d
rdr d

θ
θ

=
=

 

Then 
(1 / )(1 / ) 2

0 0 0 0

1
2

aa
A dA rdr d r d

θ ππ θ π π
θ θ

++ ⎡ ⎤= = = ⎢ ⎥⎣ ⎦∫ ∫ ∫ ∫  

 

2 3
2 2

0
0

3
2 3 2

1 11 1
2 2 3

1 71 (1)
6 6

A a d a

a a

π
π θ π θθ

π π

ππ π
π

⎡ ⎤⎛ ⎞ ⎛ ⎞= + = +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞= + − =⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

∫
 

Now 2 2 ( )OdJ r dA r rdr dθ= =  

Then 
(1 / ) 3

0 0

a

O OJ dJ r dr d
π θ π

θ
+

= =∫ ∫ ∫  

 

(1 / ) 4
4 4

0 00

5 5
4 4 5

0

1 1 1
4 4

1 11 1 (1)
4 5 20

a

r d a d

a a

θ ππ π

π

θθ θ
π

π θ ππ
π π

+
⎡ ⎤ ⎛ ⎞= = +⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= + = + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

∫ ∫

 431or
20OJ aπ=   

and 
431

2 220
27

6

93
70

O
O

aJ
k a

A a
π
π

= = =  or    1.153Ok a=   
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PROBLEM 9.28 

Determine the polar moment of inertia and the polar radius of gyration of 
the isosceles triangle shown with respect to Point O. 

 

SOLUTION 

By observation: 
2
b
hy x=  

or 
2
bx y
h

=  

Now 
2
bdA xdy y dy
h

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 

and 2 3

2x
bdI y dA y dy
h

= =  

Then 3

0
2

2
h

x x
bI dI y dy
h

= =∫ ∫  

 
4

3

0

1
4 4

h
b y bh
h

= =  

From above: 2hy x
b

=  

Now 2( ) hdA h y dx h x dx
b

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

 

 ( 2 )h b x dx
b

= −  

and 2 2 ( 2 )y
hdI x dA x b x dx
b

= = −  
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PROBLEM 9.28  (Continued) 

 

Then 
/2 2

0
2 ( 2 )

b

y y
hI dI x b x dx
b

= = −∫ ∫  

 
/2

3 4

0

1 12
3 2

bh bx x
b
⎡ ⎤= −⎢ ⎥⎣ ⎦

 

 
3 4

31 12
3 2 2 2 48

h b b b b h
b

⎡ ⎤⎛ ⎞ ⎛ ⎞= − =⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

 

Now 3 31 1
4 48O x yJ I I bh b h= + = +  2 2or (12 )

48O
bhJ h b= +   

and 
2 2

2 2 248
1
2

(12 ) 1 (12 )
24

bh
O

O
h bJ

k h b
A bh

+
= = = +  or 

2 212
24O
h bk +=   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1413 

 

 

PROBLEM 9.29* 

Using the polar moment of inertia of the isosceles triangle of 
Problem 9.28, show that the centroidal polar moment of inertia 
of a circular area of radius r is 4/2.rπ  (Hint: As a circular area 
is divided into an increasing number of equal circular sectors, 
what is the approximate shape of each circular sector?) 

PROBLEM 9.28 Determine the polar moment of inertia and 
the polar radius of gyration of the isosceles triangle shown with 
respect to Point O. 

 

SOLUTION 

First the circular area is divided into an increasing number of identical circular sectors. The sectors can be 
approximated by isosceles triangles. For a large number of sectors the approximate dimensions of one of the 
isosceles triangles are as shown. 

For an isosceles triangle (see Problem 9.28): 

 2 2(12 )
48O
bhJ h b= +  

Then with andb r h rθ= Δ =  

 2 2
sector

1( ) ( )( ) 12 ( )
48OJ r r r rθ θ⎡ ⎤Δ Δ + Δ⎣ ⎦  

 4 21 (12 )
48

r θ θ⎡ ⎤= Δ + Δ⎣ ⎦  

Now sector sector 4 2

0 0

1lim lim 12 ( )
48

O OdJ J
r

d θ θ
θ

θ θΔ → Δ →

Δ⎛ ⎞ ⎧ ⎫⎡ ⎤= = + Δ⎜ ⎟ ⎨ ⎬⎣ ⎦Δ ⎩ ⎭⎝ ⎠
 

 41
4

r=  

Then [ ]
2 24 4

circle sector 00

1 1( )
4 4O OJ dJ r d r

π πθ θ= = =∫ ∫  

 or 4
circle( )

2OJ rπ=   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1414 

 

PROBLEM 9.30* 

Prove that the centroidal polar moment of inertia of a given area A cannot be smaller than 2/2 .A π  (Hint: Compare 
the moment of inertia of the given area with the moment of inertia of a circle that has the same area and the 
same centroid.) 

 

SOLUTION 

From the solution to sample Problem 9.2, the centroidal polar moment of inertia of a circular area is 

 4
cir( )

2CJ rπ=  

The area of the circle is 
 2

cirA rπ=  

So that 
2

cir[ ( )]
2C
AJ A
π

=  

Two methods of solution will be presented. However, both methods depend upon the observation that as a 
given element of area dA is moved closer to some Point C, The value of CJ  will be decreased 2( ;CJ r dA= ∫  
as r decreases, so must ).CJ  

 

Solution 1 

Imagine taking the area A and drawing it into a thin strip of negligible width and of sufficient length so that its 
area is equal to A. To minimize the value of ( ) ,C AJ the area would have to be distributed as closely as 
possible about C. This is accomplished by winding the strip into a tightly wound roll with C as its center; any 
voids in the roll would place the corresponding area farther from C than is necessary, thus increasing the value 
of ( ) .C AJ  (The process is analogous to rewinding a length of tape back into a roll.) Since the shape of the roll 
is circular, with the centroid of its area at C, it follows that 

  
2

( ) Q.E.D.
2C A
AJ
π

≥   

 

 

 

where the equality applies when the original area is circular. 
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PROBLEM 9.30*  (Continued) 

 

Solution 2 

Consider an area A with its centroid at Point C and a circular area of area A with its center (and centroid) at 
Point C. Without loss of generality, assume that 

 1 2 3 4A A A A= =  

It then follows that 
 cir 1 2 3 4( ) ( ) [ ( ) ( ) ( ) ( )]C A C C C C CJ J J A J A J A J A= + − + −  

Now observe that 

 1 2( ) ( ) 0C CJ A J A− �  

 3 4( ) ( ) 0C CJ A J A− �  

since as a given area is moved farther away from C its polar moment of inertia with respect to C must 
increase. 

 cir( ) ( )C A CJ J�  
2

or ( ) Q.E.D.
2C A
AJ
π

�   
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PROBLEM 9.31 

Determine the moment of inertia and the radius of gyration of the 
shaded area with respect to the x axis. 

 

SOLUTION 

First note that 

 

1 2 3
2

2

2

[(24)(6) (8)(48) (48)(6)] mm
(144 384 288) mm
816 mm

A A A A= + +
= + +
= + +
=

 

Now 1 2 3( ) ( ) ( )x x x xI I I I= + +  

where 

 

3 2 2
1

4

4

1( ) (24 mm)(6 mm) (144 mm )(27 mm)
12
(432 104,976) mm
105,408 mm

xI = +

= +
=

 

 3 4
2

3 2 2
3

4 4

1( ) (8 mm)(48 mm) 73,728 mm
12
1( ) (48 mm)(6 mm) (288 mm )(27 mm)

12
(864 209,952) mm 210,816 mm

x

x

I

I

= =

= +

= + =

 

Then 4(105,408 73,728 210,816) mmxI = + +  

 4389,952 mm=  3 4or 390 10  mmxI = ×   

and 
4

2
2

389,952 mm
816 mm

x
x

I
k

A
= =  or 21.9 mmxk =   
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PROBLEM 9.32 

Determine the moment of inertia and the radius of gyration of the 
shaded area with respect to the x axis. 

 

SOLUTION 

First note that 

 

1 2 3
2

2

2

[(5)(6) (4)(2) (4)(1)] in.

(30 8 4) in.

18 in.

A A A A= − −

= − −

= − −

=

 

Now 1 2 3( ) ( ) ( )x x x xI I I I= − −  

where 3 4
1

1( ) (5 in.)(6 in.) 90 in.
12xI = =  

 3 2 2
2

4

1( ) (4 in.)(2 in.) (8 in. )(2 in.)
12

234  in.
3

xI = +

=

 

 
2

3 2
3

4

1 3( ) (4 in.)(1 in.) (4 in. )  in.
12 2

19  in.
3

xI ⎛ ⎞= + ⎜ ⎟
⎝ ⎠

=

 

Then 42 190 34 9 in.
3 3xI ⎛ ⎞= − −⎜ ⎟

⎝ ⎠
 4or 46.0 in.xI =   

and 
4

2
4

46.0 in.
18 in.

x
x

I
k

A
= =  or 1.599 in.xk =   
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PROBLEM 9.33 

Determine the moment of inertia and the radius of gyration of the 
shaded area with respect to the y axis. 

 

SOLUTION 

First note that 

 

1 2 3
2

2

2

[(24 6) (8)(48) (48)(6)] mm

(144 384 288) mm

816 mm

A A A A= + +

= × + +

= + +

=

 

Now 1 2 3( ) ( ) ( )y y y yI I I I= + +  

where 

 

3 4
1

3 4
2

3 4
3

1( ) (6 mm)(24 mm) 6912 mm
12
1( ) (48 mm)(8 mm) 2048 mm

12
1( ) (6 mm)(48 mm) 55,296 mm

12

y

y

y

I

I

I

= =

= =

= =

 

Then 4 4(6912 2048 55,296) mm 64,256 mmyI = + + =  

 or 3 464.3 10 mmyI = ×   

and 
4

2
2

64,256 mm
816 mm

y
y

I
k

A
= =  or 8.87 mmyk =   
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PROBLEM 9.34 

Determine the moment of inertia and the radius of gyration of the 
shaded area with respect to the y axis. 

 

SOLUTION 

First note that 

 

1 2 3
2

2

2

[(5)(6) (4)(2) (4)(1)] in.

(30 8 4) in.

18 in.

A A A A= − −

= − −

= − −

=

 

Now 1 2 3( ) ( ) ( )y y y yI I I I= − −  

where 

 3 4
1

1( ) (6 in.)(5 in.) 62.5 in.
12yI = =  

 3 4
2

1 2( ) (2 in.)(4 in.) 10  in.
12 3yI = =  

 3 4
3

1 1( ) (1 in.)(4 in.) 5 in.
12 3yI = =  

Then 42 162.5 10 5 in.
3 3yI ⎛ ⎞= − −⎜ ⎟

⎝ ⎠
 4or 46.5 in.yI =   

and 
4

2
2

46.5 in.
18 in.

y
y

I
k

A
= =  or 1.607 in.yk =   
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PROBLEM 9.35 

Determine the moments of inertia of the shaded area shown with respect to the x 
and y axes when 20 mm.a =  

 

SOLUTION 

We have 1 2( ) 2( )x x xI I I= +  

where 3
1

3 4

1( ) (40 mm)(40 mm)
12
213.33 10 mm

xI =

= ×

 

 
2

4 2
2

4 20( ) (20 mm) (20 mm)  mm
8 2 3xI π π

π
⎡ ⎤×⎛ ⎞= −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
 

 
2

2 4 20(20 mm) 20 mm
2 3
π

π
⎡ ⎤×⎛ ⎞+ +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

 3 4527.49 10 mm= ×  

Then 3 4[213.33 2(527.49)] 10 mmxI = + ×  

 or 6 41.268 10 mmxI = ×   

Also 1 2( ) 2( )y y yI I I= +  

where 3 3 4
1

1( ) (40 mm)(40 mm) 213.33 10 mm
12yI = = ×  

 4 3 4
2( ) (20 mm) 62.83 10 mm

8yI π= = ×  

Then 3 4[213.33 2(62.83)] 10 mmyI = + ×  

 or       3 4339 10 mmyI = ×   
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PROBLEM 9.36 

Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when 20 mm.a =  

 

SOLUTION 

Given: Area = Square 2(Semicircles)−  

For 20 mm,a =  we have 

 

Square: 4 3 41 (60) 1080 10 mm
12x yI I= = = ×  

Semicircle 1: 

 4 3 4(20) 62.83 10 mm
8xI π= = ×  

 2 4 2 2; (20) (20) (8.488)
8 2AA y yI I Ad Iπ π

′ ′ ′
⎛ ⎞= + = + ⎜ ⎟
⎝ ⎠

 

 3 362.83 10 45.27 10yI ′ = × − ×  

 3 417.56 10 mmyI ′ = ×  

 2 3 2 2(30 8.488) 17.56 10 (20) (21.512)
2y yI I A π

′= + − = × +  

 3 4308.3 10 mmyI = ×  
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PROBLEM 9.36  (Continued) 

 

Semicircle 2: Same as semicircle 1. 

Entire Area: 

 

3 3

3 4

1080 10 2(62.83 10 )

954.3 10 mm
xI = × − ×

= ×  3 4954 10 mmxI = ×   

 

3 3

3 4

1080 10 2(308.3 10 )

463.3 10 mm
yI = × − ×

= ×  3 4463 10 mmyI = ×   
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PROBLEM 9.37 

For the 24000-mm  shaded area shown, determine the distance d2  
and the moment of inertia with respect to the centroidal axis 
parallel to AA′ knowing that the moments of inertia with respect to 
AA′ and BB′ are 6 412 10 mm×  and 623.9 10× mm4, respectively, and 
that 1 25 mm.d =  

 

SOLUTION 

We have 2
1AAI I Ad′ = +  (1) 

and 2
2BBI I Ad′ = +  

Subtracting ( )2 2
1 2AA BBI I A d d′ ′− = −  

or 2 2
2 1

AA BBI Id d
A

′ ′−= −  

 

6 4
2

2

2

(12 23.9)10 mm(25 mm)
4000 mm

3600 mm

−= −

=  or   2 60.0 mmd =  

Using Eq. (1): 6 4 2 212 10 mm (4000 mm )(25 mm)I = × −  6 4or 9.50 10  mmI = ×   
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PROBLEM 9.38 

Determine for the shaded region the area and the moment of inertia 
with respect to the centroidal axis parallel to BB′, knowing that 
d1 25 mm=  and 2 15 mmd =  and that the moments of inertia with 
respect to AA′ and BB′ are 6 47.84 10 mm×  and 65.20 10× mm4, 
respectively. 

 

SOLUTION 

We have 2
1AAI I Ad′ = +  (1) 

and 2
2BBI I Ad′ = +  

Subtracting ( )2 2
1 2AA BBI I A d d′ ′− = −  

or 
6 4

2 2 2 2
1 2

(7.84 5.20)10 mm
(25 mm) (15 mm)

AA BBI IA
d d

′ ′− −= =
− −

 

 or 26600 mmA =   

Using Eq. (1): 6 4 2 2

6 4

7.84 10 mm (6600 mm )(25 mm)

3.715 10 mm

I = × −

= ×

 

 or   6 43.72 10 mmI = ×   
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PROBLEM 9.39 

The shaded area is equal to 250 in. .  Determine its centroidal moments 
of inertia xI  and ,yI  knowing that 2y xI I=  and that the polar moment 
of inertia of the area about Point A is 42250 in. .AJ =  

 

SOLUTION 

Given:  250 in.A =  42 , 2250 in.y x AI I J= =  

 2(6 in.)A CJ J A= +  

 4 2 22250 in. (50 in. )(6 in.)CJ= +  

 4450 in.CJ =  

 with 2C x y y xJ I I I I= + =  

 4450 in. 2x xI I= +  4150.0 in.xI =   

 42 300 in.y xI I= =   
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PROBLEM 9.40 

The polar moments of inertia of the shaded area with respect to 
Points A, B, and D are, respectively, 4 42880 in. , 6720 in. ,A BJ J= =  
and JD = 4560 in.4. Determine the shaded area, its centroidal moment 
of inertia ,CJ  and the distance d from C to D. 

 

SOLUTION 

See figure at solution of Problem 9.39. 

Given: 4 4 42880 in. , 6720 in. , 4560 in.A B DJ J J= = =  

 2 4 2 2( ) ; 6720 in. (6 )B C CJ J A CB J A d= + = + +  (1) 

 2 4 2( ) ; 4560 in.D C CJ J A CD J Ad= + = +  (2) 

Eq. (1) subtracted by Eq. (2): 4 22160 in. (6)B DJ J A− = =  260.0 in.A =   

 2 4 2 2( ) ; 2880 in. (60 in. )(6 in.)A C CJ J A AC J= + = +  4720 in.CJ =   

Eq. (2): 4 4 2 24560 in. 720 in. (60 in. )d= +  8.00 in.d =   
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PROBLEM 9.41 

Determine the moments of inertia xI  and yI  of the area shown with 
respect to centroidal axes respectively parallel and perpendicular to 
side AB. 

 

SOLUTION 

 
 Dimensions in mm 

First locate centroid C of the area. 

Symmetry implies 30 mm.Y =  

 

 2, mmA  , mmx  3, mmxA  

1 108 60 6480× =  54 349,920 

2 
1 72 36 1296
2

− × × = −  46 –59,616 

Σ  5184  290,304 

Then 2 3: (5184 mm ) 290,304 mmX A xA XΣ = Σ =  

or 56.0 mmX =  

Now 1 2( ) ( )x x xI I I= −  

where 3 6 4
1

3 2
2

4 3 4

1( ) (108 mm)(60 mm) 1.944 10 mm
12

1 1( ) 2 (72 mm)(18 mm) 72 mm 18 mm (6 mm)
36 2

2(11,664 23,328) mm 69.984 10 mm

x

x

I

I

= = ×

⎡ ⎤⎛ ⎞= + × ×⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

= + = ×

 

2[( )xI  is obtained by dividing 2A into ] 

Then 6 4(1.944 0.069984) 10 mmxI = − ×  

  or 6 41.874 10 mm= ×xI   
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PROBLEM 9.41  (Continued) 

 

Also 1 2( ) ( )y y yI I I= −  

where 3 2 2
1

4 6 4

1( ) (60 mm)(108 mm) (6480 mm )[(56.54)mm]
12
(6,298,560 25,920)mm 6.324 10 mm

yI = +

= + = ×

 

 3 2 2
2

4 6 4

1( ) (36 mm)(72 mm) (1296 mm )[(56 46)mm]
36
(373,248 129,600) mm 0.502 10 mm

yI = + −

= + = ×

 

Then 6 4(6.324 0.502)10 mmyI = −  

 or   6 45.82 10 mm= ×yI   
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PROBLEM 9.42 

Determine the moments of inertia xI  and yI  of the area shown with 
respect to centroidal axes respectively parallel and perpendicular to 
side AB. 

 

SOLUTION 

First locate C of the area: 

Symmetry implies 12 mm.X =  

 2, mmA  , mmy  3, mmyA  

1 12 22 264× =  11 2904 

2 
1 (24)(18) 216
2

=  28 6048 

Σ  480  8952 

 

Then 2 3: (480 mm ) 8952 mmY A yA YΣ = Σ =  

 18.65 mmY =  

Now 1 2( ) ( )x x xI I I= +  

where 3 2 2
1

4

3 2 2
2

4

1( ) (12 mm)(22 mm) (264 mm )[(18.65 11)mm]
12
26,098 mm
1( ) (24 mm)(18 mm) (216 mm )[(28 18.65)mm]

36
22,771 mm

x

x

I

I

= + −

=

= + −

=

 

Then 3 4(26.098 22.771) 10 mm= + ×xI  

  or 3 448.9 10 mm= ×xI   
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PROBLEM 9.42  (Continued) 

 

Also 1 2( ) ( )y y yI I I= +  

where 3 4
1

3 2
2

4

1( ) (22 mm)(12 mm) 3168 mm
12

1 1( ) 2 (18 mm)(12 mm) 18 mm 12 mm (4 mm)
36 2

5184 mm

y

y

I

I

= =

⎡ ⎤⎛ ⎞= + × ×⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

=

 

2[( )yI  is obtained by dividing 2A into  ] 

Then 4(3168 5184)mmyI = +  or   3 48.35 10 mm= ×yI   
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PROBLEM 9.43 

Determine the moments of inertia xI  and yI  of the area shown with respect 
to centroidal axes respectively parallel and perpendicular to side AB. 

 

SOLUTION 

 
First locate centroid C of the area. 

 2, in.A  , in.x  , in.y  3, in.xA  3, in.yA  

1 5 8 40× =  2.5 4 100 160 

2 2 5 10− × = −  1.9 4.3 –19 –43 

Σ  30   81 117 

Then 2 3: (30 in. ) 81 in.X A xA XΣ = Σ =  

or 2.70 in.X =  

and 2 3: (30 in. ) 117 in.Y A yA YΣ = Σ =  

or 3.90 in.Y =  

Now 1 2( ) ( )x x xI I I= −  

where 3 2 2
1

4 4

3 2 2
2

4

1( ) (5 in.)(8 in.) (40 in. )[(4 3.9) in.]
12
(213.33 0.4) in. 213.73 in.
1( ) (2 in.)(5 in.) (10 in. )[(4.3 3.9) in.]

12
(20.83 1.60) 22.43 in.

x

x

I

I

= + −

= + =

= + −

= + =
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PROBLEM 9.43  (Continued) 

 

Then 4(213.73 22.43) in.xI = −  or   4191.3 in.=xI   

Also 1 2( ) ( )y y yI I I= −  

where 3 2 2
1

4 4

3 2 2
2

4 4

1( ) (8 in.)(5 in.) (40 in. )[(2.7 2.5) in.]
12
(83.333 1.6)in. 84.933 in.
1( ) (5 in.)(2 in.) (10 in. )[(2.7 1.9) in.]

12
(3.333 6.4)in. 9.733 in.

y

y

I

I

= + −

= + =

= + −

= + =

 

Then 4(84.933 9.733)in.yI = −  or    475.2 in.=yI   
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PROBLEM 9.44 

Determine the moments of inertia xI  and yI  of the area shown with 
respect to centroidal axes respectively parallel and perpendicular to 
side AB. 

 

SOLUTION 

 
First locate centroid C of the area. 

 2, in.A  , in.x  , in.y  3, in.xA  3, in.yA  

1 3.6 0.5 1.8× =   1.8 0.25 3.24 0.45 

2 0.5 3.8 1.9× =   0.25 2.4 0.475 4.56 

3 1.3 1 1.3× =   0.65 4.8 0.845 6.24 

Σ  5.0   4.560 11.25 

Then 2 3: (5 in. ) 4.560 in.X A xA XΣ = Σ =  

or 0.912 in.X =  

and 2 3: (5 in. ) 11.25 in.Y A yA YΣ = Σ =  

or 2.25 in.Y =  
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PROBLEM 9.44  (Continued) 

 

Now 1 2 3( ) ( ) ( )x x x xI I I I= + +  

where 3 2 2
1

4 4

3 2 2
2

4 4

1( ) (3.6 in.)(0.5 in.) (1.8 in. )[(2.25 0.25)in.]
12
(0.0375 7.20)in. 7.2375 in.
1( ) (0.5 in.)(3.8 in.) (1.9 in. )[(2.4 2.25)in.]

12
(2.2863 0.0428)in. 2.3291 in.

x

x

I

I

= + −

= + =

= + −

= + =

 

 
3 2 2

3

4 4

1( ) (1.3 in.)(1 in.) (1.3 in. )[(4.8 2.25 in.)]
12
(0.1083) 8.4533)in. 8.5616 in.

xI = + −

= + =
 

Then 4 4(7.2375 2.3291 8.5616) in. 18.1282 in.xI = + + =  

  or 418.13 in.=xI   

Also 1 2 3( ) ( ) ( )y y y yI I I I= + +  

where 3 2 2
1

4 4

1( ) (0.5 in.)(3.6 in.) (1.8 in. )[(1.8 0.912)in.]
12
(1.9440 1.4194)in. 3.3634 in.

yI = + −

= + =

 

 3 2 2
2

4 4

3 2 2
3

4 4

1( ) (3.8 in.)(0.5 in.) (1.9 in. )[(0.912 0.25) in.]
12
(0.0396 0.8327) in. 0.8723 in.
1( ) (1 in.)(1.3 in.) (1.3 in. )[(0.912 0.65) in.]

12
(0.1831 0.0892) in. 0.2723 in.

y

y

I

I

= + −

= + =

= + −

= + =

 

Then 4 4(3.3634 0.8723 0.2723)in. 4.5080 in.yI = + + =  

  or      44.51 in.=yI   
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PROBLEM 9.45 

Determine the polar moment of inertia of the area shown with 
respect to (a) Point O, (b) the centroid of the area. 

 

SOLUTION 

 Dimensions in mm              Symmetry: X Y=  

 
Determination of centroid, C, of entire section. 

Section 2Area, mm  , mmy  3, mmyA  

1 2 3(100) 7.854 10
4
π = ×  42.44 3333.3 10×  

2 3(50)(100) 5 10= ×  50 3250 10×  

3 3(100)(50) 5 10= ×  –25 3125 10− ×  

Σ  317.854 10×   3458.3 10×  

 3 2 3 3: (17.854 10 mm ) 458.3 10 mmY A yA YΣ = Σ × = ×  

 25.67 mm 25.67 mmY X Y= = =  

Distance O to C: 2 2(25.67) 36.30 mmOC Y= = =  

(a) Section 1: 4 6 4(100) 39.27 10 mm
8OJ π= = ×  

 Section 2: 
2 2

2 2 2

6 6 6 4

1 50 100( ) (50)(100)[50 100 ] (50)(100)
12 2 2

5.208 10 15.625 10 20.83 10 mm

O

O

J J A OD

J

⎡ ⎤⎛ ⎞ ⎛ ⎞= + = + + +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

= × + × = ×
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PROBLEM 9.45  (Continued) 

 

 Section 3: Same as Section 2; 6 420.83 10 mmOJ = ×  

 Entire section: 

 

6 6

6

39.27 10 2(20.83 10 )

80.94 10
OJ = × + ×

= ×  6 480.9 10 mmOJ = ×   

(b) Recall that, 3 236.30 mm and 17.854 10 mmOC A= = ×  

 2

6 4 3 2 2

( )

80.94 10 mm (17.854 10 mm )(36.30 mm)
O C

C

J J A OC

J

= +

× = + ×

 

 6 457.41 10 mmCJ = ×  6 457.4 10 mmCJ = ×   
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PROBLEM 9.46 

Determine the polar moment of inertia of the area shown with 
respect to (a) Point O, (b) the centroid of the area. 

 

SOLUTION 

First locate centroid C of the figure. 

Note that symmetry implies 0.Y =  

 
 Dimensions in mm 

 2, mmA  , mmX  3, mmXA  

1 (84)(42) 5541.77
2
π =  112 35.6507

π
− = −  197,568−  

2 2(42) 2770.88
2
π =  56 17.8254

π
=  49,392 

3 (54)(27) 2290.22
2
π− = −  72 22.9183

π
− = −  52,488 

4 2(27) 1145.11
2
π− = −  36 11.4592

π
=  –13,122 

Σ  4877.32  –108,810 

Then 2 3: (4877.32 mm ) 108,810 mmX A xA XΣ = Σ = −  

or 22.3094X = −  

(a) 1 2 3 4( ) ( ) ( ) ( )O O O O OJ J J J J= + − −  

 where 2 2
1

6 4

( ) (84 mm)(42 mm)[(84 mm) (42 mm) ]
8

12.21960 10 mm

OJ π= +

= ×
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PROBLEM 9.46  (Continued) 

 

  

4
2

6 4

2 2
3

6 4

4
4

6 4

( ) (42 mm)
4
2.44392 10 mm

( ) (54 mm)(27 mm)[(54 mm) (27 mm) ]
8
2.08696 10 mm

( ) (27 mm)
4
0.41739 10 mm

O

O

O

J

J

J

π

π

π

=

= ×

= +

= ×

=

= ×

 

 Then 6 4

6 4

(12.21960 2.44392 2.08696 0.41739) 10 mm

12.15917 10 mm

= + − − ×

= ×
OJ  

  or  6 412.16 10 mm= ×OJ   

(b) 2
O CJ J AX= +  

 or 6 4 2 212.15917 10 mm (4877.32 mm )( 22.3094 mm)CJ = × − −  

  or 69.73 10 mm4= ×CJ   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1439 

 

 

PROBLEM 9.47 

Determine the polar moment of inertia of the area shown with respect to (a) Point O, 
(b) the centroid of the area. 

 

SOLUTION 

 
 

Section 2Area, in.  , in.x  3, in.xA  

1 2(4.5) 15.904
4
π =  1.9099 30.375 

2 2(3) 7.069
4
π− = −  1.2732 –9.00 

Σ  8.835  21.375 

Then 2 3: (8.835 in. ) 21.375 in.
2.419 in.

XA xA X
X

= Σ =
=

 

Then 4 4 4(4.5 in.) (3 in.) 129.22 in.
8 8OJ π π= − =  4129.2 in.OJ =   

 

2

4 2

2 2(2.419 in.) 3.421 in.

( ) :

129.22 in. (8.835 in.)(3.421 in.)
O C

C

OC X

J J A OC

J

= = =

= +

= +  425.8 in.CJ =   
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PROBLEM 9.48 

Determine the polar moment of inertia of the area shown with respect 
to (a) Point O, (b) the centroid of the area. 

 

SOLUTION 

First locate centroid C of the figure. 

 
 

 2, in.A  , in.y  3, in.yA

1 2(6) 56.5487
2
π =  2.5465

π
8 =  144 

2 
1 (12)(4.5) 27
2

− = −  1.5 –40.5 

Σ  29.5487  103.5 

Then 2 3: (29.5487 in. ) 103.5 in.Y A yA YΣ = Σ =  

or 3.5027 in.Y =  

(a) 1 2( ) ( )O O OJ J J= −  

 where 4 4
1

2 2 2

( ) (6 in.) 107.876 in.
4

( ) ( ) ( )

O

O x y

J

J I I

π

′ ′

= =

= +

 

 Now 3 4
2

1( ) (12 in.)(4.5 in.) 91.125 in.
12xI ′ = =  

 and 3 4
2

1( ) 2 (4.5 in.)(6 in.) 162.0 in.
12yI ′
⎡ ⎤= =⎢ ⎥⎣ ⎦

 

 [Note: 2( )yI ′  is obtained using ] 
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PROBLEM 9.48  (Continued) 

 

 Then 
4

2
4

( ) (91.125 162.0) in.

253.125 in.
OJ = +

=
 

 Finally 4 4(1017.876 253.125) in. 764.751in.OJ = − =  

  or 4765 in.=OJ   

(b) 2
O CJ J AY= +  

 or 4 2 2764.751 in. (29.5487 in. )(3.5027 in.)CJ = −  

  or 4402 in.=CJ   
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PROBLEM 9.49 

Two 20-mm steel plates are welded to a rolled S section as shown. 
Determine the moments of inertia and the radii of gyration of the 
combined section with respect to the centroidal x and y axes. 

 

SOLUTION 

S section: 2

6 4

6 4

6010 mm

90.3 10 mm

3.88 10 mm
x

y

A

I

I

=

= ×

= ×

 

Note: total S plate

2

2

2

6010 mm 2(160 mm)(20 mm)

12, 410 mm

A A A= +

= +

=

 

Now S plate( ) 2( )x x xI I I= +  

where 
plate

2
plate

3 2 2

6 4

( )

1 (160 mm)(20 mm) (3200 mm )[(152.5 10) mm]
12
84.6067 10 mm

x xI I Ad= +

= + +

= ×

 

Then 6 4(90.3 2 84.6067) 10 mmxI = + × ×  

 6 4259.5134 10 mm= ×  or   6 4260 10 mm= ×xI   

and 
6 4

2
2

total

259.5134 10 mm
12410 mm

x
x

Ik
A

×= =  or          144.6 mm=xk   
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PROBLEM 9.49  (Continued) 

 

Also S plate( ) 2( )y y yI I I= +  

 

6 4 3

6 4

13.88 10 mm 2 (20 mm)(160 mm)
12

17.5333 10 mm

⎡ ⎤= × + ⎢ ⎥⎣ ⎦

= ×  or   617.53 10 mm4= ×yI   

and 
6 4

2
2

total

17.5333 10 mm
12,410 mm

y
y

I
k

A
×= =  or              37.6 mm=yk   
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PROBLEM 9.50 

Two channels are welded to a rolled W section as shown. 
Determine the moments of inertia and the radii of gyration of the 
combined section with respect to the centroidal x and y axes. 

 

SOLUTION 

W section: 2

4

4

9.12 in.

110 in.

37.1 in.
x

y

A

I

I

=

=

=

 

Channel: 2

4

4

3.37 in.

1.31 in.

32.5 in.
x

y

A

I

I

=

=

=

 

 total W chan
2

2

9.12 2(3.37) 15.86 in.

A A A= +

= + =
 

Now W chan( ) 2( )x x xI I I= +  

where 
chan

2
chan

4 2 2 4

( )

1.31 in. (3.37 in. )(4.572 in.) 71.754 in.

x xI I Ad= +

= + =

 

Then 4 4(110 2 71.754) in. 253.51 in.xI = + × =  4254 in.xI =   

and 
4

2
2

total

253.51 in.
15.86 in.

x
x

Ik
A

= =  4.00 in.xk =   

Also W chan( ) 2( )y y yI I I= +  

 4 4(37.1 2 32.5) in. 102.1 in.= + × =  4102.1 in.yI =   

and 
4

2
2

total

102.1 in.
15.86 in.

y
y

I
k

A
= =  2.54 in.yk =   
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PROBLEM 9.51 

To form a reinforced box section, two rolled W sections and two plates 
are welded together. Determine the moments of inertia and the radii of 
gyration of the combined section with respect to the centroidal axes 
shown. 

 

SOLUTION 

W section: 2

6 4

6 4

5880 mm

15.4 10 mm

45.8 10 mm
x

y

A

I

I

=

= ×

= ×

 

Note: total W plate

2

2

2 2

2(5880 mm ) 2(203 mm)(6 mm)

14,196 mm

A A A= +

= +

=

 

Now W plate2( ) 2( )x x xI I I= +  

where  

plate

2
2 6 4 2

W

6 4

2
plate

3 2 2

6 4

203( ) 15.4 10 mm (5880 mm ) mm
2

75.9772 10 mm

( )

1 (203 mm)(6 mm) (1218 mm )[(203 3) mm]
12
51.6907 10 mm

x x

x x

I I Ad

I I Ad

⎛ ⎞= + = × + ⎜ ⎟
⎝ ⎠

= ×

= +

= + +

= ×

 

Then 6 4

6 4

[2(75.9772) 2(51.6907)] 10 mm

255.336 10 mm
xI = + ×

= ×

 

 or 6 4255 10 mmxI = ×   

and 
6 4

2
2

total

255.336 10 mm
14,196 mm

x
x

Ik
A

×= =  

 or 134.1 mmxk =   
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PROBLEM 9.51  (Continued) 

 

also W plate2( ) 2( )y y yI I I= +  

where  W

3 6 4
plate

( )

1( ) (6 mm)(203 mm) 4.1827 10 mm
12

y y

y

I I

I

=

= = ×

 

Then 6 4

6 4

[2(45.8) 2(4.1827)] 10 mm

99.9654 10 mm

= + ×

= ×
yI  

 or 6 4100.0 10 mm= ×yI   

and 
6 4

2
2

total

99.9654 10 mm
14,196 mm

y
y

I
k

A
×= =  

 or 83.9 mmyk =   
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PROBLEM 9.52 

Two channels are welded to a d × 12-in. steel plate as shown. 
Determine the width d for which the ratio /x yI I  of the centroidal 
moments of inertia of the section is 16. 

 

SOLUTION 

Channel: 2

4

4

4.48 in.

67.3 in.

2.27 in.
x

y

A

I

I

=

=

=

 

Now plate

4 3

4

2( ) ( )

12(67.3 in. ) ( in.)(12 in.)
12

(134.6 144 )in.

x x C xI I I

d

d

= +

= +

= +

 

and plate2( ) ( )y y C yI I I= +  

where 2( )y C yI I Ad= +  

 

2
4 2

2 4

3 3 4
plate

( ) 2.27 in. (4.48 in. ) 0.634 in.
2

(1.1200 2.84032 4.07076) in.
1( ) (12 in.)( in.) in.

12

y C

y

dI

d d

I d d

⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

= + +

= =

 

Then 2 3 4

3 2 4

[2(1.1200 2.84032 4.07076) ] in.

( 2.240 5.68064 8.14152) in.
yI d d d

d d d

= + + +

= + + +

 

Now 3 216: (134.6 144 ) 16( 2.240 5.68064 8.14152)= + = + + +x

y

I
d d d d

I
 

or 3 22.240 3.31936 0.27098 0d d d+ − − =  

Solving yields 1.07669d = in. (the other roots are negative). 

 1.077 in.d =   
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PROBLEM 9.53 

Two L76 × 76 × 6.4-mm angles are welded to a C250 × 22.8 
channel. Determine the moments of inertia of the combined 
section with respect to centroidal axes respectively parallel and 
perpendicular to the web of the channel. 

 

SOLUTION 

Angle: 2

6 4

929 mm

0.512 10 mm

=

= = ×x y

A

I I

 

Channel: 2

6 4

6 4

2890 mm

0.945 10 mm

28.0 10 mm
x

y

A

I

I

=

= ×

= ×

 

First locate centroid C of the section 
 

 2, mmA  , mmy 3, mmyA

Angle 2(929) 1858=  21.2 39,389.6

Channel 2890 −16.1 −46,529 

Σ  4748  −7139.4 
 

Then 2 3: (4748 mm ) 7139.4 mmY A y A YΣ = Σ = −  

or 1.50366 mmY = −  

Now 2( ) ( )x x L x CI I I= +  

where 6 4 2 2

6 4

2 6 4 2 2

6 4

( ) 0.512 10 mm (929 mm )[(21.2 1.50366) mm]

0.990859 10 mm

( ) 0.949 10 mm (2890 mm )[(16.1 1.50366) mm]

1.56472 10 mm

x L x

x C x

I I Ad

I I Ad

2= + = × + +

= ×

= + = × + −

= ×

 

Then  6 4[2(0.990859) 1.56472 10 mmxI = + ×  

 or 6 43.55 10 mmxI = ×   
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PROBLEM 9.53  (Continued) 

 

Also 2( ) ( )y y L y CI I I= +  

where  2 6 4 2 2

6 4

( ) 0.512 10 mm (929 mm )[(127 21.2) mm]

10.9109 10 mm
( )

y L y

y C y

I I Ad

I I

= + = × + −

= ×
=

 

Then 6 4[2(10.9109) 28.0] 10 mm= + ×yI  

 or 6 449.8 10 mm= ×yI   
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PROBLEM 9.54 

Two L4 × 4 × 1
2 -in. angles are welded to a steel plate as shown. 

Determine the moments of inertia of the combined section with 
respect to centroidal axes respectively parallel and perpendicular 
to the plate. 

 

SOLUTION 

 

For 14 4 -in.
2

× ×  angle: 2 4

2 3

3.75 in. , 5.52 in.

(12.5 in. ) 33.85 in.
2.708 in.

x yA I I

YA y A

Y
Y

= = =

= Σ

=
=

 

Section Area, in.2 in.y  3, in.yA  

Plate (0.5)(10) 5=  5 25 

Two angles 2(3.75) 7.5=  1.18 8.85 

Σ  12.5  33.85 
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PROBLEM 9.54  (Continued) 

 

Entire section: 

 2 3 2 21( ) (0.5)(10) (0.5)(10)(2.292) 2[5.52 (3.75)(1.528) ]
12x xI I Ad′
⎡ ⎤= Σ + = + + +⎢ ⎥⎣ ⎦

 

 441.667 26.266 1604 17.511 96.48 in.= + + + =  496.5 in.=xI   

 3 21 (10)(0.5) 2[5.52 (3.75)(1.43) ]
12yI = + +  

 40.104 11.04 15.367 26.51 in.= + + =  426.5 in.=yI   
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PROBLEM 9.55 

The strength of the rolled W section shown is increased by welding a channel 
to its upper flange. Determine the moments of inertia of the combined section 
with respect to its centroidal x and y axes. 

 

SOLUTION 

W Section: 2

6 4

6 4

14,400 mm

554 10 mm

63.3 10 mm
x

y

A

I

I

=

= ×

= ×

 

Channel: 2

6 4

6 4

2890 mm

0.945 10 mm

28.0 10 mm
x

y

A

I

I

=

= ×

= ×

 

First locate centroid C of the section. 

 A, mm2 , mmy  3, mmyA  

W Section 14400 −231 −3326400 

Channel 2890 49.9 144211 

Σ  17290  −3182189 
 

Then 2 3: (17,290 mm ) 3,182,189 mmY A y A YΣ = Σ = −  

or 184.047 mmY = −  

Now W C( ) ( )x x xI I I= +  

where  2
W

6 4 2 2 2

6 4

2
C

6 4 2 2 2

6 4

( )

554 10 mm (14,400 mm )(231 184.047) mm

585.75 10 mm

( )

0.945 10 mm (2890 mm )(49.9 184.047) mm

159.12 10 mm

x x

x x

I I Ad

I I Ad

= +

= × + −

= ×

= −

= × + +

= ×
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PROBLEM 9.55  (Continued) 

 

Then 6 4(585.75 159.12) 10 mmxI = + ×  

 or 6 4745 10 mm= ×xI   

also W C

6 4

( ) ( )

(63.3 28.0) 10 mm
y y yI I I= +

= + ×

 

 or 6 491.3 10 mm= ×yI   
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PROBLEM 9.56 

Two L5 × 3 × 1
2 -in.  angles are welded to a 1

2 -in.  steel plate. 
Determine the distance b and the centroidal moments of inertia xI  
and yI of the combined section, knowing that yI  = 4 xI . 

 

SOLUTION 

Angle: 2

4

4

3.75in.

9.43 in.

2.55 in.
x

y

A

I

I

=

=

=

 

First locate centroid C of the section. 

 

 Area, in.2 , in.y  3, in.yA  

Angle 2(3.75) 7.50=  1.74 13.05 

Plate (10)(0.5) 5=  −0.25 −1.25 

Σ  12.50  11.80 
 

Then 2 3: (12.50 in. ) 11.80 in.Σ = Σ =Y A yA Y  

or 0.944 in.Y =  

Now angle plate2( ) ( )x x xI I I= +  

where  2 4 2 2
angle

4

2 3 2 2
plate

4

( ) 9.43 in. (3.75 in. )[(1.74 0.944) in.]

11.8061 in.
1( ) (10 in.)(0.5 in.) (5 in. )[(0.25 0.944) in.]

12
7.2323 in.

x x

x x

I I Ad

I I Ad

= + = + −

=

= + = + +

=

 

Then 4 4[2(11.8061) 7.2323] in. 30.8445 in.xI = + =  

 or 430.8 in.=xI   
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PROBLEM 9.56  (Continued) 

 

We have 4 44 4(30.8445 in. ) 123.378 in.= = =y xI I  

 or 4123.4 in.=yI   

Now angle plate2( ) ( )y y yI I I= +  

where  2 4 2 2
angle

3 4
plate

( ) 2.55 in. (3.75 in. )[( 0.746) in.]

1( ) (0.5 in.)(10 in.) 41.6667 in.
12

y y

y

I I Ad b

I

= + = + −

= =

 

Then 4 2 4 4123.378 in. 2[2.55 3.75( 0.746) ] in. 41.6667 in.b= + − +  

 or 3.94 in.b =   
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PROBLEM 9.57 

The panel shown forms the end of a trough that is filled with water 
to the line AA′. Referring to Section 9.2, determine the depth of the 
point of application of the resultant of the hydrostatic forces acting 
on the panel (the center of pressure). 

 

SOLUTION 

From Section 9.2: 2, AAR y dA M y dAγ γ′= =∫ ∫  

Let yP = distance of center of pressure from .AA′  We must have 

 
2

: AA AA
P AA P

y dAM I
Ry M y

R y Ay dA

γ

γ
′ ′

′= = = =∫
∫

 (1) 

For semicircular panel: 

 4 24
8 3 2AA

rI r y A rπ π
π′ = = =  

 
4

2

8
4
3 2

AA
P

rIy
ryA r

π

π
π

′= =
⎛ ⎞
⎜ ⎟
⎝ ⎠

 3
16Py rπ=   
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PROBLEM 9.58 

The panel shown forms the end of a trough that is filled with water 
to the line AA′. Referring to Section 9.2, determine the depth of the 
point of application of the resultant of the hydrostatic forces acting 
on the panel (the center of pressure). 

 

SOLUTION 

See solution of Problem 9.57 for derivation of Eq. (1): 

 AA
P

Iy
yA

′=  (1) 

 

For quarter ellipse panel: 

 3 4
16 3 4AA

bI ab y A abπ π
π′ = = =  

 
3

16
4
3 4

AA
P

abIy
byA ab

π

π
π

′= =
⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 3
16Py bπ=   
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PROBLEM 9.59 

The panel shown forms the end of a trough that is filled with water 
to the line AA′. Referring to Section 9.2, determine the depth of the 
point of application of the resultant of the hydrostatic forces acting 
on the panel (the center of pressure). 

 

SOLUTION 

Using the equation developed on page 491 of the text: 

 AA
P

Iy
yA

′=  

Now 

2

4 1(2 ) 2
2 3 2
7
3

YA yA
h b h h b h

bh

= Σ

⎛ ⎞= × + × ×⎜ ⎟
⎝ ⎠

=

 

and 1 2( ) ( )AA AA AAI I I′ ′ ′= +  

where 

 

3 3
1

2
2 3

2

3

1 2( ) (2 )( )
3 3

1 1 4( ) (2 )( ) 2
36 2 3
11
6

′

′

= =

⎛ ⎞⎛ ⎞= + = + × ×⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

=

AA

AA x

I b h bh

I I Ad b h b h h

bh

 

Then 3 3 32 11 5
3 6 2AAI bh bh bh′ = + =  

Finally, 
3

2

5
2
7
3

P

bh
y

bh
=  

 or 15
14Py h=   
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PROBLEM 9.60* 

The panel shown forms the end of a trough that is filled with water 
to the line AA′. Referring to Section 9.2, determine the depth of the 
point of application of the resultant of the hydrostatic forces acting 
on the panel (the center of pressure). 

 

SOLUTION 

Using the equation developed on page 491 of the text: 

 AA
P

Iy
yA

′=  

For a parabola: 2 4
5 3

y h A ah= =  

Now 31 ( )
3AAdI h y dx′ = −  

By observation 2
2

hy x
a

=  

So that 
3 3

2 2 2 3
2 6

6 4 2 2 4 6
6

1 1 ( )
3 3

1 ( 3 3 )
3

AA
h hdI h x dx a x dx
a a

h a a x a x x dx
a

′
⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

= − + −

 

Then 
3

6 4 2 2 4 6
60

3
6 4 3 2 5 7

6
0

3

12 ( 3 3 )
3

2 3 1
3 5 7
32

105

a

AA

a

hI a a x a x x dx
a

h a x a x a x x
a

ah

′ = − + −

⎡ ⎤= − + −⎢ ⎥⎣ ⎦

=

∫  

Finally, 
332

105
2 4
5 3

p

ah
y

h ah
=

×
 

 or 4
7Py h=   
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PROBLEM 9.61 

The cover for a 0.5-m-diameter access hole in a water storage 
tank is attached to the tank with four equally spaced bolts as 
shown. Determine the additional force on each bolt due to the 
water pressure when the center of the cover is located 1.4 m 
below the water surface. 

 

SOLUTION 

From Section 9.2: 

 AA
P

IR yA y
yA

γ ′= =  

where R is the resultant of the hydrostatic forces acting on the cover 
and yP is the depth to the point of application of R. 
Recalling that ,p yγ = ⋅  we have 

 
3 3 2 2(10 kg/m 9.81 m/s )(1.4 m)[ (0.25 m) ]

2696.67 N
R π= ×

=
 

Also 2 4 2 2

4

(0.25 m) [ (0.25 m) ](1.4 m)
4
0.387913 m

π π′ = + = +

=

AA xI I Ay  

Then 
4

2
.387913 m 1.41116 m

(1.4 m)[ (0.25 m) ]Py
π

0= =  

Now note that symmetry implies 

 A B C DF F F F= =  

Next consider the free-body of the cover. 

We have 0: [2(0.32 m) sin 45 ](2 )
[0.32 sin 45 (1.41116 1.4)] m
(2696.67 N) 0

CD AM FΣ = °
− ° − −
× =

 

or 640.92 NAF =  

Then 0: 2(640.92 N) 2 2696.67 N 0z CF FΣ = + − =  

or 707.42 NCF =  

  641 NA BF F= =   

and 707 NC DF F= =   
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PROBLEM 9.62 

A vertical trapezoidal gate that is used as an automatic valve is held 
shut by two springs attached to hinges located along edge AB. 
Knowing that each spring exerts a couple of magnitude 1470 N · m, 
determine the depth d of water for which the gate will open. 

 

SOLUTION 

From Section 9.2: 

 SS
P

I
R yA y

yA
γ ′= =  

where R is the resultant of the hydrostatic forces acting on the gate 
and yP is the depth to the point of application of R. Now 

 
3

1 1[( 0.17) m] 1.2 m 0.51 m [( 0.34) m] 0.84 0.51 m
2 2

(0.5202 0.124848) m

yA yA h h

h

⎛ ⎞ ⎛ ⎞= Σ = + × × + + × ×⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= +
 

Recalling that ,pyγ =  we have 

 
3 3 2 3(10 kg/m 9.81 m/s )(0.5202 0.124848) m

5103.162( 0.24) N
R h

h
= × +
= +

 

Also 1 2( ) ( )SS SS SSI I I′ ′ ′= +  

where  2
1

3 2

2 4

2 4

( )
1 1(1.2 m)(0.51 m) 1.2 m 0.51 m [( 0.17) m]
36 2
[0.0044217 0.306( 0.17) ] m
(0.306 0.10404 0.0132651) m

SS xI I Ad

h

h
h h

′ = +
⎛ ⎞= + × × +⎜ ⎟
⎝ ⎠

= + +
= + +

 

 
2

2
2

3 2

2 4

2 4

( )

1 1(0.84 m)(0.51 m) 0.84 m 0.51 m [( 0.34) m]
36 2
[0.0030952 0.2142( 0.34) ] m
(0.2142 0.145656 0.0278567) m

SS XI I Ad

h

h
h h

′ = +

⎛ ⎞= + × × +⎜ ⎟
⎝ ⎠

= + +
= + +
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PROBLEM 9.62  (Continued) 

 

Then 1 2
2 4

( ) ( )

(0.5202 0.249696 0.0411218) m
SS SS SSI I I

h h
′ ′ ′= +

= + +

 

and 
2 4

3

2

(0.5202 0.244696 0.0411218) m
(0.5202 0.124848) m

0.48 0.07905 m
0.24

P
h hy

h

h h
h

+ +=
+

+ +=
+

 

For the gate to open, require that 

 open: ( )AB PM M y h RΣ = −  

Substituting 
2 0.48 0.079052940 N m m 5103.162( 0.24) N

0.24
h h h h

h
⎛ ⎞+ +⋅ = − × +⎜ ⎟⎜ ⎟+⎝ ⎠

 

or 5103.162(0.24 0.07905) 2940h + =  

or 2.0711 mh =  

Then (2.0711 0.79) md = +  

 or 2.86 md =   
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PROBLEM 9.63* 

Determine the x coordinate of the centroid of the volume shown. 
(Hint: The height y of the volume is proportional to the x coordinate; 
consider an analogy between this height and the water pressure on a 
submerged surface.) 

 

SOLUTION 

 

First note that hy x
a

=  

Now ELx dV x dV=∫ ∫  

where EL
hx x dV y dA x dA
a

⎛ ⎞= = = ⎜ ⎟
⎝ ⎠

 

Then 
( ) 2

( )
( )

h
a z A

h Aa

x x dA x dA I
x

xAx dA x dA
= = =∫ ∫
∫ ∫

 

where ( )z AI  and ( )A Ax  pertain to area. 

OABC:   ( )z AI  is the moment of inertia of the area with respect to the z axis, Ax  is the x coordinate 
of the centroid of the area, and A is the area of OABC. Then 

 
1 2

3 3

3

( ) ( ) ( )

1 1( )( ) ( )( )
3 12
5

12

z A z A z AI I I

b a b a

a b

= +

= +

=

 

and 

2

( )

1( )
2 3 2

2
3

AxA xA

a aa b a b

a b

= Σ

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞= × + × ×⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦ ⎣ ⎦

=
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PROBLEM 9.63*  (Continued) 

 

Finally, 
35

12
22

3

a b
x

a b
=  

 or 5
8

x a=   

Analogy with hydrostatic pressure on a submerged plate: 

Recalling that ,P yγ=  it follows that the following analogies can be established. 

 Height ~y P  

 
~

( ) ~
dV y dA p dA dF

xdV x y dA y dF dM
= =
= =

 

Recalling that x
P

dMM
y

R dF

⎛ ⎞
⎜ ⎟= =⎜ ⎟⎜ ⎟
⎝ ⎠

∫
∫

 

It can then be concluded that ~ Px y  
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PROBLEM 9.64* 

Determine the x coordinate of the centroid of the volume shown; 
this volume was obtained by intersecting an elliptic cylinder with 
an oblique plane. (Hint: The height y of the volume is 
proportional to the x coordinate; consider an analogy between this 
height and the water pressure on a submerged surface.) 

 

SOLUTION 

Following the “Hint,” it can be shown that (see solution to Problem 9.63) 

 ( )
( )

z A

A

Ix
xA

= x 

where ( )z AI  and ( )AxA  are the moment of inertia and the first moment of the area, respectively, of the 
elliptical area of the base of the volume with respect to the z axis. Then 

 2

3 2

6 4

( )

(39 mm)(64 mm) [ (64 mm)(39 mm)](64 mm)
4

12.779520 10 mm

z A zI I Ad
π π

π

= +

= +

= ×

 

 
6 3

( ) (64 mm)[ (64 mm)(39 mm)]

0.159744 10 mm
AxA π

π
=

= ×

 

Finally 
6 4

6 4
12.779520 10 mm
0.159744 10 mm

x π
π

×=
×

 

 or 80.0 mmx =   
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PROBLEM 9.65* 

Show that the system of hydrostatic forces acting on a submerged plane area A can be reduced to a force P at 
the centroid C of the area and two couples. The force P is perpendicular to the area and is of magnitude 
P sin ,Ayγ θ=  where γ is the specific weight of the liquid, and the couples are ( sin )x xIγ θ′ ′=M i  and 

( sin ) ,y x yIγ θ′ ′ ′=M j where x yI x y dA′ ′ ′ ′= ∫ (see Section 9.8). Note that the couples are independent of the 
depth at which the area is submerged. 

 

 

SOLUTION 

The pressure p at an arbitrary depth ( sin )y θ is 

 ( sin )p yγ θ=  

so that the hydrostatic force dF exerted on an infinitesimal area dA is 

 ( sin )dF y dAγ θ=  

Equivalence of the force P and the system of infinitesimal forces dF requires 

 : sin sinF P dF y dA y dAγ θ γ θΣ = = =∫ ∫ ∫  

 or sinP Ayγ θ=   

Equivalence of the force and couple ( ,  )′ ′+x yP M M and the system of infinitesimal hydrostatic 
forces requires 

 : ( )x xM yP M y dF′Σ − − = −∫  

Now 2( sin ) siny dF y y dA y dAγ θ γ θ− = − = −∫ ∫ ∫  

 ( sin ) xIγ θ= −  

Then ( sin )x xyP M Iγ θ′− − = −  

or ( sin ) ( sin )x xM I y Ayγ θ γ θ′ = −  

 2sin ( )xI Ayγ θ= −  

 or sinx xM Iγ θ′ ′=   
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PROBLEM 9.65*  (Continued) 

 

 :y yM xP M x dF′Σ + = ∫  

Now ( sin ) sinx dF x y dA xy dAγ θ γ θ= =∫ ∫ ∫  

 ( sin ) xyIγ θ=  (Equation 9.12)  

Then ( sin )y xyxP M Iγ θ′+ =  

or ( sin ) ( sin )y xyM I x Ayγ θ γ θ′ = −  

 sin ( )xyI Ax yγ θ= −  

 or siny x yM Iγ θ′ ′ ′=   
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PROBLEM 9.66* 

Show that the resultant of the hydrostatic forces acting on a 
submerged plane area A is a force P perpendicular to the area and 
of magnitude P sin ,Ay pAγ θ= =  where γ  is the specific weight of 
the liquid and p  is the pressure at the centroid C of the area. Show 
that P is applied at a Point CP, called the center of pressure, whose 
coordinates are /P xyx I Ay= and / ,P xy I Ay= where xyI xy dA= ∫  
(see Section 9.8). Show also that the difference of ordinates Py y−  
is equal to 2/xk y′  and thus depends upon the depth at which the area 
is submerged. 

 

SOLUTION 

The pressure P at an arbitrary depth ( sin )y θ is 

 ( sin )P yγ θ=  

so that the hydrostatic force dP exerted on an infinitesimal area dA is 

 ( sin )dP y dAγ θ=  

The magnitude P of the resultant force acting on the plane area is then 

 
sin sin

sin ( )

P dP y dA y dA

yA

γ θ γ θ

γ θ

= = =

=
∫ ∫ ∫  

Now sinp yγ θ=  P pA=   

Next observe that the resultant P is equivalent to the system of infinitesimal forces dP. Equivalence then 
requires 

 :x PM y P y dPΣ − = −∫  

Now 2( sin ) siny dP y y dA y dAγ θ γ θ= =∫ ∫ ∫  

 ( sin ) xIγ θ=  

Then ( sin )P xy P Iγ θ=  

or 
( sin )

sin ( )
x

P
I

y
yA

γ θ
γ θ

=  

 or x
P

I
y

Ay
=   
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PROBLEM 9.66*  (Continued) 

 

 :y PM x P x dPΣ = ∫  

Now ( sin ) sinx dP x y dA xy dAγ θ γ θ= =∫ ∫ ∫  

 ( sin ) xyIγ θ=  (Equation 9.12)  

Then ( sin )P xyx P Iγ θ=  

or 
( sin )

sin ( )
xy

P
I

x
yA

γ θ
γ θ

=  

 or xy
P

I
x

Ay
=   

Now 2
x xI I Ay′= +  

From above ( )x PI Ay y=  

By definition 
2
xxI k A′′ =  

Substituting 2 2( ) P xAy y k A Ay′= +  

Rearranging yields 
2
x

P
k

y y
y

′− =   

Although xk ′ is not a function of the depth of the area (it depends only on the shape of A), y is dependent on 
the depth. 

 ( ) (depth)Py y f− =  
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PROBLEM 9.67 

Determine by direct integration the product of inertia of the given area 
with respect to the x and y axes. 

 

SOLUTION 

First note 
2

21
4
xy a
a

= −  

 2 21 4
2

a x= −  

We have xy x y EL ELdI dI x y dA′ ′= +  

where 0 (symmetry)x y ELdI x x′ ′ = =  

 2 21 1 4
2 4ELy y a x= = −  

 2 21 4
2

dA ydx a x dx= = −  

Then 
2 2 2 2 2

0

1 14 4
4 2

a

xy xyI dI x a x a x dx⎛ ⎞⎛ ⎞= = − −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠∫ ∫  

 
22 2 3 2 2 4

0 0

1 1 1(4 ) 2
8 8 4

aa
a x x dx a x x⎡ ⎤= − = −⎢ ⎥⎣ ⎦∫  

 
4

2 412(2) (2)
8 4
a ⎡ ⎤= −⎢ ⎥⎣ ⎦

 

 or 41
2xyI a=   
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PROBLEM 9.68 

Determine by direct integration the product of inertia of the given area 
with respect to the x and y axes. 

 

SOLUTION 

At  2, :x a y b a kb= = =  

or 2
ak

b
=  

Then 2
2

ax y
b

=  

We have xy x y EL ELdI dI x y dA′ ′= +  

where 2
2

10 (symmetry)
2 2x y EL

adI x x y
b′ ′ = = =  

 2
2EL

ay y dA x dy y dy
b

= = =  

Then 2 2
2 20

( )
2

b

xy xy
a aI dI y y y dy
b b

⎛ ⎞ ⎛ ⎞= = ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫  

 
2 2

5 6
4 40 0

1
62 2

bba ay dy y
b b

⎡ ⎤= = ⎢ ⎥⎣ ⎦∫  

 or 2 21
12xyI a b=   
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PROBLEM 9.69 

Determine by direct integration the product of inertia of the given area with respect 
to the x and y axes. 

 

SOLUTION 

First note that 

 hy x
b

= −  

Now xy x y EL ELdI dI x y dA′ ′= +  

where 0 (symmetry)x ydI ′ ′ =  

 1 1
2 2EL EL

hx x y y x
b

= = = −  

 hdA y dx x dx
b

= = −  

Then 
0 1

2xy xy b

h hI dI x x x dx
b b−

⎛ ⎞⎛ ⎞= = − −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠∫ ∫  

 
02 20 3 4

2 2
1 1 1
2 2 4b b

h hx dx x
b b− −

⎡ ⎤= = ⎢ ⎥⎣ ⎦∫  

 or 2 21
8xyI b h= −   
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PROBLEM 9.70 

Determine by direct integration the product of inertia of the given area 
with respect to the x and y axes. 

 

SOLUTION 

 1 2 1( ) xy h h h
a

= + −  

 xy x y EL ELdI dI x y dA′ ′= +  

 0 (by symmetry)x ydI ′ ′ =  

 1
2EL ELx x y y dA y dx= = =  

 

2

0 0

2

1 2 10

2 3
2 2
1 1 2 1 2 1 20

1 1
2 2

1 ( )
2

1 2 ( ) ( )
2

a a

xy xy

a

a

I dI x y y dx xy dx

xx h h h dx
a

x xh x h h h h h dx
a a

⎛ ⎞= − =⎜ ⎟
⎝ ⎠

⎡ ⎤= + −⎢ ⎥⎣ ⎦
⎡ ⎤

= + − + −⎢ ⎥
⎣ ⎦

∫ ∫ ∫

∫

∫

 

 
2 3 4

2 2
1 1 2 1 2 1 2

2
2 2 2 2 2 2 2 2
1 1 2 1 2 2 1 1

2
2 2
1 1 2 2

2
2 2
1 1 2 2

1 2 ( ) ( )
2 2 3 4

1 2 2 1 1 1
2 2 3 3 4 2 4

1 2 1 2 1 1
2 2 3 4 3 2 4

1 1 1
2 12 6 4

a a ah h h h h h
a a

ah h h a h a h a h h a h a

a h h h h

a h h h h

⎡ ⎤
= + − + −⎢ ⎥

⎣ ⎦
⎡ ⎤

= + − + − +⎢ ⎥
⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + + − +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + +⎢ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣
⎥
⎦

 

 ( )
2

2 2
1 1 2 22 3

24xy
aI h h h h= + +   
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PROBLEM 9.70  (Continued) 

 

The following table is provided for the convenience of the instructor, as many problems in this and the next 
lesson are related. 

Type of 
Problem       
Compute

 and x yI I  Figure 9.12   Figure 9.13B  Figure 9.13A 

Compute

xyI  9.67 9.72 9.73 9.74 9.75 9.78 

, ,

by equations
x y x yI I I′ ′ ′ ′  9.79 9.80 9.81 9.83 9.82 9.84 

Principal axes 
by equations 9.85 9.86 9.87 9.89 9.88 9.90 

, ,

by 
Mohr's circle

x y x yI I I′ ′ ′ ′

 9.91 9.92 9.93 9.95 9.94 9.96 

Principal axes 
by Mohr’s 
circle 

9.97 9.98 9.100 9.101 9.103 9.106 
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PROBLEM 9.71 

Using the parallel-axis theorem, determine the product of inertia 
of the area shown with respect to the centroidal x and y axes. 

 

SOLUTION 

 Dimensions in mm 

We have 1 2 3( ) ( ) ( )xy xy xy xyI I I I= + +  

Now symmetry implies 

 2( ) 0xyI =  

and for the other rectangles 

 xy x yI I x yA′ ′= +  

where 0 (symmetry)x yI ′ ′ =  

Thus 1 3( ) ( )xyI x yA x yA= +  

 2,  mmA  ,  mmx  ,  mmy  4,  mmx yA  

1 10 80 800× =  55−  20 880,000−  

3 10 80 800× =  55  20−  880,000−  

Σ     1,760,000−  

 6 41.760 10 mm= − ×xyI   
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PROBLEM 9.72 

Using the parallel-axis theorem, determine the product of inertia of 
the area shown with respect to the centroidal x and y axes. 

 

SOLUTION 

 
 Dimensions in mm 

We have 1 2 3( ) ( ) ( )xy xy xy xyI I I I= − −  

Now symmetry implies  1( ) 0xyI =  

and for each triangle xy x yI I x yA′ ′= +  

where, using the results of Sample Problem 9.6, 2 21
72x yI b h′ ′ = −  for both triangles. Note that the sign of x yI ′ ′  

is unchanged because the angles of rotation are 0°  and 180°  for triangles 2 and 3, respectively. Now 

 2,  mmA  ,  mmx  ,  mmy  4,  mmx yA  

2 
1 (120)(60) 3600
2

=  80−  40−  611.520 10×  

3 
1 (120)(60) 3600
2

=  80  40  611.520 10×  

Σ     623.040 10×  

Then 2 2 6 412 (120 mm) (60 mm) 23.040 10 mm
72xyI

⎧ ⎫⎡ ⎤= − − + ×⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
 

 or 6 421.6 10 mmxyI = − ×   
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PROBLEM 9.73 

Using the parallel-axis theorem, determine the product of inertia of the 
area shown with respect to the centroidal x and y axes. 

 

SOLUTION 

We have 1 2( ) ( )xy xy xyI I I= +  

For each semicircle xy x yI I x yA′ ′= +  

and 0 (symmetry)x yI ′ ′ =  

Thus xyI x yA= Σ  

 2,  in.A  ,  in.x  ,  in.y  xyA  

1 2(6) 18
2
π π=  3−  

8
π

−  432 

2 2(6) 18
2
π π=  3  

8
π

 432 

Σ     864  

 4864 in.xyI =   
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PROBLEM 9.74 

Using the parallel-axis theorem, determine the product of inertia of 
the area shown with respect to the centroidal x and y axes. 

 

SOLUTION 

 

We have 1 2( ) ( )xy xy xyI I I= +  

For each rectangle 

 xy x yI I x yA′ ′= +  

and 0 (symmetry)x yI ′ ′ =  

Thus xyI x yA= Σ  

 2,  in.A  ,  in.x  ,  in.y  4,  in.x yA  

1 3 0.25 0.75× =  0.520−  0.362  0.141180−  

2 0.25 1.75 0.4375× =  0.855  0.638−  0.238652−  

Σ     0.379832−  

 40.380 in.xyI = −   
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PROBLEM 9.75 

Using the parallel-axis theorem, determine the product of inertia 
of the area shown with respect to the centroidal x and y axes. 

 

SOLUTION 

We have 1 2 3( ) ( ) ( )xy xy xy xyI I I I= + +  

Now symmetry implies 1( ) 0=xyI  

and for the other rectangles 

 xy x yI I x yA′ ′= +  

where  0′ ′ =x yI  (symmetry) 

Thus 2 3( ) ( )xyI x yA x yA= +  

 2, mmA  , mmX  , mmy  4, mmx yA  

2 8 32 256× =  –46 –20 235,520 

3 8 32 256× =  46 20 235,520 

Σ     471,040 

 3 4471 10 mm= ×xyI   
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PROBLEM 9.76 

Using the parallel-axis theorem, determine the product of inertia of 
the area shown with respect to the centroidal x and y axes. 

 

SOLUTION 

We have 1 2 3( ) ( ) ( )= + +xy xy xy xyI I I I  

Now, symmetry implies 

 1( ) 0=xyI  

and for each triangle ′ ′= +xy x yI I x yA  

where, using the results of Sample Problem 9.6, 1 2 2
72x yI b h′ ′ = −  for both triangles. Note that the sign of ′ ′x yI  

is unchanged because the angles of rotation are 0°  and 180°  for triangles 2 and 3, respectively. 

Now 

 2, in.A  , in.x  , in.y  4, in.x yA

2  
1 (9)(15) 67.5
2

=  –9 7  –4252.5 

3  
1 (9)(15) 67.5
2

=  9  –7 –4252.5 

Σ     –8505 

Then 2 2 4

4

12 (9 in.) (15 in.) 8505 in.
72

9011.25 in.

xyI ⎡ ⎤= − −⎢ ⎥⎣ ⎦

= −

 

 or 49010 in.xyI = −   
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PROBLEM 9.77 

Using the parallel-axis theorem, determine the product of inertia of 
the area shown with respect to the centroidal x and y axes. 

 

SOLUTION 

We have 1 2 3( ) ( ) ( )= + +xy xy xy xyI I I I  

For each rectangle xy x yI I x yA′ ′= +  

and  0′ ′ =x yI  (symmetry) 

Thus xyI x yA= Σ  

 

 2, in.A  , in.x  , in.y  4, in.x yA  

1 3.6 0.5 1.8× =  0.888 –2.00 –3.196 

2 0.5 3.8 1.9× =  –0.662 0.15 –0.18867 

3 1.3 1.0 1.3× =  –0.262 2.55 –0.86853 

Σ     –4.25320 

 44.25 in.= −xyI   
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PROBLEM 9.78 

Using the parallel-axis theorem, determine the product of inertia of 
the area shown with respect to the centroidal x and y axes. 

 

SOLUTION 

We have 1 2( ) ( )= +xy xy xyI I I  

For each rectangle xy x yI I x yA′ ′= +  

and  0′ ′ =x yI  (symmetry) 

Thus xyI x yA= Σ  

 

 2, mmA  , mmx  , mmy  4, mmx yA  

1 76 12.7 965.2× =  –19.1 –37.85 697,777 

2 12.7 (127 12.7) 1451.61× − =  12.55 25.65 467,284 

Σ     1,165,061 

 6 41.165 10 mm= ×xyI   
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PROBLEM 9.79 

Determine for the quarter ellipse of Problem 9.67 the moments of inertia 
and the product of inertia with respect to new axes obtained by rotating 
the x and y axes about O (a) through 45° counterclockwise, (b) through 
30° clockwise. 

 

SOLUTION 

From Figure 9.12: 3

4

3

4

(2 )( )
16

8

(2 ) ( )
16

2

π

π

π

π

=

=

=

=

x

y

I a a

a

I a a

a

 

From Problem 9.67: 41
2

=xyI a  

First note 4 4 4

4 4 4

1 1 5( )
2 2 8 2 16
1 1 3( )
2 2 8 2 16

x y

x y

I I a a a

I I a a a

π π π

π π π

⎛ ⎞+ = + =⎜ ⎟
⎝ ⎠
⎛ ⎞− = − = −⎜ ⎟
⎝ ⎠

 

Now use Equations (9.18), (9.19), and (9.20). 

Equation (9.18): 1 1( ) ( )cos2 sin 2
2 2

θ θ′ = + + − −x x y x y xyI I I I I I  

 4 4 45 3 1cos 2 sin 2
16 16 2

π π θ θ= − −a a a  

Equation (9.19): 1 1( ) ( )cos 2 sin 2
2 2

θ θ′ = + − − +y x y x y xyI I I I I I  

 4 4 45 3 1cos 2 sin 2
16 16 2

π π θ θ= + +a a a  

Equation (9.20): 1 ( )sin 2 cos 2
2

θ θ′ ′ = − +x y x y xyI I I I  

 4 43 1sin 2 cos 2
16 2

π θ θ= − +a a  
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PROBLEM 9.79  (Continued) 

 

(a) 45 :θ = + °  4 4 45 3 1cos90 sin 90
16 16 2xI a a aπ π′ = − ° − °  

 or 40.482′ =xI a   

 4 45 3 1cos90
16 16 2

π π′ = + ° +yI a a  

 or 41.482′ =yI a   

 4 43 1sin 90 cos90
16 2

π′ ′ = − ° + °x yI a a  

 4or  0.589′ ′ = −x yI a   

(b) 30 :θ = − °  4 4 45 3 1cos( 60 ) sin( 60 )
16 16 2xI a a aπ π′ = − − ° − − °  

 or 41.120′ =xI a   

 4 4 45 3 1cos( 60 ) sin( 60 )
16 16 2

π π′ = + − ° + − °yI a a a  

 or 40.843′ =yI a   

 4 43 1sin( 60 ) cos( 60 )
16 2

π′ ′ = − − ° + − °x yI a a  

 or 40.760′ ′ =x yI a   
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PROBLEM 9.80 

Determine the moments of inertia and the product of inertia of the 
area of Problem 9.72 with respect to new centroidal axes obtained 
by rotating the x and y axes 30° counterclockwise. 

 

SOLUTION 

From Problem 9.72: 6 421.6 10 mm= − ×xyI  

Now 1 2 3( ) ( ) ( )x x x xI I I I= − −  

where 

 
3

1

6 4

1( ) (240 mm)(160 mm)
12
81.920 10 mm

=

= ×

xI
 

 

3
2 3

2

6 4

1( ) ( ) (120 mm)(60 mm)
36

1 (120 mm)(60 mm) (40 mm)
2

6.480 10 mm

x xI I= =

⎡ ⎤+ ⎢ ⎥⎣ ⎦

= ×

 

Then 6 4 6 4[81.920 2(6.480)] 10 mm 68.96 10 mmxI = − × = ×  

Also 1 2 3( ) ( ) ( )y y y yI I I I= − −  

where 3 6 4
1

3
2 3

2

6 4

1( ) (160 mm)(240 mm) 184.320 10 mm
12

1( ) ( ) (60 mm)(120 mm)
36

1 (120 mm)(60 mm) (80 mm)
2

25.920 10 mm

y

y y

I

I I

= = ×

= =

⎡ ⎤+ ⎢ ⎥⎣ ⎦
= ×

 

Then 6 4 6 4[184.320 2(25.920)] 10 mm 132.48 10 mmyI = − × = ×  
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PROBLEM 9.80  (Continued) 

 

Now 6 6 4

6 6 4

1 1( ) (68.96 132.48) 10 100.72 10 mm
2 2
1 1( ) (68.96 132.48) 10 31.76 10 mm
2 2

+ = + × = ×

− = − × = − ×

x y

x y

I I

I I

 

Using Eqs. (9.18), (9.19), and (9.20): 

Eq. (9.18): 

6 4

1 1( ) ( )cos 2 sin 2
2 2
[100.72 ( 31.76)cos60 ( 21.6)sin 60 ] 10 mm

x x y x y xyI I I I I Iθ θ= + + − −

= + − ° − − ° ×

 

 or 6 4103.5 10 mmxI ′ = ×   

Eq. (9.19): 

6 4

1 1( ) ( )cos 2 sin 2
2 2
[100.72 ( 31.76)cos60 ( 21.6)sin 60 ] 10 mm

θ θ′ = + − − +

= − − ° + − ° ×

y x y x y xyI I I I I I  

 or 6 497.9 10 mmyI ′ = ×   

Eq. (9.20): 

6 4

1 ( )sin 2 sin 2
2
[ 31.76sin 60 ( 21.6)cos60 ] 10 mm

θ θ′ ′ = − +

= − ° + − ° ×

x y x y xyI I I I  

 or 6 438.3 10 mmx yI ′ ′ = − ×   
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PROBLEM 9.81 

Determine the moments of inertia and the product of inertia of the 
area of Problem 9.73 with respect to new centroidal axes obtained 
by rotating the x and y axes 60° counterclockwise. 

 

SOLUTION 

From Problem 9.73: 

 4864 in.=xyI  

Now 1 2( ) ( )x x xI I I= +  

where 4
1 2

4

( ) ( ) (6 in.)
8
162 in.

x xI I π

π

= =

=

 

Then 4 42(162 in. ) 324 in.π π= =xI  

Also 1 2( ) ( )y y yI I I= +  

where 4 2 2 4
1 2( ) ( ) (6 in.) (6 in.) (3 in.) 324 in.

8 2y yI I π π π⎡ ⎤= = + =⎢ ⎥⎣ ⎦
 

Then 4 42(324 in. ) 648 in.yI π π= =  

Now 4

4

1 1( ) (324 648 ) 486 in.
2 2
1 1( ) (324 648 ) 162 in.
2 2

π π π

π π π

+ = + =

− = − = −

x y

x y

I I

I I

 

Using Eqs. (9.18), (9.19), and (9.20): 

Eq. (9.18): 

4

1 1( ) ( )cos2 sin 2
2 2
[486 ( 162 )cos120 864sin120 ] in.

θ θ

π π

′ = + + − −

= + − ° − °

x x y x y xyI I I I I I  

 or 41033 in.xI ′ =   
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PROBLEM 9.81  (Continued) 

 

Eq. (9.19): 

4

1 1( ) ( )cos 2 sin 2
2 2
[486 ( 162 )cos120 864sin120 ] in.

y x y x y xyI I I I I Iθ θ

π π

′ = + − − +

= − − ° + °

 

 or 42020 in.yI ′ =   

Eq. (9.20): 

4

1 ( )sin 2 cos 2
2
[( 162 )sin120 864cos120 ] in.

x y x y xyI I I Iθ θ

π

′ ′ = − +

= − ° + °

 

 or 4873 in.x yI ′ ′ = −   
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PROBLEM 9.82 

Determine the moments of inertia and the product of inertia 
of the area of Problem 9.75 with respect to new centroidal 
axes obtained by rotating the x and y axes 45° clockwise. 

 

SOLUTION 

From Problem 9.75: 

 4471,040 mmxyI =  

Now 1 2 3( ) ( ) ( )= + +x x x xI I I I  

where 3
1

4

1( ) (100 mm)(8 mm)
12
4266.67 mm

=

=

xI  

 
3 2

2 3
1( ) ( ) (8 mm)(32 mm) [(8 mm)(32 mm)](20 mm)

12
124,245.33

x xI I= = +

=
 

Then 4 4[4266.67 2(124,245.33)] mm 252,757 mmxI = + =  

Also 1 2 3( ) ( ) ( )= + +y y y yI I I I  

where 3 4
1

3 2
2 3

4

1( ) (8 mm)(100 mm) 666,666.7 mm
12

1( ) ( ) (32 mm)(8 mm) [(8 mm)(32 mm)](46 mm)
12
543,061.3 mm

y

y y

I

I I

= =

= = +

=

 

Then 4 4[666,666.7 2(543,061.3)] mm 1,752,789 mmyI = + =  

Now 4 4

4 4

1 1( ) (252,757 1,752,789) mm 1,002,773 mm
2 2
1 1( ) (252,757 1,752,789) mm 750,016 mm
2 2

x y

x y

I I

I I

+ = + =

− = − = −

 

Using Eqs. (9.18), (9.19), and (9.20): 

Eq. (9.18): 1 1( ) ( )cos 2 sin 2
2 2
[1,002,773 ( 750,016)cos( 90 ) 471,040sin( 90 )]

x x y x y xyI I I I I Iθ θ′ = + + − −

= + − − ° − − °

 

 or 6 41.474 10 mmxI ′ = ×   
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PROBLEM 9.82  (Continued) 

 

Eq. (9.19): 1 1( ) ( )cos 2 sin 2
2 2
[1,002,773 ( 750,016)cos( 90 ) 471,040sin( 90 )]

y x y x y xyI I I I I Iθ θ′ = + − − +

= − − − ° + − °

 

 or 6 40.532 10 mmyI ′ = ×   

Eq. (9.20): 1 ( )sin 2 cos 2
2
[( 750,016)sin( 90 ) 471,040cos( 90 )]

x y x y xyI I I Iθ θ′ ′ = − +

= − − ° + − °

 

 or 6 40.750 10 mmx yI ′ ′ = ×   
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PROBLEM 9.83 

Determine the moments of inertia and the product of inertia of 
the 1

4L3 2 -in.× ×  angle cross section of Problem 9.74 with 
respect to new centroidal axes obtained by rotating the x and  
y axes 30° clockwise. 

 

SOLUTION 

From Figure 9.13: 

 
4

4

0.390 in.

1.09 in.
x

y

I

I

=

=
 

From Problem 9.74: 

 40.37983 in.xyI = −  

Now 4 4

4 4

1 1( ) (0.390 1.09) in. 0.740 in.
2 2
1 1( ) (0.390 1.09) in. 0.350 in.
2 2

x y

x y

I I

I I

+ = + =

− = − = −

 

Using Eqs. (9.18), (9.19), and (9.20): 

Eq. (9.18): 1 1( ) ( )cos 2 sin 2
2 2
[0.740 ( 0.350)cos( 60 ) ( 0.37983)sin( 60 )]

x x y x y xyI I I I I Iθ θ′ = + + − −

= + − − ° − − − °

 

  or 40.236 in.xI ′ =   

Eq. (9.19): 1 1( ) ( )cos 2 sin 2
2 2
[0.740 ( 0.350)cos( 60 ) ( 0.37983)sin( 60 )]

θ θ′ = + − − +

= − − − ° + − − °

y x y x y xyI I I I I I  

 or 41.244 in.yI ′ =   

Eq. (9.20): 1 ( )sin 2 cos 2
2
[( 0.350)sin( 60 ) ( 0.37983)cos( 60 )]

θ θ′ ′ = − +

= − − ° + − − °

x y x y xyI I I I  

 or 40.1132 in.x yI ′ ′ =   
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PROBLEM 9.84 

Determine the moments of inertia and the product of inertia of the 
L127 76 12.7-mm× ×  angle cross section of Problem 9.78 with 
respect to new centroidal axes obtained by rotating the x and y axes 
45° counterclockwise. 

 

SOLUTION 

From Figure 9.13: 

 
6 4

6 4

3.93 10 mm

1.06 10 mm
x

y

I

I

= ×

= ×
 

From Problem 9.78: 
 6 41.165061 10 mm= ×xyI  

Now 6 4

6 4

6 4 6 4

1 1( ) (3.93 1.06) 10 mm
2 2

2.495 10 mm
1 1( ) (3.93 1.06) 10 mm 1.435 10 mm
2 2

x y

x y

I I

I I

+ = + ×

= ×

− = − × = ×

 

Using Eqs. (9.18), (9.19), and (9.20): 

Eq. (9.18): 

6 4

1 1( ) ( )cos 2 sin 2
2 2
[2.495 1.435cos90 1.165061sin 90 ] 10 mm

θ θ′ = + + − −

= + ° − ° ×

x x y x y xyI I I I I I  

 or 6 41.330 10 mmxI ′ = ×   

Eq. (9.19): 

6 4

1 1( ) ( )cos 2 sin 2
2 2
[2.495 1.435cos90 1.165061sin 90 ] 10 mm

θ θ′ = + − − +

= − ° + ° ×

y x y x y xyI I I I I I  

 or 6 43.66 10 mmyI ′ = ×   

Eq. (9.20): 

6 4

1 ( )sin 2 cos2
2
[(1.435sin 90 1.165061cos90 ] 10 mm

θ θ′ ′ = − +

= ° + ° ×

x y x y xyI I I I  

 or 6 41.435 10 mmx yI ′ ′ = ×   
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PROBLEM 9.85 

For the quarter ellipse of Problem 9.67, determine the orientation of the 
principal axes at the origin and the corresponding values of the moments 
of inertia. 

 

SOLUTION 

From Problem 9.79: 4 4

8 2x yI a I aπ π= =  

Problem 9.67: 41
2

=xyI a  

Now Eq. (9.25): 
( )41

2
4 4

8 2

22
tan2

8 0.84883
3

π π
θ

π

= − = −
− −

= =

xy
m

x y

aI
I I a a

 

Then 2 40.326 and 220.326θ = ° °m  

 or 20.2 and 110.2mθ = ° °   

Also Eq. (9.27): 
2

2
max,min

4 4

2 2
4 4 4

4

2 2

1
2 8 2

1 1
2 8 2 2

(0.981,748 0.772,644)

x y x y
xy

I I I I
I I

a a

a a a

a

π π

π π

+ −⎛ ⎞
= ± +⎜ ⎟

⎝ ⎠

⎛ ⎞= +⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎛ ⎞± − +⎢ ⎥⎜ ⎜ ⎟
⎝ ⎝ ⎠⎣ ⎦

= ±

 

 or 4
max 1.754I a=   

 and 4
min 0.209=I a   

By inspection, the a axis corresponds to minI  and the b axis corresponds to max .I  
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PROBLEM 9.86 

For the area indicated, determine the orientation of the principal 
axes at the origin and the corresponding values of the moments of 
inertia. 

Area of Problem 9.72. 

 

SOLUTION 

From Problem 9.80: 6 4

6 4

68.96 10 mm

132.48 10 mm

= ×

= ×
x

y

I

I

 

Problem 9.72: 6 421.6 10 mmxyI = − ×  

Now Eq. (9.25): 
6

6

2 2( 21.6 10 )tan2
(68.96 132.48) 10

0.68010

xy
m

x y

I
I I

θ − ×= − = −
− − ×

= −

 

Then 2 34.220 and 145.780θ = − ° °m  

 or 17.11 and 72.9mθ = − ° °   

Also Eq. (9.27): 
2

2
max,min 2 2

x y x y
xy

I I I I
I I

⎛ ⎞+ −
= ± +⎜ ⎟⎜ ⎟

⎝ ⎠
 

Then 
2

2 6
max,min

6 4

68.96 132.48 68.96 132.48 ( 21.6) 10
2 2

(100.72 38.409) 10 mm

I
⎡ ⎤+ −⎛ ⎞⎢ ⎥= ± + − ×⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

= ± ×

 

 or 6 4
max 139.1 10 mmI = ×   

 and 6 4
min 62.3 10 mmI = ×   

By inspection, the a axis corresponds to minI  and the b axis corresponds to max .I  
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PROBLEM 9.87 

For the area indicated, determine the orientation of the principal 
axes at the origin and the corresponding values of the moments of 
inertia. 

Area of Problem 9.73. 

 

SOLUTION 

From Problem 9.81: 4 4324 in. 648 in.x yI Iπ π= =  

Problem 9.73: 4864 in.xyI =  

Now Eq. (9.25): 
2 2(864)tan2

324 648

1.69765

xy
m

x y

I
I I

θ
π π

= − = −
− −

=

 

Then 2 59.500 and 239.500θ = ° °m  

 or 29.7 and 119.7mθ = ° °   

Also Eq. (9.27): 
2

2
max, min 2 2

⎛ ⎞+ −
= ± +⎜ ⎟⎜ ⎟

⎝ ⎠

x y x y
xy

I I I I
I I  

Then 
2

2
max,min

4

324 648 324 648 864
2 2

(1526.81 1002.75) in.

π π π π+ −⎛ ⎞= ± +⎜ ⎟
⎝ ⎠

= ±

I  

 or 4
max 2530 in.I =   

 and 4
min 524 in.=I   

By inspection, the a axis corresponds to minI  and the b axis corresponds to max .I  
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PROBLEM 9.88 

For the area indicated, determine the orientation of the principal 
axes at the origin and the corresponding values of the moments 
of inertia. 

Area of Problem 9.75. 

 

SOLUTION 

From Problem 9.82: 4252,757 mmxI =  

 41,752,789 mmyI =  

Problem 9.75: 4471,040 mmxyI =  

Now Eq. (9.25): 
2

tan 2

2(471,040)
252,757 1,752,789

0.62804

xy
m

x y

I
I I

θ = −
−

= −
−

=

 

Then 2 32.130 and 212.130°θ = °m  

 or 16.07 and 106.1θ = ° °m   

Also Eq. (9.27): 
2

2
max, min 2 2

⎛ ⎞− −
= ± +⎜ ⎟⎜ ⎟

⎝ ⎠

x y x y
xy

I I I I
I I  

Then 
2

2
max, min

4

252,757 1,752,789 252,757 1,752,789 471040
2 2

(1,002,773 885,665) mm

I + −⎛ ⎞= ± +⎜ ⎟
⎝ ⎠

= ±

 

 or 6 4
max 1.888 10 mm= ×I   

 and 6 4
min 0.1171 10 mmI = ×   

By inspection, the a axis corresponds to minI and the b axis corresponds to max .I  
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PROBLEM 9.89 

For the angle cross section indicated, determine the orientation of 
the principal axes at the origin and the corresponding values of the 
moments of inertia. 

The 1
4L3 2 -in.× ×  angle cross section of Problem 9.74. 

 

SOLUTION 

From Problem 9.83: 4 40.390 in. 1.09 in.x yI I= =  

Problem 9.74: 40.37983 in.xyI = −  

Now Eq. (9.25): 
2 2( 0.37983)tan 2

0.390 1.09

1.08523

θ −= − = −
− −

= −

xy
m

x y

I
I I

 

Then 2 47.341 and 132.659°mθ = − °  

 or 23.7 and 66.3°mθ = − °   

Also Eq. (9.27): 
2

2
max, min 2 2

⎛ ⎞+ −
= ± +⎜ ⎟⎜ ⎟

⎝ ⎠

x y x y
xy

I I I I
I I  

Then 
2

2
max, min

2 4

0.390 1.09 0.390 1.09 ( 0.37983)
2 2

(0.740 0.51650)  in.

+ −⎛ ⎞= ± + −⎜ ⎟
⎝ ⎠

= ±

I  

 or 4
max 1.257 in.=I   

 and 4
min 0.224 in.=I   

By inspection, the a axis corresponds to minI  and the b axis corresponds to max .I  
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PROBLEM 9.90 

For the angle cross section indicated, determine the orientation of 
the principal axes at the origin and the corresponding values of the 
moments of inertia. 

The L127 76 12.7-mm × × angle cross section of Problem 9.78. 

 

SOLUTION 

From Problem 9.84: 6 43.93 10 mm= ×xI  

 6 41.06 10 mm= ×yI  

Problem 9.78: 6 41.165061 10 mm= ×xyI  

Now Eq. (9.25): 
6

6

2 2(1.165061 10 )tan 2
(3.93 1.06) 10

0.81189

xy
m

x y

I
I I

θ ×= − = −
− − ×

= −

 

Then 2 39.073 and 140.927°θ = − °m  

 or 19.54  and 70.5°θ = − °m   

Also  Eq. (9.27): 
2

2
max, min 2 2

⎛ ⎞+ −
= ± +⎜ ⎟⎜ ⎟

⎝ ⎠

x y x y
xy

I I I I
I I  

Then 
2

2 6 4
max, min

6 4

3.93 1.06 3.93 1.06 1.165061 10 mm
2 2

(2.495 1.84840) 10 mm

I
⎡ ⎤+ −⎛ ⎞⎢ ⎥= ± + ×⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

= ± ×

 

 or 6 4
max 4.34 10 mm= ×I   

 and 6 4
min 0.647 10 mm= ×I   

By inspection, the a axis corresponds to maxI  and the b axis corresponds to min.I  
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PROBLEM 9.91 

Using Mohr’s circle, determine for the quarter ellipse of Problem 9.67 
the moments of inertia and the product of inertia with respect to new 
axes obtained by rotating the x and y axes about O (a) through 45° 
counterclockwise, (b) through 30° clockwise. 

 

SOLUTION 

From Problem 9.79: 4

8
π=xI a  

 4

2
π=yI a  

Problem 9.67: 41
2

=xyI a  

The Mohr’s circle is defined by the diameter XY, where 

 4 4 4 41 1, and ,
8 2 2 2

X a a Y a aπ π⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Now  4 4 4 4
ave

1 1 5( ) 0.98175
2 2 8 2 16

π π π⎛ ⎞= + = + = =⎜ ⎟
⎝ ⎠

x yI I I a a a a  

and 
2 2 2

2 4 4 41 1
2 2 8 2 2

π π−⎛ ⎞ ⎡ ⎤⎛ ⎞ ⎛ ⎞= + = − +⎜ ⎟ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦⎝ ⎠

x y
xy

I I
R I a a a  

 40.77264= a  

The Mohr’s circle is then drawn as shown. 

 
2

tan 2θ = −
−

xy
m

x y

I
I I

 

 
( )41

2
4 4

8 2

2
π π

= −
−

a

a a
 

 0.84883=  

or 2 40.326θ = °m  
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PROBLEM 9.91  (Continued) 

 

Then 90 40.326
49.674

α = ° − °
= °

 

 180 (40.326 60 )
79.674

β = ° − ° + °
= °

 

(a) 45 :θ = + °  4 4
ave cos 0.98175 0.77264 cos49.674α′ = − = − °xI I R a a  

  or 40.482′ =xI a   

 4 4
ave cos 0.98175 0.77264 cos49.674α′ = + = + °yI I R a a  

  or 41.482′ =yI a   

 4sin 0.77264 sin 49.674α′ ′ = − = − °x yI R a  

  or 40.589′ ′ = −x yI a   

(b) 30 :θ = − °  4 4
ave cos 0.98175 0.77264 cos79.674β′ = + = + °xI I R a a  

  or 41.120′ =xI a   

 4 4
ave cos 0.98175 0.77264 cos79.674β′ = − = − °yI I R a a  

  or 40.843′ =yI a   

 4sin 0.77264 sin 79.674β′ ′ = = °x yI R a  

  or 40.760′ ′ =x yI a   
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PROBLEM 9.92 

Using Mohr’s circle, determine the moments of inertia and the product 
of inertia of the area of Problem 9.72 with respect to new centroidal 
axes obtained by rotating the x and y axes 30° counterclockwise. 

 

SOLUTION 

From Problem 9.80: 6 468.96 10 mm= ×xI  

 6 4132.48 10 mm= ×yI  

Problem 9.72: 6 421.6 10 mm= − ×xyI  

The Mohr’s circle is defined by the diameter XY, where 6 6(68.96 10 , 21.6 10 )× − ×X  
and 6 6(132.48 10 ,  21.6 10 ).Y × ×  

Now 6 6 4
ave

1 1( ) (68.96 132.48) 10 100.72 10  mm
2 2

= − = + × = ×x yI I I  

and 
2 2

2 2 6 4

6 4

1 1( ) (68.96 132.48) ( 21.6) 10 mm
2 2

38.409 10 mm

x y xyR I I I
⎧ ⎫⎪ ⎪⎡ ⎤ ⎡ ⎤= − + = − + − ×⎨ ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭

= ×

 

The Mohr’s circle is then drawn as shown. 

 

6

6

2
tan 2

2( 21.6 10 )
(68.96 132.48) 10
0.68010

xy
m

x y

I
I I

θ = −
−

− ×= −
− ×

= −

 

or 2 34.220mθ = − °  

Then 180 (34.220 60 )
85.780

α = ° − ° + °
= °
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PROBLEM 9.92  (Continued) 

 

Then 6
ave cos (100.72 38.409cos85.780 ) 10xI I R α′ = + = + ° ×  

 or 6 4103.5 10 mm′ = ×xI   

 6
ave cos (100.72 38.409cos85.780 ) 10α′ = − = − ° ×yI I R  

 or 6 497.9 10 mm′ = ×yI   

 6sin (38.409 10 )sin85.780α′ ′ = − = − × °x yI R  

 or 6 438.3 10 mm′ ′ = − ×x yI   
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PROBLEM 9.93 

Using Mohr’s circle, determine the moments of inertia and the product 
of inertia of the area of Problem 9.73 with respect to new centroidal 
axes obtained by rotating the x and y axes 60° counterclockwise. 

 

SOLUTION 

From Problem 9.81: 4324  in.π=xI  

 4648  in.π=yI  

Problem 9.73:  4864 in.=xyI  

The Mohr’s circle is defined by the diameter XY, where (324 ,  864)πX and (648 ,  864).Y π −  

Now 4
ave

1 1( ) (324 648 ) 1526.81 in.
2 2x yI I I π π= + = + =  

and 
2

2 2 2

4

1 1( ) (324 648 ) 864
2 2

1002.75 in.

x y xyR I I I π π⎡ ⎡ ⎤= − + = + +⎢ ⎢ ⎥⎣ ⎣ ⎦

=

 

The Mohr’s circle is then drawn as shown. 

 
2

tan 2

2(864)
324 648

1.69765

xy
m

x y

I
I I

θ

π π

= −
−

= −
−

=

 

or 2 59.500θ = °m  

Then 120 59.500
60.500

α = ° − °
= °
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PROBLEM 9.93  (Continued) 

 

Then ave cos 1526.81 1002.75cos60.500α′ = − = − °xI I R  

 or 41033 in.′ =xI   

 ave cos 1526.81 1002.75cos60.500α= + = + °yI I R  

 or 42020 in.′ =yI   

 sin 1002.75sin 60.500α′ ′ = − = − °x yI R  

 or 4873 in.x yI ′ ′ = −   
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PROBLEM 9.94 

Using Mohr’s circle, determine the moments of inertia and the 
product of inertia of the area of Problem 9.75 with respect to 
new centroidal axes obtained by rotating the x and y axes  
45° clockwise. 

 

SOLUTION 

From Problem 9.82: 4252,757 mmxI =  

 41,752,789 mmyI =  

Problem 9.75: 4471,040 mmxyI =  

The Mohr’s circle is defined by the diameter XY, where X (252,757; 471,040) and Y (1,752,789; 471,040).−  

Now ave

4

1 1( ) (252,757 1,752,789)
2 2
1,002,773 mm

x yI I I= + = +

=
 

and 
2

2

2 2

4

1 ( )
2

1 (252,757 1,752,789) 471,040
2

885,665 mm

x y xyR I I I⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎡ ⎤= − +⎢ ⎥⎣ ⎦

=

 

The Mohr’s circle is then drawn as shown. 

 

2
tan 2

2(471,040)
252,757 1,752,789

0.62804

xy
m

x y

I
I I

θ = −
−

= −
−

=

 

or 2 32.130θ = °m  

Then 180 (32.130 90 )
57.870

α = ° − + °
= °
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PROBLEM 9.94  (Continued) 

 

Then ave cos 1,002,773 885,665cos57.870xI I R α′ = + = + °  

 or 6 41.474 10 mmxI ′ = ×   

 ave cos 1,002,773 885,665cos57.870yI I R α′ = − = − °  

 or 6 40.532 10 mm′ = ×yI   

 sin 885,665sin 57.870x yI R α′ ′ = = °  

 or 6 40.750 10 mm′ ′ = ×x yI   
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PROBLEM 9.95 

Using Mohr’s circle, determine the moments of inertia and the product 
of inertia of the 1

4L3 2 -in.× ×  angle cross section of Problem 9.74 with 
respect to new centroidal axes obtained by rotating the x and y axes 30° 
clockwise. 

 

SOLUTION 

From Problem 9.83: 40.390 in.=xI  

 41.09 in.=yI  

Problem 9.74: 

 40.37983 in.= −xyI  

The Mohr’s circle is defined by the diameter XY, where (0.390, 0.37983)X −  and (1.09,  0.37983).Y  

Now ave

4

1 ( )
2
1 (0.390 1.09)
2
0.740 in.

= +

= +

=

x yI I I  

and 
2

2

2
2

4

1 ( )
2

1 (0.390 1.09) ( 0.37983)
2

0.51650 in.

x y xyR I I I⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎡ ⎤= − + −⎢ ⎥⎣ ⎦

=

 

The Mohr’s circle is then drawn as shown. 

 
2

tan 2

2( 0.37983)
0.390 1.09

1.08523

θ = −
−

−= −
−

= −

xy
m

x y

I
I I

 

or 2 47.341θ = − °m  

Then 60 47.341 12.659α = ° − ° = °  
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PROBLEM 9.95  (Continued) 

 

Then ave cos 0.740 0.51650 cos 12.659xI I R α′ = − = − °  

 or 40.236 in.′ =xI   

 ave cos 0.740 0.51650cos 12.659α′ = + = + °yI I R  

 or 41.244 in.=yI   

 sin 0.51650 sin 12.659x yI R α′ ′ = = °  

 or 40.1132 in.′ ′ =x yI   
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PROBLEM 9.96 

Using Mohr’s circle, determine the moments of inertia and the 
product of inertia of the L127 76 12.7-mm× ×  angle cross section 
of Problem 9.78 with respect to new centroidal axes obtained by 
rotating the x and y axes 45° counterclockwise. 

 

SOLUTION 

From Problem 9.84: 6 43.93 10 mm= ×xI  

 6 41.06 10 mm= ×yI  

Problem 9.78: 6 41.165061 10 mmxyI = ×  

The Mohr’s circle is defined by the diameter XY, where 6 6(3.93 10 ,  1.165061 10 ),X × ×  
6 (1.06 10 ,×Y  61.165061 10 ).− ×  

Now 6 6 4
ave

1 1( ) (3.93 1.06) 10 2.495 10 mm
2 2x yI I I= + = + × = ×  

and 
2

2

2
2 6 4

6 4

1 ( )
2

1 (3.93 1.06) 1.165061 10 mm
2

1.84840 10 mm

x y xyR I I I⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎧ ⎫⎪ ⎪⎡ ⎤= − + ×⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
= ×

 

The Mohr’s circle is then drawn as shown. 

 

6

6

2
tan 2

2(1.165061 10 )
(3.93 1.06) 10
0.81189

xy
m

x y

I
I I

θ = −
−

×= −
− ×

= −

 

or 2 39.073θ = − °m  
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PROBLEM 9.96  (Continued) 

 

Then 180 (39.073 90 )
50.927

α = ° − ° + °
= °

 

Then 6
ave cos (2.495 1.84840cos50.927 ) 10α′ = − = − ° ×xI I R  

 or 6 41.330 10 mm′ = ×xI   

 6
ave cos (2.495 1.84840cos50.927 ) 10α′ = + = + ° ×yI I R  

 or 6 43.66 10 mm′ = ×yI   

 6sin (1.84840 10 )sin 50.927α′ ′ = = × °x yI R  

 or 6 41.435 10 mm′ ′ = ×x yI   
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PROBLEM 9.97 

For the quarter ellipse of Problem 9.67, use Mohr’s circle to determine 
the orientation the principal axes at the origin and the corresponding 
values of the moments of inertia. 

 

SOLUTION 

From Problem 9.79: 4 4

8 2x yI a I aπ π= =  

Problem 9.67: 41
2

=xyI a  

The Mohr’s circle is defined by the diameter XY, where 

 4 4 4 41 1,  and ,  
8 2 2 2

X a a Y a aπ π⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Now  4 4 4
ave

1 1( ) 0.98175
2 2 8 2

π π⎛ ⎞= + = + =⎜ ⎟
⎝ ⎠

x yI I I a a a  

and 

 

2
2

2 2
4 4 4

4

1 ( )
2

1 1
2 8 2 2

0.77264

π π

⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞= − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

=

x y xyR I I I

a a a

a

 

The Mohr’s circle is then drawn as shown. 

 
( )41

2
4 4

8 2

2
tan 2

2

0.84883

π π

θ = −
−

= −
−

=

xy
m

x y

I
I I

a

a a
 

or 2 40.326θ = °m  

and 20.2θ = °m  
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PROBLEM 9.97  (Continued) 

 

  The Principal axes are obtained by rotating the xy axes through 

 20.2  counterclockwise°   

 about O. 

 

Now 4 4
max,min ave 0.98175 0.77264= ± = ±I I R a a  

 or 4
max 1.754I a=   

 and 4
min 0.209I a=   

From the Mohr’s circle it is seen that the a axis corresponds to minI and the b axis corresponds to max .I  
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PROBLEM 9.98 

Using Mohr’s circle, determine for the area indicated the orientation 
of the principal centroidal axes and the corresponding values of the 
moments of inertia. 

Area of Problem 9.72. 

 

SOLUTION 

From Problem 9.80: 6 468.96 10 mm= ×xI  

 6 4132.48 10 mm= ×yI  

Problem 9.72: 6 421.6 10 mm= − ×xyI  

The Mohr’s circle is defined by the diameter XY, where 6 6(68.96 10 , 21.6 10 )× − ×X  

and 6 6(132.48 10 , 21.6 10 )× ×Y  

Now ave

6

6 4

1 ( )
2
1 (68.96 132.48) 10
2
100.72 10 mm

x yI I I= +

= + ×

= ×

 

and 
2

2

2
2 6

6 4

1 ( )
2

1 (68.96 132.48) ( 21.6) 10
2

38.409 10 mm

x y xyR I I I⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎧ ⎫⎪ ⎪⎡ ⎤= − + − ×⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
= ×

 

The Mohr’s circle is then drawn as shown. 

 

6

6

2
tan 2

2( 21.6 10 )
(68.96 132.48) 10
0.68010

θ = −
−

− ×= −
− ×

= −

xy
m

x y

I
I I

 

or 2 34.220θ = − °m  

and 17.11θ = − °m  
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PROBLEM 9.98  (Continued) 

 

 The principal axes are obtained by rotating the xy axes through 

 17.11° clockwise  

 about C. 

 

Now 6
max, min ave (100.72 38.409) 10= ± = + ×I I R  

 or 6 4
max 139.1 10 mm= ×I   

 and 6 4
min 62.3 10 mm= ×I   

From the Mohr’s circle it is seen that the a axis corresponds to minI and the b axis corresponds to max .I  
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PROBLEM 9.99 

Using Mohr’s circle, determine for the area indicated the orientation 
of the principal centroidal axes and the corresponding values of the 
moments of inertia. 

Area of Problem 9.76. 

 

SOLUTION 

From Problem 9.76: 

 49011.25 in.= −xyI  

Now 1 2 3( ) ( ) ( )= + +x x x xI I I I  

where 3 4
1

1( ) (24 in.)(4 in.) 128 in.
12xI = =  

 3 2
2 3

4

1 1( ) ( ) (9 in.)(15 in.) (9 in.)(15 in.) (7 in.)
36 2

4151.25 in.

⎡ ⎤= = + ⎢ ⎥⎣ ⎦

=

x xI I  

Then 4

4

[128 2(4151.25)] in.

8430.5 in.

= +

=
xI  

Also 1 2 3( ) ( ) ( )= + +y y y yI I I I  

where 4
1

1( ) (4 in.)(24 in.) 4608 in.
12yI = =  

 3 2
2 3

4

1 1( ) ( ) (15 in.)(9 in.) (9 in.)(15 in.) (9 in.)
36 2

5771.25 in.

⎡ ⎤= = + ⎢ ⎥⎣ ⎦

=

y yI I  

Then 4 4[4608 2(5771.25)] in. 16150.5 in.= + =yI  
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PROBLEM 9.99  (Continued) 

 

The Mohr’s circle is defined by the diameter XY, where (8430.5,  9011.25)−X  and (16150.5,  9011.25).Y  

Now 4
ave

1 1( ) (8430.5 16150.5) 12290.5 in.
2 2x yI I I= + = + =  

and  
2

2

2
2

4

1 ( )
2

1 (8430.5 16150.5) ( 9011.25)
2

9803.17 in.

x y xyR I I I⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎡ ⎤= − + −⎢ ⎥⎣ ⎦

=

 

The Mohr’s circle is then drawn as shown. 

 
2

tan 2

2( 9011.25)
8430.5 16150.5
2.33452

θ = −
−

−= −
−

= −

xy
m

x y

I
I I

 

or 2 66.812θ = − °m  

and 33.4θ = − °m  

 The principal axes are obtained by rotating the xy axes through 

 33.4  clockwise°   

 about C. 

 

 

 

Now max, min ave 12290.5 9803.17= ± = ±I I R  

 or 3 4
max 22.1 10 in.= ×I   

 and 4
min 2490 in.=I   

From the Mohr’s circle it is seen that the a axis corresponds to minI and the b axis corresponds to max .I  
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PROBLEM 9.100 

Using Mohr’s circle, determine for the area indicated the orientation 
of the principal centroidal axes and the corresponding values of the 
moments of inertia. 

Area of Problem 9.73 

 

SOLUTION 

From Problem 9.81: 4 4324  in. 648  in.x yI Iπ π= =  

Problem 9.73: 4864 in.=xyI  

The Mohr’s circle is defined by the diameter XY, where (324 ,  864)πX  and (648 , 864).π −Y  

Now 4
ave

1 1( ) (324 648 ) 1526.81 in.
2 2x yI I I π π= + = + =  

and 2 2

2
2

4

1 ( )
2

1 (324 648 ) 864
2

1002.75 in.

π π

⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎡ ⎤= − +⎢ ⎥⎣ ⎦

=

x y xyR I I I  

The Mohr’s circle is then drawn as shown. 

 
2

tan 2

2(864)
324 648

1.69765

θ

π π

= −
−

= −
−

=

xy
m

x y

I
I I

 

or 2 59.4998θ = °m  

and 29.7θ = °m  

 The principal axes are obtained by rotating the xy axes through 

 29.7° counterclockwise  

 about C. 
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PROBLEM 9.100  (Continued) 

 

Now max,min ave 1526.81 1002.75I I R= ± = ±  

 or 4
max 2530 in.=I   

 and 4
min 524 in.=I   

 

From the Mohr’s circle it is seen that the a axis corresponds to minI and the b axis corresponds to max .I  
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PROBLEM 9.101 

Using Mohr’s circle, determine for the area indicated the orientation 
of the principal centroidal axes and the corresponding values of the 
moments of inertia. 

Area of Problem 9.74. 

 

SOLUTION 

From Problem 9.83: 4

4

0.390 in.

1.09 in.

=

=
x

y

I

I

 

Problem 9.74: 40.37983 in.= −xyI  

The Mohr’s circle is defined by the diameter XY, where (0.390, 0.37983) and (1.09, 0.37983).−X Y  

Now 4
ave

1 1( ) (0.390 1.09) 0.740 in.
2 2x yI I I= + = + =  

and 
2

2

2
2

4

1 ( )
2

1 (0.390 1.09) ( 0.37983)
2

0.51650 in.

⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎡ ⎤= − + −⎢ ⎥⎣ ⎦

=

x y xyR I I I  

The Mohr’s circle is then drawn as shown. 

 

2
tan 2

2( 0.37983)
0.390 1.09

1.08523

θ = −
−

−= −
−

= −

xy
m

x y

I
I I

 

Then 2 47.341θ = − °m  

and 23.7θ = − °m  

 The principal axes are obtained by rotating the xy axes through 
 23.7° clockwise  

 about C. 
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PROBLEM 9.101  (Continued) 

 

Now max,min ave 0.740 0.51650= ± = ±I I R  

 or 4
max 1.257 in.=I   

 and 4
min 0.224 in.=I   

 
From the Mohr’s circle it is seen that the a axis corresponds to minI  and the b axis corresponds to max .I  
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PROBLEM 9.102 

Using Mohr’s circle, determine for the area indicated the orientation of 
the principal centroidal axes and the corresponding values of the 
moments of inertia. 

Area of Problem 9.77 

(The moments of inertia xI  and yI  of the area of Problem 9.102 
were determined in Problem 9.44). 

 

SOLUTION 

From Problem 9.44: 4

4

18.1282 in.

4.5080 in.

=

=
x

y

I

I

 

Problem 9.77: 44.25320 in.= −xyI  

The Mohr’s circle is defined by the diameter XY, where (18.1282, 4.25320) and (4.5080, 4.25320).−X Y  

Now 4
ave

1 1( ) (18.1282 4.5080) 11.3181 in.
2 2

= + = + =x yI I I  

and 
2

2

2
2

4

1 ( )
2

1 (18.1282 4.5080) ( 4.25320)
2

8.02915 in.

⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎡ ⎤= − + −⎢ ⎥⎣ ⎦

=

x y xyR I I I  

The Mohr’s circle is then drawn as shown. 

 

2
tan 2

2( 4.25320)
18.1282 4.5080

0.62454

θ = −
−

−= −
−

=

xy
m

x y

I
I I

 

or 2 31.986θ = °m  

and 15.99θ = °m  

 The principal axes are obtained by rotating the xy axes through 

 15.99° counterclockwise  
 about C. 
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PROBLEM 9.102  (Continued) 

 

Now max,min ave 11.3181 8.02915= ± = ±I I R  

or 4
max 19.35 in.=I   

and 4
min 3.29 in.=I   

 

From the Mohr’s circle it is seen that the a axis corresponds to maxI  and the b axis corresponds to min .I  
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PROBLEM 9.103 

The moments and product of inertia of an L4 × 3 × 1
4 -in. angle cross section with respect to two rectangular 

axes x and y through C are, respectively, xI = 1.33 in.4, yI  = 2.75 in.4, and 0,xyI �  with the minimum value 
of the moment of inertia of the area with respect to any axis through C being minI = 0.692 in.4. Using Mohr’s 
circle, determine (a) the product of inertia xyI of the area, (b) the orientation of the principal axes, (c) the value 
of max .I  

 

SOLUTION 

(Note: A review of a table of rolled-steel shapes reveals that the given values of xI  and yI  are obtained when 
the 4-in. leg of the angle is parallel to the x axis. Further, for 0,xyI �  the angle must be oriented as shown.) 

Now 4
ave

1 1( ) (1.33 2.75) 2.040 in.
2 2

= + = + =x yI I I  

and min ave or 2.040 0.692= − = −I I R R  

 41.348 in.=  

Using aveI  and R, the Mohr’s circle is then drawn as shown; note that for the diameter XY, (1.33, )xyX I  and 

(2.75, | |).xyY I  

(a) We have 
2

2 21 ( )
2
⎡ ⎤= − +⎢ ⎥⎣ ⎦

x y xyR I I I  

 or 
2

2 2 11.348 (1.33 2.75)
2xyI ⎡ ⎤= − −⎢ ⎥⎣ ⎦

 

 Solving for xyI  and taking the negative root (since 0)xyI �  yields 41.14586 in. .xyI = −  

 41.146 in.= −xyI   

(b) We have 
2 2( 1.14586)tan 2

1.33 2.75

1.61389

θ −= − = −
− −

= −

xy
m

x y

I
I I

 

 or 2 58.217 29.1θ θ= − ° = − °m m  

 The principal axes are obtained by rotating the xy axes through 

 29.1° clockwise  

 about C. 

(c) We have max ave 2.040 1.348= + = +I I R  

  or 4
max 3.39 in.=I   
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PROBLEM 9.104 
Using Mohr’s circle, determine for the cross section of the rolled-
steel angle shown the orientation of the principal centroidal axes 
and the corresponding values of the moments of inertia. (Properties 
of the cross sections are given in Figure 9.13.) 

 

SOLUTION 

From Figure 9.13B: 6 4

6 4

0.162 10 mm

0.454 10 mm

= ×

= ×
x

y

I

I

 

 

We have 1 2( ) ( )xy xy xyI I I= +  

For each rectangle xy x yI I x yA′ ′= +  

and 0′ ′ =x yI (symmetry) xyI x yA= Σ  

 2, mmA  , mmx  , mmy  4,  mmx yA  

1 76 6.4 486.4× =  13.1−  9.2 58620.93−  

2 6.4 (51 6.4) 285.44× − =  21.7 –16.3 –100962.98 

Σ     –159583.91 

  4159584 mm= −xyI  

The Mohr’s circle is defined by the diameter XY where 6 6(0.162 10 , 0.159584 10 )× − ×X  
and 6 6(0.454 10 , 0.159584 10 )× ×Y  

Now 6
ave

6 4

1 1( ) (0.162 0.454) 10
2 2
0.3080 10 mm

= + = + ×

= ×

x yI I I  
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PROBLEM 9.104  (Continued) 

 

and 
2 2

2 2 6

6 4

1 1( ) (0.162 0.454) ( 0.159584) 10
2 2

0.21629 10 mm

x y xyR I I I
⎧ ⎫⎪ ⎪⎡ ⎤ ⎡ ⎤= − + = − + − ×⎨ ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭

= ×

 

The Mohr’s circle is then drawn as shown. 

 
6

6

2
tan 2

2( 0.159584 10 )
(0.162 0.454) 10
1.09304

θ = −
−

− ×= −
− ×

= −

xy
m

x y

I
I I

 

or 2 47.545θ = −m  

and 23.8θ = − °m  

 The principal axes are obtained by rotating the xy axes through 

 23.8° clockwise   

 About C. 

Now 6
max,min ave (0.3080 0.21629) 10= ± = ± ×I I R  

or 6 4
max 0.524 10 mm= ×I   

and 6 4
min 0.0917 10 mm= ×I   

 

From the Mohr’s circle it is seen that the a axis corresponds to minI  and the b axis corresponds to max .I  
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PROBLEM 9.105 
Using Mohr’s circle, determine for the cross section of the rolled-
steel angle shown the orientation of the principal centroidal axes and 
the corresponding values of the moments of inertia. (Properties of 
the cross sections are given in Figure 9.13.) 

 

SOLUTION 

From Figure 9.13B: 6 4

6 4

3.93 10 mm

1.06 10 mm

= ×

= ×
x

y

I

I
 

Problem 9.7B: 6 41.165061 10 mm= − ×xyI  

(Note that the figure of Problem 9.105 is obtained by replacing x with –x in the figure of Problem 9.78; 
thus the change in sign of .)xyI  

The Mohr’s circle is defined by the diameter XY, where 6 6(3.93 10 , 1.165061 10 )× − ×X  
and 6 6(1.06 10 ,1.165061 10 ).× ×Y  

Now ave

6

6 4

1 ( )
2
1 (3.93 1.06) 10
2
2.495 10 mm

x yI I I= +

= + ×

= ×

 

and 
2

2

2
2 6

6 4

1 ( )
2

1 (3.93 1.06) ( 1.165061) 10
2

1.84840 10 mm

x y xyR I I I⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎧ ⎫⎪ ⎪⎡ ⎤= − + − ×⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
= ×
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PROBLEM 9.105  (Continued) 

 

The Mohr’s circle is then drawn as shown. 

 
6

6

2
tan 2

2( 1.165061 10 )
(3.93 1.06) 10

0.81189

θ = −
−

− ×= −
− ×

=

xy
m

x y

I
I I

 

or 2 39.073θ = °m  

and 19.54θ = °m  

 The principal axes are obtained by rotating the xy axes through 

 19.54° counterclockwise   

  about C. 

Now 6
max,min ave (2.495 1.84840) 10= ± = ± ×I I R  

 or 6 4
max 4.34 10 mm= ×I   

 and 6 4
min 0.647 10 mm= ×I   

 

From the Mohr’s circle it is seen that the a axis corresponds to maxI  and the b axis corresponds to min .I  
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PROBLEM 9.106* 
For a given area the moments of inertia with respect to two rectangular centroidal x and y axes are  

xI = 1200 in.4 and yI = 300 in.4, respectively. Knowing that after rotating the x and y axes about the centroid 
30° counterclockwise, the moment of inertia relative to the rotated x axis is 1450 in.4, use Mohr’s circle to 
determine (a) the orientation of the principal axes, (b) the principal centroidal moments of inertia. 

 

SOLUTION 

We have 4
ave

1 1( ) (1200 300) 750 in.
2 2

= + = + =x yI I I  

Now observe that ave ,xI I�  ,′x xI I�  and 2 60 .θ = + °  This is possible only if 0.<xyI  Therefore, assume 

0xyI �  and (for convenience) 0.′ ′x yI �  Mohr’s circle is then drawn as shown. 

We have 2 60θ α+ = °m  

Now using �ABD: ave

4

1200 750
cos 2 cos 2

450 (in. )
cos 2

θ θ

θ

− −= =

=

x

m m

m

I I
R  

Using �AEF: ave

4

1450 750
cos cos

700 (in. )
cos

α α

α

′ − −= =

=

xI IR  

Then 450 700 60 2
cos 2 cos

α θ
θ α

= = ° − m
m

 

or 9cos (60 2 ) 14 cos 2m mθ θ° − =  

Expanding: 9(cos 60 cos 2 sin 60 sin 2 ) 14 cos 2θ θ θ° + ° =m m m  

or 14 9 cos 60tan 2 1.21885
9 sin 60

θ − °= =
°m  

or 2 50.633 and 25.3θ θ= ° = °m m  

(Note: 2 60θ °m �  implies assumption 0′ ′x yI �  is correct.) 

Finally, 4450 709.46 in.
cos 50.633

= =
°

R  

(a) From the Mohr’s circle it is seen that the principal axes are obtained by rotating the given centroidal x 
 and y axes through θm  about the centroid C or 

 25.3° counterclockwise   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1529 

PROBLEM 9.106*  (Continued) 

 

 

(b) We have max,min ave 750 709.46I I R= ± = ±  

  or 4
max 1459 in.=I   

  and 4
min 40.5 in.=I   

 From the Mohr’s circle it is seen that the a axis corresponds to maxI  and the b axis corresponds to min .I  
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PROBLEM 9.107 
It is known that for a given area yI  = 48 × 106 mm4 and xyI  = –20 × 106 mm4, where the x and y axes are 
rectangular centroidal axes. If the axis corresponding to the maximum product of inertia is obtained by rotating 
the x axis 67.5° counterclockwise about C, use Mohr’s circle to determine (a) the moment of inertia 

xI  of the 
area, (b) the principal centroidal moments of inertia. 

 

SOLUTION 

First assume x yI I�  and then draw the Mohr’s circle as shown. (Note: Assuming x yI I�  is not 
consistent with the requirement that the axis corresponding to max( )xyI  is obtained after rotating 
the x axis through 67.5° CCW.) 

 
From the Mohr’s circle we have 

 2 2(67.5 ) 90 45θ = ° − ° = °m  

(a) From the Mohr’s circle we have 

 
6

6| | 20 102 48 10 2
tan 2 tan 45

xy
x y

m

I
I I

θ
×= + = × +

°
 

  or 6 488.0 10 mm= ×xI   

(b) We have 6
ave

6 4

1 1( ) (88.0 48) 10
2 2
68.0 10 mm

x yI I I= + = + ×

= ×

 

 and 
6

6 4| | 20 10 28.284 10 mm
sin 2 sin 45θ

×= = = ×
°

xy

m

I
R  

 Now 6
max, min ave (68.0 28.284) 10I I R= ± = ± ×  

  or 6 4
max 96.3 10 mmI = ×   

  and 6 4
min 39.7 10 mm= ×I   
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PROBLEM 9.108 
Using Mohr’s circle, show that for any regular polygon (such as a pentagon) (a) the moment of inertia with 
respect to every axis through the centroid is the same, (b) the product of inertia with respect to every pair of 
rectangular axes through the centroid is zero. 

 

SOLUTION 

Consider the regular pentagon shown, with centroidal axes x and y. 

 
Because the y axis is an axis of symmetry, it follows that 0.=xyI  Since 0,=xyI  the x and y axes must be 
principal axes. Assuming max minand ,= =x yI I I I  the Mohr’s circle is then drawn as shown. 

 
Now rotate the coordinate axes through an angle α  as shown; the resulting moments of inertia, ′xI  and ,′yI  
and product of inertia, ,′ ′x yI  are indicated on the Mohr’s circle. However, the ′x  axis is an axis of symmetry, 
which implies 0.′ ′ =x yI  For this to be possible on the Mohr’s circle, the radius R must be equal to zero (thus, 
the circle degenerates into a point). With 0,=R  it immediately follows that 

(a) ave′ ′= = = =x y x yI I I I I  (for all moments of inertia with respect to an axis through C)  

(b) 0′ ′= =xy x yI I  (for all products of inertia with respect to all pairs of rectangular axes with origin at C)  
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PROBLEM 9.109 
Using Mohr’s circle, prove that the expression 2

x y x yI I I′ ′ ′ ′−  is independent of the orientation of the x′ and y′ 
axes, where Ix′, Iy′, and Ix′y′ represent the moments and product of inertia, respectively, of a given area with 
respect to a pair of rectangular axes x′ and y′ through a given Point O. Also show that the given expression is 
equal to the square of the length of the tangent drawn from the origin of the coordinate system to Mohr’s 
circle. 

 

SOLUTION 

First observe that for a given area A and origin O of a rectangular coordinate system, the values of aveI  and R 
are the same for all orientations of the coordinate axes. Shown below is a Mohr’s circle, with the moments of 
inertia, ′xI  and ,′yI  and the product of inertia, ,′ ′x yI  having been computed for an arbitrary orientation of the 

′ ′x y  axes. 

 

From the Mohr’s circle 

 
ave

ave

cos 2
cos 2

sin 2

θ
θ

θ

′

′

′ ′

= +
= −

=

x

y

x y

I I R
I I R

I R

 

Then, forming the expression 2
′ ′ ′ ′−x y x yI I I  

 ( )
2 2

ave ave

2 2 2 2 2
ave

2 2
ave

( cos 2 )( cos 2 ) ( sin 2 )

cos 2 ( sin 2 )

which is a constant

θ θ θ

θ θ

′ ′ ′ ′− = + − −

= − −

= −

x y x yI I I I R I R R

I R R

I R

 

 2
′ ′ ′ ′−x y x yI I I  is independent of the orientation of the coordinate axes Q.E.D.  

Shown is a Mohr’s circle, with line ,OA  of length L, the required tangent. 

 

Noting that  OAC is a right angle, it follows that 

 2 2 2
ave= −L I R  

 or     2 2
′ ′ ′ ′= −x y x yL I I I  Q.E.D.  
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PROBLEM 9.110 

Using the invariance property established in the preceding problem, 
express the product of inertia Ixy of an area A with respect to a pair of 
rectangular axes through O in terms of the moments of inertia Ix and Iy 
of A and the principal moments of inertia Imin and Imax of A about O. 
Use the formula obtained to calculate the product of inertia Ixy of the  
L3 × 2 × 1

4 -in. angle cross section shown in Figure 9.13A, knowing 
that its maximum moment of inertia is 1.257 in4. 

 

SOLUTION 

Consider the following two sets of moments and products of inertia, which correspond to two different 
orientations of the coordinate axes whole origin is at Point O. 

Case 1: , ,x x y y x y xyI I I I I I′ ′ ′ ′= = =  

Case 2: max min, , 0x y x yI I I I I′ ′ ′ ′= = =  

The invariance property then requires 

 2
max minx y xyI I I I I− =  or   max minxy x yI I I I I= ± −   

From Figure 9.13A: 4

4

1.09 in.

0.390 in.

=

=
x

y

I

I

 

Using Eq. (9.21): max min+ = +x yI I I I  

Substituting min1.09 0.390 1.257+ = + I  

or 4
min 0.223 in.=I  

Then 
4

(1.09)(0.390) (1.257)(0.223)

0.381 in.

= −

= ±
xyI  

The two roots correspond to the following two orientations of the cross section. 

For  40.381 in.= −xyI   

 

  

 

and for  40.381 in.xyI =   
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PROBLEM 9.111 

Determine the mass moment of inertia of a ring of mass m, cut from a 
thin uniform plate, with respect to (a) the axis AA′, (b) the centroidal 
axis CC′ that is perpendicular to the plane of the ring. 

 

SOLUTION 

 
mass area area

Mass m V tA
mI t I I
A

ρ ρ

ρ

= = =

= =
 

We first determine 

 
( )

( )

2 2 2 2
2 1 2 1

4 4 4 4
,area 2 1 2 14 4 4AA

A r r r r

I r r r r

π π π

π π π
′

= − = −

= − = −
 

(a) ( ) ( ) ( )4 4 2 2
, mass , area 2 1 2 12 2

2 1

1
4 4
π

π
′ ′= = − = +

−
AA AA

m mI I r r m r r
A r r

 

 ( )2 2
1 2

1
4AAI m r r′ = +   

(b) By symmetry: BB AAI I′ ′=  

 Eq. (9.38): 2CC AA BB AAI I I I′ ′ ′ ′= + =  ( )2 2
1 2

1
2′ = +CCI m r r   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1535 

 

 

PROBLEM 9.112 

A thin semicircular plate has a radius a and a mass m. Determine the 
mass moment of inertia of the plate with respect to (a) the centroidal 
axis BB′, (b) the centroidal axis CC′ that is perpendicular to the plate. 

 

SOLUTION 

 
mass area area

mass m tA
mI t I I
A

ρ

ρ

= =

= =
 

Area: 21
2

π=A a  

 

4 4
,area ,area

4 2
,mass ,mass ,area 21

2

1 1
2 4 8

1 1
8 4

AA DD

AA DD AA

I I a a

m mI I I a ma
A a

π π

π
π

′ ′

′ ′ ′

⎛ ⎞= = =⎜ ⎟
⎝ ⎠

⎛ ⎞= = = =⎜ ⎟
⎝ ⎠

 

(a) 
2

2 21 4( )
4 3π′ ′

⎛ ⎞= − = − ⎜ ⎟
⎝ ⎠

BB DD
aI I m AC ma m  

 2(0.25 0.1801)= − ma  20.0699′ =BBI ma   

(b) Eq. (9.38): 2 21 0.0699
4CC AA BBI I I ma ma′ ′ ′= + = +  

 20.320CCI ma′ =   
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PROBLEM 9.113 

The quarter ring shown has a mass m and was cut from a thin, uniform 
plate. Knowing that r1 = 3

4 r2, determine the mass moment of inertia of the 
quarter ring with respect to (a) the axis AA′, (b) the centroidal axis CC′ that 
is perpendicular to the plane of the quarter ring. 

 

SOLUTION 

First note 

( )2 2
2 1

mass

4

m V tA

t r r

ρ ρ
πρ

= = =

= −

 

Also 

( )

mass area

area
2 2

2 14

ρ

π

=

=
−

I t I
m I

r r

 

(a) Using Figure 9.12, ( )4 4
,area 2 116AAI r rπ

′ = −  

 Then 
( )

( )

( )

4 4
,mass 2 1

2 2
2 1

2 2
2 1

16
4

4

AA
mI r r

r r

m r r

π
π′ = × −

−

= +

 

  
2

2
2 2

3
4 4
m r r
⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
 2

2
25or
64AAI mr′ =   

(b) Symmetry implies 

 ,mass ,massBB AAI I′ ′=  

 Then 

2
2

2
2

252
64

25
32

′ ′ ′= +

⎛ ⎞= ⎜ ⎟
⎝ ⎠

=

DD AA BBI I I

mr

mr
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PROBLEM 9.113  (Continued) 

 

 Now locate centroid C. 

 Σ = ΣX A x A  

 or 2 2 2 22 1
2 1 2 1

4 4
4 4 3 4 3 4

r rX r r r rπ π π π
π π

⎛ ⎞ ⎛ ⎞ ⎛ ⎞− = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

 or 
3 3
2 1
2 2

2 1

4
3π

−
=

−
r rX
r r

 

 Now 
3

3
2 2

2
2

2 2

2

2

3
4 2 4
3 3

4

37 2
21

π

π

=

⎛ ⎞− ⎜ ⎟
⎝ ⎠=
⎛ ⎞− ⎜ ⎟
⎝ ⎠

=

r X

r r

r r

r

 

 Finally, 2
′ ′= +DD CCI I mr  

 or 
2

2
2 2

25 37 2
32 21π′

⎛ ⎞
= + ⎜ ⎟⎜ ⎟

⎝ ⎠
CCmr I m r  2

2or 0.1522CCI mr′ =   
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PROBLEM 9.114 

The parabolic spandrel shown was cut from a thin, uniform plate. 
Denoting the mass of the spandrel by m, determine its mass moment 
of inertia with respect to (a) the axis BB′, (b) the axis DD′ that is 
perpendicular to the spandrel. (Hint: See Sample Problem 9.3.) 

 

SOLUTION 

First note mass

2

m V tA

t ab

ρ ρ
πρ

= = =

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

Also mass area

area
2

I t I
m I
ab

ρ

π

=

=

 

(a) We have 

 or 

2
,area ,area

2
3

,area
4

8 2 3

x BB

BB

I I Ay

bI ab abπ π
π

′

′

= +

⎛ ⎞⎛ ⎞= − ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 

(a) From Sample Problem 9.3: 

 Then 

3
,area

3
,mass

1
21
3 1

21

BB

BB

I ab

mI ab
ab

′

′

=

= ×  

   or 21
7BBI mb′ =   

(b) From Sample Problem 9.3: 

 Now 

3
,area

2

,area 11 ,area

1
5

3
4

AA

AA

I a b

I I A a

′

′ ′

=

⎛ ⎞= + ⎜ ⎟
⎝ ⎠
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PROBLEM 9.114  (Continued) 

 

 and 
2

22 ,area 11 ,area
1
4

I I A a′ ′
⎛ ⎞= + ⎜ ⎟
⎝ ⎠

 

 Then 
2 2

22 ,area ,area

3 2 2

3

1 3
4 4

1 1 1 9
5 3 16 16
1
30

AAI I A a a

a b ab a a

a b

′ ′

⎡ ⎤⎛ ⎞ ⎛ ⎞= + −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
⎛ ⎞= + −⎜ ⎟
⎝ ⎠

=

 

 and 3
22 ,mass

2

3 1
30

1
10

mI a b
ab

ma

′ = ×

=

 

 Finally, ,mass ,mass 22 ,massDD BBI I I′ ′ ′= +  

  2 21 1
7 10

mb ma= +  or 2 21 (7 10 )
70DDI m a b′ = +   
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PROBLEM 9.115 

A thin plate of mass m was cut in the shape of a parallelogram as 
shown. Determine the mass moment of inertia of the plate with respect 
to (a) the x axis, (b) the axis BB′, which is perpendicular to the plate. 

 

SOLUTION 

 

mass area area

mass ρ

ρ

= =

= =

m t A
mI t I I
A

 

 

 

 

(a) Consider parallelogram as made of horizontal strips and slide strips to form a square since distance 
from each strip to x axis is unchanged. 

 

 4
,area

1
3xI a=  

 4
,mass ,area 2

1
3x x

m mI I a
A a

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 21
3

=xI ma   

(b) For centroidal axis y′: 

 

4 4
,area

4 2
,mass ,area 2

2 2 2 2

1 12
12 6

1 1
6 6

1 7
6 6

y

y y

y y

I a a

m mI I a ma
A a

I I ma ma ma ma

′

′ ′

′′ ′

⎡ ⎤= =⎢ ⎥⎣ ⎦
⎛ ⎞= = =⎜ ⎟
⎝ ⎠

= + = + =

 

 For axis ′ ⊥BB to plate, Eq. (9.38): 

  2 21 7
3 6′ ′′= + = +BB x yI I I ma ma  23

2′ =BBI ma   
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PROBLEM 9.116 

A thin plate of mass m was cut in the shape of a parallelogram as 
shown. Determine the mass moment of inertia of the plate with 
respect to (a) the y axis, (b) the axis AA′, which is perpendicular to 
the plate. 

 

SOLUTION 

See sketch of solution of Problem 9.115. 

(a) From Part b of solution of Problem 9.115: 

 21
6′ =yI ma  

 2 2 21
6y yI I ma ma ma′= + = +  27

6
=yI ma   

(b) From solution of Problem 9.115: 

 2 21 1and
6 3′ = =y xI ma I ma  

 Eq. (9.38): ′ ′= +AA y xI I I  

 2 21 1
6 3

= +ma ma  21
2′ =AAI ma   
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PROBLEM 9.117 

A thin plate of mass m has the trapezoidal shape shown. Determine 
the mass moment of inertia of the plate with respect to (a) the x axis, 
(b) the y axis. 

 

SOLUTION 

First note 

2

mass
1(2 )( ) (2 )( ) 3
2

m V tA

t a a a a ta

ρ ρ

ρ ρ

= = =

⎡ ⎤= + =⎢ ⎥⎣ ⎦

 

Also mass area area23
mI tI I
a

ρ= =  

(a) Now ,area 1,area 2,area

3 3

4

( ) ( )

1 1(2 )( ) (2 )( )
3 12
5
6

x x xI I I

a a a a

a

= +

= +

=

 

 Then 4
,mass 2

5
63x

mI a
a

= ×  2
, mass

5or
18xI ma=   

(b) We have 

 

,area 1,area 2, area

2
3 3 4

( ) ( )

1 1 1 1( )(2 ) ( )(2 ) (2 )( ) 2 2 10
3 36 2 3

z z zI I I

a a a a a a a a a

= +

⎡ ⎤⎡ ⎤ ⎛ ⎞= + + + × =⎢ ⎥⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠⎢ ⎥⎣ ⎦

 

 Then 4 2
,mass 2

1010
33x

mI a ma
a

= × =  

 Finally, ,mass ,mass ,mass

2 25 10
18 3

y x zI I I

ma ma

= +

= +

 

  265
18

ma=  2
,massor 3.61yI ma=   
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PROBLEM 9.118 

A thin plate of mass m has the trapezoidal shape shown. Determine 
the mass moment of inertia of the plate with respect to (a) the 
centroidal axis CC′ that is perpendicular to the plate, (b) the axis AA′ 
that is parallel to the x axis and is located at a distance 1.5a from the 
plate. 

 

SOLUTION 

First locate the centroid C. 

 2 2 2 21: (2 ) (2 ) 2 2 ( )
3

X A xA X a a a a a a a⎛ ⎞Σ = Σ + = + + ×⎜ ⎟
⎝ ⎠

 

or 14
9

=X a  

 2 2 2 21 1: (2 ) (2 ) ( )
2 3

Z A zA Z a a a a a a⎛ ⎞ ⎛ ⎞Σ = Σ + = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

or 4
9

=Z a  

(a) We have 2 2
, mass , mass ( )′= + +y CCI I m X Z  

 From the solution to Problem 9.117: 

 2
,mass

65
18yI ma=  

 Then 
2 2

2
,mass

65 14 4
18 9 9ccI ma m a a′

⎡ ⎤⎛ ⎞ ⎛ ⎞= − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

 

  or 2 0.994′ =ccI ma   

(b) We have 2
,mass ,mass ( )x BBI I m Z′= +  

 and 2
, mass , mass (1.5 )′ ′= +AA BBI I m a  

 Then 
2

2
, mass , mass

4(1.5 )
9′

⎡ ⎤⎛ ⎞= + −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

AA xI I m a a  
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PROBLEM 9.118  (Continued) 

 

 From the solution to Problem 9.117: 

  2
,mass

5
18xI ma=  

 Then 
2

2 2
,mass

5 4(1.5 )
18 9AAI ma m a a′

⎡ ⎤⎛ ⎞= + −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 

  or 22.33′ =AAI ma   
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PROBLEM 9.119 

The area shown is revolved about the x axis to form a homogeneous 
solid of revolution of mass m. Using direct integration, express the 
mass moment of inertia of the solid with respect to the x axis in 
terms of m and h. 

 

SOLUTION 

We have 2 −= +h hy x h
a

 

so that ( )= +hr x a
a

 

For the element shown: 

 2 2

2

1
2

( )

xdm r dx dI r dm

h x a dx
a

ρπ

ρπ

= =

⎡ ⎤= +⎢ ⎥⎣ ⎦

 

Then 
2 2

2 3
02 20

2
3 3 2

2

1( ) [( ) ]
3

1 7(8 )
3 3

a ah hm dm x a dx x a
a a

h a a ah
a

ρπ ρπ

ρπ ρπ

= = + = +

= − =

∫ ∫  

Now 
4

2 2

0

4 4
5 5 5

04 4

4

1 1( ) ( )
2 2

1 1 1[( ) ] (32 )
2 5 10
31
10

a

x x

a

hI dI r r dx x a dx
a

h hx a a a
a a

ah

ρπ ρπ

ρπ ρπ

ρπ

⎡ ⎤= = = +⎢ ⎥⎣ ⎦

= × + = −

=

∫ ∫ ∫  

From above: 2 3
7

ah mρπ =  

Then  2 231 3 93
10 7 70xI m h mh⎛ ⎞= =⎜ ⎟

⎝ ⎠
 

 or 21.329=xI mh   
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PROBLEM 9.120 

Determine by direct integration the mass moment of inertia with 
respect to the y axis of the right circular cylinder shown, assuming 
that it has a uniform density and a mass m. 

 

SOLUTION 

For element shown: 2ρ ρπ= =dm dV a dx  

 

2

2 2

2 2 2

/2 2 2 2

/2

/2 33
2 2 2 2

/2

1
4
1
4

1
4

1 1 12
4 3 4 2 3 2

y y

L

y y L

L

L

dI dI x dm

a dm x dm

a x a dx

I dI a a x dx

x L La a x a a

ρπ

ρπ

ρπ ρπ

+

−

+

−

= +

= +

⎛ ⎞= +⎜ ⎟
⎝ ⎠

⎛ ⎞= = +⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞= + = +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

∫ ∫

 

 2 2 21 (3 )
12yI a L a Lρπ= +   

But for whole cylinder: 2ρ ρπ= =m V a L  

Thus,   2 21 (3 )
12

= +yI m a L   
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PROBLEM 9.121 

The area shown is revolved about the x axis to form a 
homogeneous solid of revolution of mass m. Determine by 
direct integration the mass moment of inertia of the solid 
with respect to (a) the x axis, (b) the y axis. Express your 
answers in terms of m and the dimensions of the solid. 

 

SOLUTION 

We have at ( , ): = ka h h
a

 

or =k ah  

For the element shown: 

 
2

2

4r

dm r dx

ah dx
x

ρπ

ρπ

=

=

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

Then 
23

3
2 2

2 2 2

1

1 1 2
3 3

a

a

a

a

ahm dm dx
x

a h
x

a h ah
a a

ρπ

ρπ

ρπ ρπ

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

⎡ ⎤= −⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞= − − − =⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

∫ ∫  

(a) For the element: 2 41 1
2 2

ρπ= =xdI r dm r dx  

 Then 
343 4 4

3

3 3
4 4 4

2 2 2

1 1 1 1
2 2 3

1 1 1 1 26
6 3 6 27

1 2 13 13
6 3 9 54

a
a

x x a a

ahI dI dx a h
x x

a h ah
a a

ah h mh

ρπ ρπ

ρπ ρπ

ρπ

⎛ ⎞ ⎡ ⎤= = = −⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞= − − = ×⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

= × × =

∫ ∫  

  or 20.241=xI mh   
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PROBLEM 9.121  (Continued) 

 

(b) For the element: 2

2 21
4

y ydI dI x dm

r dm x dm

= +

= +

 

 Then 
2 23 2

32 2 2 232 2 2 2
4 3

2 2 2 2

3 3

1
4

1 11
4 12

3 1 13
2 12 12(3 ) ( )

a

y y a

a
a

a
a

ah ahI dI x dx
x x

a h a ha h dx a h x
x x

a h a hm a a a
a a

ρπ

ρπ ρπ

⎡ ⎤⎛ ⎞ ⎛ ⎞= = +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞ ⎡ ⎤
= + = − +⎜ ⎟ ⎢ ⎥⎜ ⎟

⎝ ⎠ ⎣ ⎦

⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪⎛ ⎞= − + − − +⎨ ⎬⎢ ⎥ ⎢ ⎥⎜ ⎟
⎝ ⎠ ⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

∫ ∫

∫

 

  
2

2 23 1 26 132 3
2 12 27 108

⎛ ⎞ ⎛ ⎞= × + = +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

hma a m h a
a

 

  or 2 2(3 0.1204 )= +yI m a h   
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PROBLEM 9.122 

Determine by direct integration the mass moment of inertia with 
respect to the x axis of the tetrahedron shown, assuming that it has a 
uniform density and a mass m. 

 

SOLUTION 

We have 1⎛ ⎞= + = +⎜ ⎟
⎝ ⎠

a yx y a a
h h

 

and 1⎛ ⎞= + = +⎜ ⎟
⎝ ⎠

b yz y b b
h h

 

For the element shown: 
21 1 1

2 2
ydm xz dy ab dy
h

ρ ρ⎛ ⎞ ⎛ ⎞= = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Then 
20

03

3 3

1 1
2

1 1
2 3

1 (1) (1 1)
6
1
6

h

h

ym dm ab dy
h

h yab
h

abh

abh

ρ

ρ

ρ

ρ

−

−

⎛ ⎞= = +⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞= × +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤= − −⎣ ⎦

=

∫ ∫  

Now, for the element: 
4

3 3
,area

1 1 1
36 36AA

yI xz ab
h′

⎛ ⎞= = +⎜ ⎟
⎝ ⎠

 

Then 
4

3
,mass ,area

1( ) 1
3AA AA

ydI tI dy ab
h

ρ ρ′ ′

⎡ ⎤⎛ ⎞= = +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦
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PROBLEM 9.122  (Continued) 

 

Now 

 

2
2

,mass

4
3

2 2
2

4 3 4
3 2

2

1
3

1 1
36

1 11 1
3 2

1 11 2
12 2

x AAdI dI y z dm

yab dy
h

y yy b ab dy
h h

y y yab dy ab y dy
h h h

ρ

ρ

ρ ρ

′

⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞= +⎜ ⎟
⎝ ⎠

⎧ ⎫⎡ ⎤⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞+ + + +⎢ ⎥⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦⎪ ⎪⎣ ⎦⎩ ⎭

⎛ ⎞⎛ ⎞= + + + +⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

 

Now 1
6

ρ=m abh  

Then 
42 3 4

2
2

1 31 2
2

⎡ ⎤⎛ ⎞⎛ ⎞= + + + +⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦
x

b y m y ydI m y dy
h h h h h

 

and 
4 3 40 2 2

2

05 4 5
2 3

2

2 5 3 4 5
2

1 6 2
2

1 11 6
2 5 3 2 5

1 1 1 1(1) 6 ( ) ( ) ( )
2 5 3 2 5

x x h

h

m y y yI dI b y dy
h h h h

m h y y yb y
h h h h

m b h h h h
h h h

−

−

⎡ ⎤⎛ ⎞⎛ ⎞= = + + + +⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞⎛ ⎞= × + + + +⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

⎧ ⎫⎡ ⎤= − − + − + −⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭

∫ ∫  

 or 2 21 ( )
10

= +xI m b h   
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PROBLEM 9.123 

Determine by direct integration the mass moment of inertia with 
respect to the y axis of the tetrahedron shown, assuming that it has a 
uniform density and a mass m. 

 

SOLUTION 

We have 1⎛ ⎞= + = +⎜ ⎟
⎝ ⎠

a yx y a a
h h

 

and 1⎛ ⎞= + = +⎜ ⎟
⎝ ⎠

b yz y b b
h h

 

For the element shown: 
21 1 1

2 2
ydm xz dy ab dy
h

ρ ρ⎛ ⎞ ⎛ ⎞= = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Then 
20

03

3 3

1 1
2

1 1
2 3

1 (1) (1 1)
6
1
6

h

h

ym dm ab dy
h

h yab
h

abh

abh

ρ

ρ

ρ

ρ

−

−

⎛ ⎞= = +⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞= × +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤= − −⎣ ⎦

=

∫ ∫  

Also 3 3
,area ,area

1 1        
12 12BB DDI xz I zx′ ′= =  

Then, using mass areaI tIρ=  

we have 3 3
,mass ,mass

1 1( ) ( )
12 12BB DDdI dy xz dI dy zxρ ρ′ ′
⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
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PROBLEM 9.123  (Continued) 

 

Now 

 

, mass , mass

2 2

2 2
2 2

1 ( )
12

1 1 ( ) 1
12

ρ

ρ

′ ′= +

= +

⎡ ⎤⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

y BB DDdI dI dI

xz x z dy

y yab a b dy
h h

 

We have 
4

2 21 ( ) 1
6 2y

m ym abh dI a b dy
h h

ρ ⎛ ⎞= ⇒ = + +⎜ ⎟
⎝ ⎠

 

Then 

 ( )

( )

40 2 2

05
2 2

2 2 5 5

( ) 1
2

1
2 5

(1) (1 1)
10

y y h

h

m yI dI a b dy
h h

m h ya b
h h

m a b

−

−

⎛ ⎞= = + +⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞= + × +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤= + − −⎣ ⎦

∫ ∫

 

 or 2 21 ( )
10

= +yI m a b   
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PROBLEM 9.124* 

Determine by direct integration the mass moment of inertia with 
respect to the z axis of the semiellipsoid shown, assuming that it 
has a uniform density and a mass m. 

 

SOLUTION 

First note that when 

 
1/22

20: 1 xz y b
a

⎛ ⎞
= = −⎜ ⎟⎜ ⎟

⎝ ⎠
 

 
1/22

20: 1 xy z c
a

⎛ ⎞
= = −⎜ ⎟⎜ ⎟

⎝ ⎠
 

For the element shown: 
2

2( ) 1ρ π πρ
⎛ ⎞

= = −⎜ ⎟⎜ ⎟
⎝ ⎠

xdm yzdx bc dx
a

 

Then 
2

20

3
2

0

1

1 2
33

a

a

xm dm bc dx
a

bc x x abc
a

πρ

πρ πρ

⎛ ⎞
= = −⎜ ⎟⎜ ⎟

⎝ ⎠

⎡ ⎤= − =⎢ ⎥⎣ ⎦

∫ ∫  

For the element: 3
,area 4AAI zyπ

′ =  

Then 3
,mass ,area ( )

4AA AAdI tI dx zyπρ ρ′ ′
⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 

Now 2
,mass

22 2
3 2

2 2

2 2 4 4
2

2 4 2

1 1
4

3 1 2
2 4

z AAdI dI x dm

x xb c dx x bc dx
a a

m b x x xx dx
a a a a

π ρ πρ

′= +

⎡ ⎤⎛ ⎞ ⎛ ⎞
= − + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞
= − + + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
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PROBLEM 9.124*  (Continued) 

 

Finally, 

2 2 4 4
2

2 4 20

2 3 5 5
3

2 4 2
0

3 1 2
2 4

3 2 1 1 1
2 4 3 5 3 5

z z

a

a

I dI

m b x x xx dx
a a a a

m b x x xx x
a a a a

=

⎡ ⎤⎛ ⎞ ⎛ ⎞
= − + + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞
= − + + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫

∫

 

 
2

23 2 1 1 11
2 4 3 5 3 5

⎡ ⎤⎛ ⎞ ⎛ ⎞= − + + −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

bm a  

 or ( )2 21
5zI m a b= +   
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PROBLEM 9.125* 

A thin steel wire is bent into the shape shown. Denoting the mass 
per unit length of the wire by m′, determine by direct integration the 
mass moment of inertia of the wire with respect to each of the 
coordinate axes. 

 

SOLUTION 

First note 1/3 2/3 2/3 1/2( )dy x a x
dx

−= − −  

Then 
2

2/3 2/3 2/3

2/3

1 1 ( )dy x a x
dx

a
x

−⎛ ⎞+ = + −⎜ ⎟
⎝ ⎠

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

For the element shown: 
2

1/3

1 dydm m dL m dx
dx

am dx
x

⎛ ⎞′ ′= = + ⎜ ⎟
⎝ ⎠

⎛ ⎞′= ⎜ ⎟
⎝ ⎠

 

Then 
1/3

1/3 2/3
1/3 00

3 3
2 2

a aam dm m dx m a x m a
x

⎡ ⎤′ ′ ′= = = =⎣ ⎦∫ ∫  

Now 
1/3

2 2/3 2/3 3
1/30

2
1/3 4/3 1/3 2/3 5/3

1/30

1/3 2 2/3 4/3 4/3 2/3 2 8/3

0

3 3

( )

3 3

3 9 3 3
2 4 2 8

3 9 3 3 3
2 4 2 8 8

a

x

a

a

aI y dm a x m dx
x

am a a x a x x dx
x

m a a x a x a x x

m a m a

⎛ ⎞
′= = − ⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞

′= − + −⎜ ⎟⎜ ⎟
⎝ ⎠

⎡ ⎤′= − + −⎢ ⎥⎣ ⎦
⎛ ⎞′ ′= − + − =⎜ ⎟
⎝ ⎠

∫ ∫

∫

 

 or 21
4

=xI ma   

Symmetry implies 21
4

=yI ma   
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PROBLEM 9.125*  (Continued) 

 

Alternative solution: 

 

1/3
2 2 1/3 5/3

1/30 0

1/3 8/3 3
0

2

3 3
8 8

1
4

a a

y

a

aI x dm x m dx m a x dx
x

m a x m a

ma

⎛ ⎞
′ ′= = =⎜ ⎟⎜ ⎟

⎝ ⎠

⎡ ⎤′ ′= × =⎣ ⎦

=

∫ ∫ ∫

 

Also ( )2 2
z y xI x y dm I I= + = +∫  

 or 21
2

=zI ma   
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PROBLEM 9.126 

A thin triangular plate of mass m is welded along its base AB to a block 
as shown. Knowing that the plate forms an angle θ with the y axis, 
determine by direct integration the mass moment of inertia of the plate 
with respect to (a) the x axis, (b) the y axis, (c) the z axis. 

 

SOLUTION 

For line BC: 

2

( 2 )

ζ = − +

= −

h x ha

h a x
a

 

Also 1
2

1
2

ρ ρ

ρ

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

=

m V t ah

tah

 

(a) We have 
2

2

2

1
12 2
1
3

ζζ

ζ

⎛ ⎞′ ′= + ⎜ ⎟
⎝ ⎠

′=

xdI dm dm

dm

 

 where ρ ζ′ =dm t dx  

 Then 
/2 2

0

3/2

0

12 ( )
3

2 ( 2 )
3

a

x x

a

I dI t dx

ht a x dx
a

ζ ρ ζ

ρ

= =

⎡ ⎤= −⎢ ⎥⎣ ⎦

∫ ∫

∫

 

 
3 /24
3 0

3
4 4

3

3

2 1 1 ( 2 )
3 4 2

1 ( ) ( )
12

1
12

aht a x
a

ht a a a
a

tah

ρ

ρ

ρ

⎛ ⎞ ⎡ ⎤= × − −⎜ ⎟ ⎣ ⎦⎝ ⎠

⎡ ⎤= − − −⎣ ⎦

=

 

  or 21
6

=xI mh   
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PROBLEM 9.126  (Continued) 

 

 Now 2I x dmζ = ∫  

 and 
/22 2

0
2 ( )

a
I x dm x t dxζ ρ ζ′= =∫ ∫  

 

/2 2

0

/2
3 4

0

3 4

3 2

2 ( 2 )

12
3 4

12
3 2 4 2

1 1
48 24

a

a

ht x a x dx
a

h at x x
a

h a a at
a

ta h ma

ρ

ρ

ρ

ρ

⎡ ⎤= −⎢ ⎥⎣ ⎦

⎡ ⎤= −⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

= =

∫

 

(b) We have 2 2 2( sin )y yI r dm x dmζ θ⎡ ⎤= = +⎣ ⎦∫ ∫  

 2 2 2sinx dm dmθ ζ= +∫ ∫  

 Now 2 2sinx y xI dm I I Iζζ θ= ⇒ = +∫  

 2 2 21 1 sin
24 6

θ= +ma mh  

  or 2 2 2( 4 sin )
24

θ= +y
mI a h   

(c) We have 2 2 2( )z zI r dm x y dm= = +∫ ∫  

  2 2

2 2 2

2

2 2 2

( cos )

cos

cos

1 1 cos
24 6

x

x dm

x dm dm

I I

ma mh

ζ

ζ θ

θ ζ

θ

θ

⎡ ⎤= +⎣ ⎦

= +

= +

= +

∫
∫ ∫

 

  or 2 2 2( 4 cos )
24

θ= +z
mI a h   
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PROBLEM 9.127 

Shown is the cross section of a molded flat-belt pulley. 
Determine its mass moment of inertia and its radius of 
gyration with respect to the axis AA′. (The density of 
brass is 8650 kg/m3 and the density of the fiber-reinforced 
polycarbonate used is 1250 kg/m3.) 

 

SOLUTION 

First note for the cylindrical ring shown that 

 ( )2 2
2 14

πρ ρ= = × −m V t d d  

and, using Figure 9.28, that 

 ( )

( )( )
( )

2 2
2 1

2 1

2 2 2 2
2 2 1 1

4 4
2 1

2 2 2 2
2 1 2 1

2 2
1 2

1 1
2 2 2 2
1
8 4 4
1
8 4
1
8 4
1
8

π πρ ρ

π ρ

π ρ

′
⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎡ ⎤⎛ ⎞ ⎛ ⎞= × − ×⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞= −⎜ ⎟
⎝ ⎠
⎛ ⎞= − +⎜ ⎟
⎝ ⎠

= +

AA
d dI m m

t d d t d d

t d d

t d d d d

m d d

 

Now treat the pulley as four concentric rings and, working from the brass outward, we have 

 

{

}

3 2 2 2

3 2 2 2

2 2 2

2 2 2

8650 kg/m (0.0175 m) (0.011 0.005 ) m
4

1250 kg/m (0.0175 m) (0.017 0.011 ) m

(0.002 m) (0.022 0.017 ) m

(0.0095 m) (0.028 0.022 ) m

m π= × × −

⎡+ × −⎣
+ × −

⎤+ × − ⎦

 

 
3

3

(11.4134 2.8863 0.38288 2.7980) 10 kg

17.4806 10 kg

−

−

= + + + ×

= ×
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PROBLEM 9.127  (Continued) 

 

and 2 2 2 2

2 2

2 2 3 2

1 (11.4134)(0.005 0.011 ) (2.8863)(0.011 0.017 )
8
(0.38288)(0.017 0.022 )

(2.7980)(0.022 0.028 ) 10 kg m

AAI ′

−

⎡= + + +⎣

+ +

⎤+ + × ×⎦

 

 
9 2

9 2

(208.29 147.92 37.00 443.48) 10 kg m

836.69 10 kg m

−

−

= + + + × ⋅

= × ⋅
 

 or 9 2837 10 kg m−
′ = × ⋅AAI   

Now 
9 2

2 6 2
3

836.69 10 kg m 47.864 10 m
17.4806 10 kg

−
−′

′ −
× ⋅= = = ×

×
AA

AA
Ik
m

 

 or 6.92 mm′ =AAk   
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PROBLEM 9.128 

Shown is the cross section of an idler roller. Determine its mass 
moment of inertia and its radius of gyration with respect to the 
axis AA′. (The specific weight of bronze is 0.310 lb/in3; of 
aluminum, 0.100 lb/in3; and of neoprene, 0.0452 lb/in3.) 

 

SOLUTION 

First note for the cylindrical ring shown that 

 ( ) ( )2 2 2 2
2 1 2 14 4

π πρ ρ ρ= = × − = −m V t d d t d d  

and, using Figure 9.28, that 

 ( )

( )( )

( )

2 2
2 1

2 1

2 2 2 2
2 2 1 1

4 4
2 1

2 2 2 2
2 1 2 1

2 2
1 2

1 1
2 2 2 2

1
8 4 4

1
8 4
1
8 4
1
8

π πρ ρ

π ρ

π ρ

′
⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎡ ⎤⎛ ⎞ ⎛ ⎞= × − ×⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞= −⎜ ⎟
⎝ ⎠
⎛ ⎞= − +⎜ ⎟
⎝ ⎠

= +

AA
d dI m m

t d d t d d

t d d

t d d d d

m d d

 

Now treat the roller as three concentric rings and, working from the bronze outward, we have 

 ( )

( )

2 2
2 3 2

2 2
3 2

2 2
3 2

1 13 3 1ft/s (0.310 lb/in. ) in. in.
4 32.2 16 8 4

11 1 30.100 lb/in. in. in.
16 2 8

11 1 10.0452 lb/in. in. 1 in.
16 8 2

m π ⎧ ⎡ ⎤⎪ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= × −⎢ ⎥⎨ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎣ ⎦⎩

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ −⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 
( ) 6 2

3 2

479.96 183.41 769.80 10 lb s /ft

1.4332 10 lb s /ft

−

−

= + + × ⋅

= × ⋅
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PROBLEM 9.128  (Continued) 

 

and 
2 2 2 2

2 2 2
6 2 2

2

1 1 3 3 1(479.96) (183.41)
8 4 8 8 2

1 1 1 ft(769.80) 1 10 lb s /ft in.
8 2 144 in.

AAI ′

−

⎧ ⎡ ⎤ ⎡ ⎤⎪ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥ ⎢ ⎥⎨ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎪ ⎣ ⎦ ⎣ ⎦⎩

⎫⎡ ⎤⎪⎛ ⎞ ⎛ ⎞+ + × ⋅ × ×⎢ ⎥⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪⎣ ⎦⎭

 

 
9 2

6 2

(84.628 62.191 1012.78) 10 lb ft s

1.15960 10 lb ft s

−

−

= + + × ⋅ ⋅

= × ⋅ ⋅
 

 or 6 21.160 10 lb ft s−
′ = × ⋅ ⋅AAI   

Now 
6 2

2 6 2
3 2

1.15960 10 lb ft s 809.09 10 ft
1.4332 10 lb s /ft

−
−′

′ −
× ⋅ ⋅= = = ×
× ⋅

AA
AA

Ik
m

 

Then 328.445 10 ft−
′ = ×AAk  

 or 0.341 in.′ =AAk   
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PROBLEM 9.129 

Knowing that the thin cylindrical shell shown is of mass m, thickness t, and 
height h, determine the mass moment of inertia of the shell with respect to 
the x axis. (Hint: Consider the shell as formed by removing a cylinder of 
radius a and height h from a cylinder of radius a + t and height h; then 
neglect terms containing t2 and t3 and keep those terms containing t.) 

 

SOLUTION 

From Figure 9.28 for a solid cylinder (change orientation of axes): 

 

2 2

2

2
2 2

2
2

1 (3 )
12

2

1 (3 )
12 4

3
12 3

′

′

= +

⎛ ⎞= + ⎜ ⎟
⎝ ⎠

= + +

⎛ ⎞
= +⎜ ⎟⎜ ⎟

⎝ ⎠

x

x x

I m a h

hI I m

hm a h m

hm a  2 21 (3 4 )
12xI m a h= +   

 
 Shell = Cylinder  – Cylinder  

 

2 2 2 2
1 2

2 2 2 2 2 2

1 1[3( ) 4 ] (3 4 )
12 12
1 1[ ( ) ][3( ) 4 ] ( )(3 4 )

12 12
ρπ ρπ

= + + − +

= + + + − +

xI m a t h m a h

a t h a t h a h a h
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PROBLEM 9.129  (Continued) 

 

Expand ( )+a t  factors and neglecting terms in 2 3 4, ,  and :t t t  

 

( )( )
( )
( )

( )

2 2 2 2 2 4 2 2

4 3 2 2 2 2 3 2 4 2 2

3 2

2 2

2 3 6 3 4 3 4
12

3 6 3 4 6 8 3 4
12

12 8
12

12 8
12

x
hI a at t a at t h a a h

h a a t a t a h a t ath a a h

h a t ath

hat a h

ρπ

ρπ

ρπ

ρπ

⎡ ⎤= + + + + + − −⎣ ⎦

= + + + + + − −

= +

= +

 

Mass of shell: (2 ) 2ρ π ρπ= =m ath hat  

 

( )
( )

2 2

2 2

2 12 8
24

4 3 2
24

x
hatI a h

m a h

ρπ= +

= +  

  or ( )2 23 2
6x
mI a h= +   

Checks: 

 

2

2

10; slender rod
3 OK
10; thin ring
2

x

x

a I mh

h I ma

⎫= = − ⎪⎪
⎬
⎪= = −
⎪⎭
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PROBLEM 9.130 

The machine part shown is formed by machining a conical 
surface into a circular cylinder. For 1

2 ,=b h  determine the mass 
moment of inertia and the radius of gyration of the machine part 
with respect to the y axis. 

 

SOLUTION 

 

Mass: 2 2 2
cyl cone

1 1
3 2 6

hm a h m a a hρπ ρπ ρπ= = =  

 

2 2
cyl cyl cone cone

4 4

1 3:
2 10
1 1
2 20

yI I m a I m a

a h a hρπ ρπ

= =

= =
 

For entire machine part: 

 

2 2 2
cyl cone

4 4 4
cyl cone

1 5
6 6

1 1 9
2 20 20y

m m m a h a h a h

I I I a h a h a h

ρπ ρπ ρπ

ρπ ρπ ρπ

= − = − =

= − = − =
 

or 2 25 6 9
6 5 20

ρπ⎛ ⎞⎛ ⎞⎛ ⎞= ⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠

yI a h a  227
50yI ma=   

Then 2 227
50y

Ik a
m

= =  0.735=yk a   
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PROBLEM 9.131 

After a period of use, one of the blades of a shredder has been worn 
to the shape shown and is of mass 0.18 kg. Knowing that the mass 
moments of inertia of the blade with respect to the AA′ and BB′ axes 
are 20.320 g m⋅ and 20.680 g m ,⋅ respectively, determine (a) the 
location of the centroidal axis GG′, (b) the radius of gyration with 
respect to axis GG′. 

 

SOLUTION 

(a) We have (0.08 ) mB Ad d= −  

 and, using the parallel axis 

 
2

2
AA GG A

BB GG B

I I md

I I md
′ ′

′ ′

= +

= +
 

 Then ( )2 2

2 2(0.08 )

(0.0064 0.16 )

BB AA B A

A A

A

I I m d d

m d d

m d

′ ′− = −

⎡ ⎤= − −⎣ ⎦
= −

 

 Substituting: 3 2 2(0.68 0.32) 10 kg m 0.18 kg(0.0064 0.16 ) mAd−− × ⋅ = −  

  or 27.5 mm=Ad   

(b) We have 2
′ ′= +AA GG AI I md  

 or 3 2 2

3 2

0.32 10 kg m 0.18 kg (0.0275 m)

0.183875 10 kg m

−
′

−

= × ⋅ − ⋅

= × ⋅
GGI  

 Then 
3 2

2 3 20.183875 10 kg m 1.02153 10 m
0.18 kg

−
−′

′
× ⋅= = = ×GG

GG
I

k
m

 

  or 32.0 mm′ =GGk   
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PROBLEM 9.132 

Determine the mass moment of inertia of the 0.9-lb machine component shown 
with respect to the axis AA′. 

 

SOLUTION 

First note that the given shape can be formed adding a small cone to a cylinder and then removing a larger 
cone as indicated. 

 

Now 2.4 or 1.2 in.
0.4 1.2

+= =h h h  

The weight of the body is given by 

 1 2 3 1 2 3( ) ( )ρ= = + − = + −W mg g m m m g V V V  

or 2

3
2 2 2 3

0.9 lb 32.2 ft/s

1 ft(0.8) (2.4) (0.2) (1.2) (0.6) (3.6) in
3 3 12 in.

ρ

π ππ

= ×

⎡ ⎤ ⎛ ⎞+ − × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

 

 2 3 332.2 ft/s (2.79253 0.02909 0.78540) 10 ftρ −= × + − ×  

or 2 413.7266 lb s /ftρ = ⋅  

Then 3 2
1

3 2
2

3 2
3

(13.7266)(2.79253 10 ) 0.038332 lb s /ft

(13.7266)(0.02909 10 ) 0.000399 lb s /ft

(13.7266)(0.78540 10 ) 0.010781 lb s /ft

−

−

−

= × = ⋅

= × = ⋅

= × = ⋅

m

m

m
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PROBLEM 9.132  (Continued) 

 

Finally, using Figure 9.28, we have 

 
1 2 3

2 2 2
1 1 2 2 3 3

( ) ( ) ( )
1 3 3
2 10 10

′ ′ ′ ′= + −

= + −

AA AA AA AAI I I I

m a m a m a
 

 
2

2 2 2 2 21 3 3 1 ft(0.038332)(0.8) (0.000399)(0.2) (0.010781)(0.6) (lb s /ft) in
2 10 10 12 in.
⎡ ⎤ ⎛ ⎞= + − ⋅ × × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

 

 6 2(85.1822 0.0333 8.0858) 10  lb ft s−= + − × ⋅ ⋅  

 or 6 277.1 10 lb ft s−
′ = × ⋅ ⋅AAI   
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PROBLEM 9.133 

A square hole is centered in and extends through the aluminum 
machine component shown. Determine (a) the value of a for which 
the mass moment of inertia of the component with respect to the axis 
AA′, which bisects the top surface of the hole, is maximum, (b) the 
corresponding values of the mass moment of inertia and the radius of 
gyration with respect to the axis AA′. (The specific weight of 
aluminum is 0.100 lb/in.3.) 

 

SOLUTION 

First note 2
1 1ρ ρ= =m V b L  

and 2
2 2m V a Lρ ρ= =  

(a) Using Figure 9.28 and the parallel-axis theorem, we have 

 

1 2
2

2 2
1 1

2
2 2

2 2

2 2 2 2 2

4 2 2 4

( ) ( )

1 ( )
12 2

1 ( )
12 2

1 1 5( ) ( )
6 4 12

(2 3 5 )
12

AA AA AAI I I

am b b m

am a a m

b L b a a L a

L b b a a

ρ ρ

ρ

′ ′ ′= −
⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
⎡ ⎤⎛ ⎞− + +⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= + −

 

 Then 2 3(6 20 ) 0
12
ρ′ = − =AAdI L b a a

da
 

 or 30 and
10

a a b= =  

 Also 
2

2 2 2 2
2

1(6 60 ) ( 10 )
12 2
ρ ρ′ = − = −AAd I L b a L b a

da
 

 Now for 0,a =  
2

2 0AAd I
da

′ �  

 and for 3 ,
10

a b=  
2

2 0AAd I
da

′ �  
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PROBLEM 9.133  (Continued) 

 

 max( )′AAI  occurs when 3
10

=a b  

 Then 3(4.2 in.)
10

=a  

  or 2.30 in.a =   

(b) From Part a: 

 

2 4
4 2 4

max

23
4 4

2

3 3 49( ) 2 3 5
12 10 10 240

49 49 0.100 lb/in. 1 ft(15 in.)(4.2 in.)
240 240 12 in.32.2 ft/s

AA

AL

LI b b b b Lb

Lb
g

ρ ρ

γ

′

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥= + − =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎛ ⎞
= = × × ⎜ ⎟

⎝ ⎠

 

  or 3 2
max( ) 20.6 10 lb ft s−

′ = × ⋅ ⋅AAI   

 Now 2 max( )AA
AA

Ik
m
′

′ =  

 where 2 2
1 2 ( )m m m L b aρ= − = −  

 

2
2

2

3
10

7
10

ρ

ρ

⎡ ⎤⎛ ⎞
⎢ ⎥= − ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

=

L b b

Lb

 

 Then 
449

2 2 2240
27

10

7 7 (4.2 in.)
24 24

ρ
ρ′ = = =AA

Lb
k b

Lb
 

  or 2.27 in.′ =AAk   
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PROBLEM 9.134 

The cups and the arms of an anemometer are fabricated from a 
material of density ρ. Knowing that the mass moment of inertia 
of a thin, hemispherical shell of mass m and thickness t with 
respect to its centroidal axis GG′ is 25 /12,ma  determine (a) the 
mass moment of inertia of the anemometer with respect to the 
axis AA′, (b) the ratio of a to l for which the centroidal moment 
of inertia of the cups is equal to 1 percent of the moment of 
inertia of the cups with respect to the axis AA′. 

 

SOLUTION 

(a) First note 2
arm arm 4

πρ ρ= = ×m V d l  

 and cup cup

[(2 cos )( )( )]

ρ
ρ π θ θ

=

=

dm dV

a t ad

 

 Then 
/2 2

cup cup 0

2 /2
0

2

2 cos

2 [sin ]

2

m dm a t d

a t

a t

π

π

πρ θ θ

πρ θ

πρ

= =

=

=

∫ ∫  

 Now anem cups arms( ) ( ) ( )AA AA AAI I I′ ′ ′= +  

 Using the parallel-axis theorem and assuming the arms are slender rods, we have 

 
arm

2
anem cup cup arm arm

2 2
2 2 2

cup cup arm arm

2 2 2
cup arm

2 2 2 2

( ) 3 ( ) 3

5 13 ( ) 3
12 2 2 2

53 2
3

53(2 ) 2
3 4

AA GG AG AGI I m d I m d

a lm a m l a m l m

m a la l m l

a t a la l dππρ ρ

′ ′⎡ ⎤ ⎡ ⎤= + + +⎣ ⎦⎣ ⎦
⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞= + + + + +⎢ ⎥ ⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭
⎛ ⎞= + + +⎜ ⎟
⎝ ⎠

⎛ ⎞= + + +⎜ ⎟
⎝ ⎠

2( )l l⎛ ⎞
⎜ ⎟
⎝ ⎠

 

  or 
2 2

2 2
anem 2

5( ) 6 2 1
3 4

πρ′

⎡ ⎤⎛ ⎞
= + + +⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

AA
a a d lI l a t

ll
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PROBLEM 9.134  (Continued) 

 

(b) We have cup

cup

( )
0.01

( )
′

′
=GG

AA

I
I

 

 or 2 2 2
cup cup

5 50.01 2   (from Part )
12 3

m a m a la l a⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 

 Now let .a
l

ζ =  

 Then 2 255 0.12 2 1
3

ζ ζ ζ⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 

 or 240 2 1 0ζ ζ− − =  

 Then 
22 ( 2) 4(40)( 1)

2(40)
ζ

± − − −
=  

 or 0.1851 and = 0.1351ζ ζ= −  

 0.1851=a
l

  

To the instructor: 

The following formulas for the mass moment of inertia of thin plates and a half cylindrical shell are derived at 
this time for use in the solutions of Problems 9.135 through 9.140. 

Thin rectangular plate 

 2

2 2
2 2

2 2

( ) ( )

1 ( )
12 2 2

1 ( )
3

′= +

⎡ ⎤⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

= +

x m x mI I md

b hm b h m

m b h

 

 2

2
2 2

( ) ( )

1 1
12 2 3

′= +

⎛ ⎞= + =⎜ ⎟
⎝ ⎠

y m y mI I md

bmb m mb

 

 2

2
2 2

( )

1 1
12 2 3

′= +

⎛ ⎞= + =⎜ ⎟
⎝ ⎠

z z mI I md

hmh m mh

 

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1573 

PROBLEM 9.134  (Continued) 

 

Thin triangular plate 

We have 1
2

ρ ρ ⎛ ⎞= = ⎜ ⎟
⎝ ⎠

m V bht  

and 3
,area

1
36zI bh=  

Then ,mass ,area

3

2

1
36

1
18

z zI tI

t bh

mh

ρ

ρ

=

= ×

=

 

Similarly, 2
,mass

1
18yI mb=  

Now 2 2
,mass ,mass ,mass

1 ( )
18x y zI I I m b h= + = +  

Thin semicircular plate 

We have 2

2
πρ ρ ⎛ ⎞= = ⎜ ⎟
⎝ ⎠

m V a t  

and 4
,area ,area 8y zI I aπ= =  

Then ,mass ,mass ,area

4

2

8
1
4

y z yI I tI

t a

ma

ρ
πρ

= =

= ×

=

 

Now 2
,mass ,mass ,mass

1
2x y zI I I ma= + =  

Also 2 2
,mass ,mass ,mass 2

1 16or
2 9x x xI I my I m a

π′ ′
⎛ ⎞= + = −⎜ ⎟
⎝ ⎠

 

and 2 2
,mass ,mass ,mass 2

1 16or
4 9z z zI I my I m a

π′ ′
⎛ ⎞= + = −⎜ ⎟
⎝ ⎠
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PROBLEM 9.134  (Continued) 

 

 4
3π

= = ay z  

Thin Quarter-Circular Plate 

We have 2

4
πρ ρ ⎛ ⎞= = ⎜ ⎟

⎝ ⎠
m V a t  

and 4
,area ,area 16y zI I aπ= =  

Then ,mass ,mass ,area

4

2

16
1
4

y z yI I tI

t a

ma

ρ
πρ

= =

= ×

=

 

Now 2
,mass ,mass ,mass

1
2x y zI I I ma= + =  

Also 2 2
,mass ,mass ( )x xI I m y z′= + +  

or 2
,mass 2

1 32
2 9xI m a

π′
⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

and 2
,mass ,massy yI I mz′= +  

or 2
,mass 2

1 16
4 9yI m a

π′
⎛ ⎞= −⎜ ⎟
⎝ ⎠
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PROBLEM 9.135 

A 2-mm thick piece of sheet steel is cut and bent into the 
machine component shown. Knowing that the density of steel 
is 37850 kg/m , determine the mass moment of inertia of the 
component with respect to each of the coordinate axes. 

 

SOLUTION 

First compute the mass of each component. We have 

 ST STm V tAρ ρ= =  
Then 

 3 2
1 (7850 kg/m )(0.002 m)(0.3 m)

1.413 kg
=
=

m  

 3 2
2 3 (7850 kg/m )(0.002 m) (0.15 0.12)m

0.2826 kg
m m= = × ×

=
 

Using Figure 9.28 and the parallel-axis theorem, we have 

 

1 2

2

2 2 2 2

2

( ) 2( )
1 (1.413 kg)(0.3 m)

12
12 (0.2826 kg)(0.12 m) (0.2828 kg)(0.15 0.06 )m

12
[(0.0105975) 2(0.0003391 0.0073759)] kg m

x x xI I I= +
⎡ ⎤= ⎢ ⎥⎣ ⎦

⎡ ⎤+ + +⎢ ⎥⎣ ⎦
= + + ⋅

 

 2[(0.0105975) 2(0.0077150)] kg m= + ⋅  

 or 3 226.0 10  kg m−= × ⋅xI   

 1 2

2 2 2

2 2 2 2

2

2

( ) 2( )

1 (1.413 kg)(0.3 0.3 ) m
12

12 (0.2826 kg)(0.15 m) (0.2826 kg)(0.075 0.15 ) m
12

[(0.0211950) 2(0.0005299 0.0079481)] kg m
[(0.0211950) 2(0.0084780)] kg m

y y yI I I= +

⎡ ⎤= +⎢ ⎥⎣ ⎦
⎡ ⎤+ + +⎢ ⎥⎣ ⎦

= + + ⋅
= + ⋅

 

 or 3 238.2 10  kg m−= × ⋅yI   
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PROBLEM 9.135  (Continued) 

 

 1 2

2

2 2 2 2 2 2

2

2

( ) 2( )
1 (1.413 kg)(0.3 m)

12
12 (0.2826 kg)(0.15 0.12 ) m (0.2826 kg)(0.075 0.06 ) m

12

[(0.0105975) 2(0.0008690 0.0026070)] kg m

[(0.0105975) 2(0.0034760)] kg m

z z zI I I= +

⎡ ⎤= ⎢ ⎥⎣ ⎦
⎡ ⎤+ + + +⎢ ⎥⎣ ⎦

= + + ⋅

= + ⋅

 

 or 3 217.55 10 kg mzI −= × ⋅   
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PROBLEM 9.136 

A 2-mm thick piece of sheet steel is cut and bent into the machine 
component shown. Knowing that the density of steel is 7850 kg/m3, 
determine the mass moment of inertia of the component with respect 
to each of the coordinate axes. 

 

SOLUTION 

First compute the mass of each component. We have 

 ST STm V tAρ ρ= =  

Then 

 3 2
1 (7850 kg/m )(0.002 m)(0.35 0.39) m

2.14305 kg
= ×
=

m  

 3 2 2
2 (7850 kg/m )(0.002 m) 0.195 m 0.93775 kg

2
m π⎛ ⎞= × =⎜ ⎟

⎝ ⎠
 

 3 2
3

1(7850 kg/m )(0.002 m) 0.39 0.15 m 0.45923 kg
2

m ⎛ ⎞= × × =⎜ ⎟
⎝ ⎠

 

Using Figure 9.28 for component 1 and the equations derived above for components 2 and 3, we have 

 1 2 3

2
2

2
2 2 2

2

( ) ( ) ( )

1 0.39(2.14305 kg)(0.39 m) (2.14305 kg)  m
12 2

1 16 4 0.195(0.93775 kg)(0.195 m) (0.93775 kg) (0.195) m
2 39

x x x xI I I I

ππ

= + +

⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎧ ⎫⎡ ⎤×⎪ ⎪⎛ ⎞ ⎛ ⎞+ − + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 
2 2

2 2 2 21 0.39 0.15(0.45923 kg)[(0.39) (0.15) ] m (0.45923 kg) m
18 3 3

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞+ + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 2[(0.027163 0.081489) (0.011406 0.042081) (0.004455 0.008909)] kg m= + + + + + ⋅  

 2(0.108652 0.053487 0.013364) kg m= + + ⋅  

 20.175503 kg m= ⋅  

 or 3 2175.5 10  kg m−= × ⋅xI   
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PROBLEM 9.136  (Continued) 

 

 1 2 3

2 2
2 2 2 2

( ) ( ) ( )

1 0.35 0.39(2.14305 kg)[(0.35) (0.39) ] m (2.14305 kg) m
12 2 2

y y y yI I I I= + +

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 2 2

2
2 2 2

2

1 (0.93775 kg)(0.195 m) (0.93775 kg)(0.195 m)
4

1 0.39(0.45923 kg)(0.39 m) (0.45923 kg) (0.35) m
18 3

[(0.049040 0.147120) (0.008914 0.035658)

(0.003880 0.064017)] kg m

⎡ ⎤+ +⎢ ⎥⎣ ⎦
⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞+ + +⎢ ⎥⎨ ⎬⎜ ⎟

⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
= + + +

+ + ⋅

 

 2(0.196160 0.044572 0.067897) kg m= + + ⋅  

 20.308629 kg m= ⋅  

 or 3 2309 10  kg m−= × ⋅yI   

 
1 2 3

2
2

( ) ( ) ( )

1 0.35(2.14305 kg)(0.35 m) (2.14305 kg)  m
12 2

= + +

⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

z z z zI I I I

 

 2

2
2 2 2

2

1 (0.93775 kg)(0.195 m)
4

1 0.15(0.45923 kg)(0.15 m) (0.45923 kg) (0.35) m
18 3

[(0.021877 0.065631) 0.008914) (0.000574 0.057404)] kg m

⎡ ⎤+ ⎢ ⎥⎣ ⎦
⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞+ + +⎢ ⎥⎨ ⎬⎜ ⎟

⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

= + + + + ⋅

 

 

2

2

(0.087508 0.008914 0.057978)kg m

0.154400 kg m

= + + ⋅

= ⋅  

 or 3 2154.4 10 kg m−= × ⋅zI   
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PROBLEM 9.137 

The cover for an electronic device is formed from sheet aluminum 
that is 0.05 in. thick. Determine the mass moment of inertia of the 
cover with respect to each of the coordinate axes. (The specific 
weight of aluminum is 30.100 lb/in. .)  

 

SOLUTION 

First compute the mass of each component. We have 

 γρ= =m V tA
g

 

Then 
3

2 3 2
1 2

0.100 lb/in. 0.05 in. (3  2.4) in. 1.11801 10 lb s /ft
32.2 ft/s

m −= × × × = × ⋅  

 
3

2 3 2
2 2

0.100 lb/in. 0.05 in. (3 6.2) in. 2.88820 10  lb s /ft
32.2 ft/s

m −= × × × = × ⋅  

 
3

2 3 2
3 4 2

0.100 lb/in. 0.05 in. (2.4 6.2) in. 2.31056 10 lb s /ft
32.2 ft/s

m m −= = × × × = × ⋅  

Using Figure 9.28 and the parallel-axis theorem, we have 

 3 4

1 2 3 4

3 2 2

2 2
3 2

( ) ( )
( ) ( ) ( ) ( )

1 (1.11801 10  lb s /ft)(2.4 in.)
12

2.4 1 ft(1.11801 10  lb s /ft)  in.
2 12 in.

x x

x x x x x

I I
I I I I I

−

−

=
= + + +
⎡= × ⋅⎢⎣

⎤⎛ ⎞ ⎛ ⎞+ × ⋅ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎥⎦

 

 

3 2 2

2 2
3 2

1 (2.88820 10  lb s /ft)(6.2 in.)
12

6.2 1 ft(2.88820 10 lb s /ft)  in.
2 12 in.

−

−

⎡+ × ⋅⎢⎣
⎤⎛ ⎞ ⎛ ⎞+ × ⋅ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎥⎦

 

 3 2 2 2 2

22 2
3 2 2

12 (2.31056 10 lb s /ft) (2.4) (6.2) in.
12

2.4 6.2 1 ft(2.31056 10 lb s /ft)  in.
2 2 12 in.

−

−

⎧ ⎡ ⎤+ × ⋅ +⎨ ⎣ ⎦⎩
⎫⎡ ⎤ ⎛ ⎞⎪⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎝ ⎠⎪⎣ ⎦ ⎭
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PROBLEM 9.137  (Continued) 

 

 

6 2

6 2

[(3.7267 11.1801) (64.2491 192.7472)

2(59.1011 177.3034)] 10  lb ft s

[14.9068 256.9963 2(236.4045)] 10  lb ft s

−

−

= + + +

+ + × ⋅ ⋅

= + + × ⋅ ⋅  

  or 6 2745 10  lb ft s−= × ⋅ ⋅xI   

 

1 2 3 4

3 2 2

2 2
3 2

( ) ( ) ( ) ( )

1 (1.11801 10 lb s /ft)(3 in.)
12

3 1 ft(1.11801 10 lb s /ft)  in.
2 12 in.

y y y y yI I I I I

−

−

= + + +

⎡= × ⋅⎢⎣
⎤⎛ ⎞ ⎛ ⎞+ × ⋅ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎥⎦

 

 

3 2 2 2 2

2 2 2
3 2 2

1 (2.88820 10 lb s /ft)[(3) (6.2) ] in.
12

3 6.2 1 ft(2.88820 10 lb s /ft)  in.
2 2 12 in.

−

−

⎧+ × ⋅ +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 

3 2 2

2 2
3 2

1 (2.31056 10 lb s /ft)(6.2 in.)
12

6.2 1 ft(2.31056 10 lb s /ft)  in.
2 12 in.

−

−

⎡+ × ⋅⎢⎣
⎤⎛ ⎞ ⎛ ⎞+ × ⋅ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎥⎦

 

 

3 2 2

2 2
3 2 2 2

1 (2.31056 10 lb s /ft)(6.2 in.)
12

6.2 1 ft(2.31056 10 lb s /ft) (3)  in.
2 12 in.

−

−

⎧+ × ⋅⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 6 2

[(5.8230 17.4689) (79.2918 237.8754) (51.3993 154.1978)

(51.3993 298.6078)] 10 lb ft s−

= + + + + +

+ + × ⋅ ⋅
 

 6 2(23.2919 317.1672 205.5971 350.0071) 10 lb ft s−= + + + × ⋅ ⋅  

 or 6 2896 10 lb ft s−= × ⋅ ⋅yI   
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PROBLEM 9.137  (Continued) 

 

 

1 2 3 4

3 2 2 2 2

2 2 2
3 2 2

( ) ( ) ( ) ( )
1 (1.11801 10 lb s /ft)[(3) (2.4) ] in.

12

3 2.4 1 ft(1.11801 10 lb s /ft)  in.
2 2 12 in.

−

−

= + + +

⎧= × ⋅ +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

z z z z zI I I I I

 

 3 2 2

2 2
3 2

1 (2.88820 10 lb s /ft)(3 in.)
12

3 1 ft(2.88820 10 lb s /ft)  in.
2 12 in.

−

−

⎡+ × ⋅⎢⎣
⎤⎛ ⎞ ⎛ ⎞+ × ⋅ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎥⎦

 

 3 2 2

2 2
3 2

1 (2.31056 10 lb s /ft)(2.4 in.)
12

2.4 1 ft(2.31056 10 lb s / ft) in.
2 12 in.

−

−

⎡+ × ⋅⎢⎣
⎤⎛ ⎞ ⎛ ⎞+ × ⋅ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎥⎦

 

 3 2 2

2 2
3 2 2 2

1 (2.31056 10 lb s /ft)(2.4 in.)
12

2.4 1 ft(2.31056 10 lb s /ft) (3)  in.
2 12 in.

−

−

⎧+ × ⋅⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 6 2

[(9.5497 28.6490) (15.0427 45.1281)

(7.7019 23.1056) (7.7019 167.5156)] 10 lb ft s−

= + + +

+ + + + × ⋅ ⋅
 

 6 2(38.1987 60.1708 30.8075 175.2175) 10 lb ft s−= + + + × ⋅ ⋅  

 or 6 2304 10 lb ft s−= × ⋅ ⋅zI   
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PROBLEM 9.138 

A framing anchor is formed of 0.05-in.-thick galvanized steel. Determine the 
mass moment of inertia of the anchor with respect to each of the coordinate 
axes. (The specific weight of galvanized steel is 3470 lb/ft .)  

 

SOLUTION 

First compute the mass of each component. We have 

 G.S.γρ= =m V tA
g

 

Then 

 
33

2
1 2

6 2

470 lb/ft 1 ft0.05 in. (2.25 3.5) in.
12 in.32.2 ft/s

3325.97 10 lb s /ft

m

−

⎛ ⎞= × × × × ⎜ ⎟
⎝ ⎠

= × ⋅

 

 

33
2

2 2

6 2

470 lb/ft 1 ft0.05 in.  (2.25 1) in.
12 in.32.2 ft/s

950.28 10 lb s /ft−

⎛ ⎞= × × × × ⎜ ⎟
⎝ ⎠

= × ⋅

m
 

 

33
2

3 2

6 2

470 lb/ft 1 1 ft0.05 in.  2 4.75  in.
2 12 in.32.2 ft/s

2006.14 10 lb s /ft−

⎛ ⎞ ⎛ ⎞= × × × × ×⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= × ⋅

m
 

Using Figure 9.28 for components 1 and 2 and the equations derived above for component 3, we have 

 

1 2 3

6 2 2

2
6 2 2

( ) ( ) ( )
1 (3325.97 10 lb s /ft)(3.5 in.)

12

3.5 1 ft(3325.97 10 lb s /ft)  in.
2 12 in.

x x x xI I I I

−

−

= + +
⎡= × ⋅⎢⎣

⎤⎛ ⎞ ⎛ ⎞+ × ⋅ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎦

 

 

6 2 2

2 2
6 2 2 2

1 (950.28 10  lb s /ft)(1 in.)
12

1 1 ft(950.28 10  lb s /ft) (3.5)  in.
2 12 in.

−

−

⎧+ × ⋅⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭
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PROBLEM 9.138  (Continued) 

 

 

6 2 2 2 2

2 2 2
6 2 2

1 (2006.14 10 lb s /ft)[(4.75) (2) ] in.
18

2 1 1 ft(2006.14 10 lb s /ft) 4.75 2  in.
3 3 12 in.

−

−

⎧+ × ⋅ +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ × ⋅ × + ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 6 2

[(23.578 70.735) (0.550 82.490)

(20.559 145.894)] 10 lb ft s−

= + + +

+ + × ⋅ ⋅
 

 6 2(94.313 83.040 166.453) 10  lb ft s−= + + × ⋅ ⋅  

 or 6 2344 10 lb ft s−= × ⋅ ⋅xI   

 

1 2 3

6 2 2

2 2
6 2

( ) ( ) ( )

1 (3325.97 10 lb s /ft)(2.25 in.)
12

2.25 1 ft(3325.97 10 lb s /ft)  in.
2 12 in.

y y y yI I I I

−

−

= + +

⎡= × ⋅⎢⎣
⎤⎛ ⎞ ⎛ ⎞+ × ⋅ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎥⎦

 

 

6 2 2 2 2

2 2 2
6 2 2

1 (950.28 10 lb s /ft)[(2.25) (1) ] in.
12

2.25 1 1 ft(950.28 10 lb s /ft)  in.
2 2 12 in.

−

−

⎧+ × ⋅ +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 

6 2 2

2 2
6 2 2 2

1 (2006.14 10 lb s /ft)(2 in.)
18

1 1 ft(2006.14 10 lb s /ft) (2.25) 2  in.
3 12 in.

−

−

⎧+ × ⋅⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ + ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 
6 2

[(9.744 29.232) (3.334 10.002)

(3.096 76.720)] 10 lb ft s−

= + + +

+ + × ⋅ ⋅

 

 6 2(38.976 13.336 79.816) 10 lb ft s−= + + × ⋅ ⋅  

 or 6 2132.1 10 lb ft s−= × ⋅ ⋅yI   
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PROBLEM 9.138  (Continued) 

 

 

1 2 3

6 2 2 2 2

2 2 2
6 2 2

( ) ( ) ( )
1 (3325.97 10 lb s /ft)[(2.25) (3.5) ] in.

12

2.25 3.5 1 ft(3325.97 10 lb s /ft)  in.
2 2 12 in.

−

−

= + +

⎧= × ⋅ +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

z z z zI I I I

 

 

6 2 2

2 2
6 2 2 2

1 (950.28 10 lb s /ft)(2.25 in.)
12

2.25 1 ft(950.28 10 lb s /ft) (3.5)  in.
2 12 in.

−

−

⎧+ × ⋅⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 

6 2 2

2 2
6 2 2 2

1 (2006.14 10 lb s /ft)(4.75 in.)
18

2 1 ft(2006.14 10 lb s /ft) (2.25) 4.75  in.
3 12 in.

−

−

⎧+ × ⋅⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ + ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 6 2

[(33.322 99.967) (2.784 89.192)

(17.463 210.231)] 10  lb ft s−

= + + +

+ + × ⋅ ⋅
 

 6 2(133.289 91.976 227.694) 10  lb ft s−= + + × ⋅ ⋅  

 or 6 2453 10 lb ft s−= × ⋅ ⋅zI   
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PROBLEM 9.139 

A subassembly for a model airplane is fabricated from three pieces of 1.5-mm 
plywood. Neglecting the mass of the adhesive used to assemble the three 
pieces, determine the mass moment of inertia of the subassembly with respect 
to each of the coordinate axes. (The density of the plywood is 3780 kg/m .)  

 

SOLUTION 

First compute the mass of each component. We have 

 m V tAρ ρ= =  

Then 

 3 2
1 2

3

1(780 kg/m )(0.0015 m) 0.3 0.12 m
2

21.0600 10 kg

m m

−

⎛ ⎞= = × ×⎜ ⎟
⎝ ⎠

= ×

 

 3 2 2 3
3 (780 kg/m )(0.0015 m) 0.12 m 13.2324 10 kg

4
π −⎛ ⎞= × = ×⎜ ⎟

⎝ ⎠
m  

Using the equations derived above and the parallel-axis theorem, we have 

 1 2

1 2 3

2
3 2 3

3 2

6 2

( ) ( )
( ) ( ) ( )

1 0.122 (21.0600 10 kg)(0.12 m) (21.0600 10 kg) m
18 3

1 (13.2324 10 kg)(0.12 m)
2

[2(16.8480 33.6960) (95.2733)] 10 kg m

[2(50.5440) (95.2733)] 10

x x

x x x x

I I
I I I I

− −

−

−

=
= + +

⎡ ⎤⎛ ⎞= × + ×⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤+ ×⎢ ⎥⎣ ⎦

= + + × ⋅

= + × 6 2kg m− ⋅

 

 or 6 2196.4 10 kg m−= × ⋅xI   
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PROBLEM 9.139  (Continued) 

 

 1 2 3

2
3 2

( ) ( ) ( )

1 0.3(21.0600 10 kg)(0.3 m) (21.0600 kg) m
18 3

−

= + +

⎡ ⎤⎛ ⎞= × +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

y y y yI I I I  

 3 2 2 2

2 2
3 2

1 (21.0600 10 kg)[(0.3) (0.12) ] m
18

0.3 0.12(21.0600 10 kg) m
3 3

−

−

⎧+ × +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × +⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 3 21 (13.2324 10  kg)(0.12 m)
4

−⎡ ⎤+ ×⎢ ⎥⎣ ⎦
 

 
6 2

[(105.300 210.600) (122.148 244.296)

(47.637)] 10 kg m−

= + + +

+ × ⋅

 

 6 2(315.900 366.444 47.637) 10 kg m−= + + × ⋅  

 or 6 2730 10 kg m−= × ⋅yI   

Symmetry implies =y zI I  

 6 2730 10 kg m−= × ⋅zI   
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PROBLEM 9.140* 

A farmer constructs a trough by welding a rectangular piece of 
2-mm-thick sheet steel to half of a steel drum. Knowing that 
the density of steel is 37850 kg/m and that the thickness of the 
walls of the drum is 1.8 mm, determine the mass moment of 
inertia of the trough with respect to each of the coordinate 
axes. Neglect the mass of the welds. 

 

SOLUTION 

First compute the mass of each component. We have 

 ST STm V tAρ ρ= =  

Then 
 3 2

1 (7850 kg/m )(0.002 m)(0.84 0.21) m
2.76948 kg

m = ×
=

 

 3 2
2 (7850 kg/m )(0.0018 m)( 0.285 0.84) m

10.62713 kg
m π= × ×

=
 

 3 2 2
3 4 (7850 kg/m )(0.0018 m) 0.285 m

2
1.80282 kg

m m π⎛ ⎞= = ×⎜ ⎟
⎝ ⎠

=

 

Using Figure 9.28 for component 1 and the equations derived above for components 2 through 4, we have 

 
3 4

1 2 3 4
2

2 2

( ) ( )
( ) ( ) ( ) ( )

1 0.21(2.76948 kg)(0.21 m) (2.76948 kg) 0.285 m
12 2

x x

x x x x x

I I
I I I I I

=
= + + +
⎡ ⎤⎛ ⎞= + −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦

 

 2 2

2

2

1[(10.62713 kg)(0.285 m) ] 2 (1.80282 kg)(0.285 m)
2

[(0.01018 0.08973) (0.86319) 2(0.07322)] kg m

[(0.09991 0.86319 2(0.07322)] kg m

⎡ ⎤+ + ⎢ ⎥⎣ ⎦

= + + + ⋅

= + + ⋅

 

 or 21.110 kg m= ⋅xI   
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PROBLEM 9.140*  (Continued) 

 

 

1 2 3 4

2 2 2

2 2
2

( ) ( ) ( ) ( )

1 (2.76948 kg)[(0.84) (0.21) ] m
12

0.84 0.21(2.76948 kg) 0.285 m  
2 2

y y y y yI I I I I= + + +

⎧= +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ + −⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 
2

2 2 21 0.84(10.62713 kg)[(0.84) 6(0.285) ] m (10.62713 kg)  m
12 2

⎧ ⎫⎪ ⎪⎛ ⎞+ + +⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

 

 21 (1.80282 kg)(0.285 m)
4
⎡ ⎤+ ⎢ ⎥⎣ ⎦

 

 2 21 (1.80282 kg)(0.285 m) (1.80282 kg)(0.84 m)
4
⎡ ⎤+ +⎢ ⎥⎣ ⎦

 

 2

[(0.17302 0.57827) (1.05647 1.87463)

(0.03661) (0.03661 1.27207)] kg m

= + + +

+ + + ⋅
 

 2(0.75129 2.93110 0.03661 1.30868) kg m= + + + ⋅  

 or 25.03 kg m= ⋅yI   

 1 2 3 4

2
2

2
2 2 2

( ) ( ) ( ) ( )

1 0.84(2.76948 kg)(0.84 m) (2.76948 kg)  m
12 2

1 0.84(10.62713 kg)[(0.84) 6(0.285) ] m (10.62713 kg)  m
12 2

z z z z zI I I I I= + + +

⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎧ ⎫⎪ ⎪⎛ ⎞+ + +⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

 

 2

2 2

1 (1.80282 kg)(0.285 m)
4
1 (1.80282 kg)(0.285 m) (1.80282 kg)(0.84 m)
4

⎡ ⎤+ ⎢ ⎥⎣ ⎦
⎡ ⎤+ +⎢ ⎥⎣ ⎦

 

 
2

[(0.16285 0.48854) (1.05647 1.87463)

(0.03661) (0.03661 1.27207)] kg m

= + + +

+ + + ⋅

 

 2(0.65139 2.93110 0.03661 1.30868) kg m= + + + ⋅  

 or 24.93 kg m= ⋅zI   
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PROBLEM 9.141 

The machine element shown is fabricated from steel. 
Determine the mass moment of inertia of the assembly 
with respect to (a) the x axis, (b) the y axis, (c) the z axis. 
(The density of steel is 37850 kg/m .)  

 

SOLUTION 

First compute the mass of each component. We have 

 STm Vρ=  

Then 

 3 2
1 (7850 kg/m )( (0.08 m) (0.04 m)]

6.31334 kg
π=

=
m  

 3 2
2 (7850 kg/m )[ (0.02 m) (0.06 m)] 0.59188 kgm π= =  

 3 2
3 (7850 kg/m )[ (0.02 m) (0.04 m)] 0.39458 kgπ= =m  

Using Figure 9.28 and the parallel-axis theorem, we have 

(a) 1 2 3

2 2 2 2

( ) ( ) ( )
1 (6.31334 kg)[3(0.08) (0.04) ] m (6.31334 kg)(0.02 m)

12

= + −

⎧ ⎫= + +⎨ ⎬
⎩ ⎭

x x x xI I I I  

 2 2 2 21 (0.59188 kg)[3(0.02) (0.06) ] m (0.59188 kg)(0.03 m)
12
⎧ ⎫+ + +⎨ ⎬
⎩ ⎭

 

 2 2 2 21 (0.39458 kg)[3(0.02) (0.04) ] m (0.39458 kg)(0.02 m)
12
⎧ ⎫− + +⎨ ⎬
⎩ ⎭

 

 
3 2

[(10.94312 2.52534) (0.23675 0.53269)

(0.09207 0.15783)] 10  kg m−

= + + +

− + × ⋅

 

 3 2(13.46846 0.76944 0.24990) 10  kg m−= + − × ⋅  

 3 213.98800 10  kg m−= × ⋅  

 or 3 213.99 10  kg mxI −= × ⋅   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1590 

PROBLEM 9.141  (Continued) 

 

(b) 1 2 3

2

2 2

2 2

( ) ( ) ( )

1 (6.31334 kg)(0.08 m)
2

1 (0.59188 kg)(0.02 m) (0.59188 kg)(0.04 m)
2
1 (0.39458 kg)(0.02 m ) (0.39458 kg)(0.04 m)
2

y y y yI I I I= + −

⎡ ⎤= ⎢ ⎥⎣ ⎦
⎡ ⎤+ +⎢ ⎥⎣ ⎦
⎡ ⎤− +⎢ ⎥⎣ ⎦

 

 3 2

[(20.20269) (0.11838 0.94701)

(0.07892 0.63133)] 10 kg m−

= + +

− + × ⋅
 

 3 2(20.20269 1.06539 0.71025) 10 kg m−= + − × ⋅  

 3 220.55783 10 kg m−= × ⋅  

 or 3 220.6 10 kg myI −= × ⋅   

(c) 1 2 3

2 2 2 2

( ) ( ) ( )
1 (6.31334 kg)[3(0.08) (0.04) ] m (6.31334 kg)(0.02 m)

12

= + −

⎧ ⎫= + +⎨ ⎬
⎩ ⎭

z z z zI I I I  

 2 2 2 2 2 21 (0.59188 kg)[3(0.02) (0.06) ] m (0.59188 kg)[(0.04) (0.03) ] m
12
⎧ ⎫+ + + +⎨ ⎬
⎩ ⎭

 

 2 2 2 2 2 21 (0.39458 kg)[3(0.02) (0.04) ] m (0.03958 kg)[(0.04) (0.02) ] m
12
⎧ ⎫− + + +⎨ ⎬
⎩ ⎭

 

 
3 2

[(10.94312 2.52534) (0.23675 1.47970)

(0.09207 0.78916)] 10  kg m−

= + + +

− + × ⋅

 

 3 2(13.46846 1.71645 0.88123) 10  kg m−= + − × ⋅  

 3 214.30368 10  kg m−= × ⋅  

 or 3 214.30 10 kg mzI −= × ⋅   

To the Instructor: 

The following formulas for the mass of inertia of a semicylinder are derived at this time for use in the 
solutions of Problems 9.142 through 9.145. 

From Figure 9.28: 

Cylinder 2
cyl cyl

1( )
2

=xI m a  

 2 2
cyl cyl cyl

1( ) ( ) (3 )
12

= = +y zI I m a L  
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PROBLEM 9.141  (Continued) 

 

Symmetry and the definition of the mass moment of inertia 2( )= ∫I r dm  imply 

 semicylinder cylinder
1( ) ( )
2

=I I  

 2
sc cyl

1 1( )
2 2
⎛ ⎞= ⎜ ⎟
⎝ ⎠

xI m a  

and 2 2
sc sc cyl

1 1( ) ( ) (3 )
2 12
⎡ ⎤= = +⎢ ⎥⎣ ⎦

y zI I m a L  

However, sc cyl
1
2

=m m  

Thus, 2
sc sc

1( )
2

=xI m a  

and 2 2
sc sc sc

1( ) ( ) (3 )
12

= = +y zI I m a L  

Also, using the parallel axis theorem find 

 2
sc 2

1 16
2 9π′

⎛ ⎞= −⎜ ⎟
⎝ ⎠

xI m a  

 2 2
sc 2

1 16 1
4 129π′

⎡ ⎤⎛ ⎞= − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

zI m a L  

where ′x and ′z are centroidal axes. 
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PROBLEM 9.142 

Determine the mass moment of inertia of the steel 
machine element shown with respect to the y axis. 
(The specific weight of steel is 3490 lb/ft .)  

 

SOLUTION 

First compute the mass of each component. We have 

 ST
STm V V

g
γρ= =  

Then 
33

3
1 2

3 2

490 lb/ft 1 ft(2.7 3.7 9) in.
12 in.32.2 ft/s

791.780 10  lb s /ft

m

−

⎛ ⎞= × × × × ⎜ ⎟
⎝ ⎠

= × ⋅

 

 

33
2 3

2 2

3 2

490 lb/ft 1 ft1.35 1.4  in.
2 12 in.32.2 ft/s

35.295 10  lb s /ft

m π

−

⎛ ⎞ ⎛ ⎞= × × × ×⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= × ⋅

 

 

33
2 3

3 2

3 2

490 lb/ft 1 ft( 0.6 1.2) in.
12 in.32.2 ft/s

11.952 10  lb s /ft

m π

−

⎛ ⎞= × × × × ⎜ ⎟
⎝ ⎠

= × ⋅

 

 
33

3 3 2
4 2

490 lb/ft 1 ft(0.9 0.6 9) in. 42.799 10  lb s /ft
12 in.32.2 ft/s

−⎛ ⎞= × × × × = × ⋅⎜ ⎟
⎝ ⎠

m  

The mass moments of inertia are now computed using Figure 9.28 (components 1, 3, and 4) and the equations 
derived above (component 2). 
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PROBLEM 9.142  (Continued) 

 

Find: yI  

We have 1 2 3 4

3 2 2 2 2

2 2 2
3 2 2

( ) ( ) ( ) ( )

1 (791.780 10 lb s /ft)[(2.7) (9) ] in.
12

2.7 9 1 ft(791.780 10 lb s /ft)  in.
2 2 12 in.

y y y y yI I I I I

−

−

= + + −

⎧= × ⋅ +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ × ⋅ + ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 

3 2 2 2 2

2 2
3 2 2 2

1 (35.295 10 lb s /ft)[3(1.35) (1.4) ] in.
12

1.4 1 ft(35.295 10 lb s /ft) (1.35) 9  in.
2 12 in.

−

−

⎧+ × ⋅ +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ + − ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 

3 2 2 2 2

2 2
3 2 2 2

1 (11.952 10 lb s /ft)[3(0.6) (1.2) ] in.
12

1.2 1 ft(11.952 10 lb s /ft)[(1.35) 9  in.
2 12 in.

−

−

⎧+ × ⋅ +⎨
⎩

⎫⎪⎛ ⎞ ⎛ ⎞+ × ⋅ + + ×⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎪⎭

 

 3 2 2 2 2

2 2
3 2 2 2

1 (42.799 10 lb s /ft)[(0.9) (9) ] in.
12

9 1 ft(42.799 10 lb s /ft) (1.35)  in.
2 12 in.

−

−

⎧− × ⋅ +⎨
⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ + ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 
3 2

[(40.4550 121.3650) (0.1517 17.3319)

(0.0174 7.8005) (2.0263 6.5603)] 10 lb ft s−

= + + +

+ + − + × ⋅ ⋅

 

 3 2(161.8200 17.4836 7.8179 8.5866) 10 lb ft s−= + + − × ⋅ ⋅  

 or 20.1785 lb ft s= ⋅ ⋅yI   
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PROBLEM 9.143 

Determine the mass moment of inertia of the steel 
machine element shown with respect to the z axis. 
(The specific weight of steel is 3490 lb/ft .)  

 

SOLUTION 

First compute the mass of each component. We have 

 ST
STm V V

g
γρ= =  

Then 

 
33

3
1 2

3 2

490 lb/ft 1 ft(2.7 3.7 9) in.
12 in.32.2 ft/s

791.780 10  lb s /ft

m

−

⎛ ⎞= × × × × ⎜ ⎟
⎝ ⎠

= × ⋅

 

 

33
2 3

2 2

3 2

490 lb/ft 1 ft1.35 1.4  in.
2 12 in.32.2 ft/s

35.295 10  lb s /ft

m π

−

⎛ ⎞ ⎛ ⎞= × × × ×⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= × ⋅

 

 

33
2 3

3 2

3 2

490 lb/ft 1 ft( 0.6 1.2) in.
12 in.32.2 ft/s

11.952 10  lb s /ft

m π

−

⎛ ⎞= × × × × ⎜ ⎟
⎝ ⎠

= × ⋅

 

 
33

3 3 2
4 2

490 lb/ft 1 ft(0.9 0.6 9) in. 42.799 10  lb s /ft
12 in.32.2 ft/s

−⎛ ⎞= × × × × = × ⋅⎜ ⎟
⎝ ⎠

m  

The mass moments of inertia are now computed using Figure 9.28 (components 1, 3, and 4) and the equations 
derived above (component 2). 
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PROBLEM 9.143  (Continued) 

 

Find: zI  

We have 1 2 3 4

3 2 2 2 2

2 2 2
2 2

( ) ( ) ( ) ( )

1 (791.780 10 lb s /ft)[(2.7) (3.7) ] in.
12

2.7 3.7 1 ft(791.780 lb s /ft)  in.
2 2 12 in.

z z z z zI I I I I

−

= + + −

⎧⎪= × ⋅ +⎨
⎪⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ ⋅ + ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 

3 2 2
2

2 2
3 2 2 2

1 16(35.295 10 lb s /ft) (1.35 in.)
2 9

4 1.35 1 ft(35.295 10 lb s /ft) (1.35) 3.7  in.
3 12 in.

π

π

−

−

⎧⎪ ⎛ ⎞+ × ⋅ −⎨ ⎜ ⎟
⎝ ⎠⎪⎩

⎫⎡ ⎤× ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ + + ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 

3 2 2

2
3 2 2 2 2

1 (11.952 10 lb s /ft)(0.6 in.)
12

1 ft(11.952 10 lb s /ft)[(1.35) (3.7) ] in.
12 in.

−

−

⎧+ × ⋅⎨
⎩

⎫⎪ ⎛ ⎞+ × ⋅ + ×⎬ ⎜ ⎟
⎝ ⎠⎪⎭

 

  

3 2 2 2 2

2 2
3 2 2 2

1 (42.799 10 lb s /ft)[(0.9) (0.6) ] in.
12

0.6 1 ft(42.799 10 lb s /ft) (1.35)   in.
2 12 in.

−

−

⎧⎪− × ⋅ +⎨
⎪⎩

⎫⎡ ⎤ ⎪⎛ ⎞ ⎛ ⎞+ × ⋅ + ×⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 3 2

[(9.6132 28.8395) (0.1429 4.9219)

(0.0149 1.2875) (0.0290 0.5684)] 10 lb ft s
zI

−

= + + +

+ + − + × ⋅ ⋅
 

 3 2(38.4527 5.0648 1.3024 0.5974) 10 lb ft s−= + + − × ⋅ ⋅  

 or 20.0442 lb ft s= ⋅ ⋅zI   
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PROBLEM 9.144 

Determine the mass moment of inertia and the radius of 
gyration of the steel machine element shown with respect to 
the x axis. (The density of steel is 37850 kg/m .)  

 

SOLUTION 

First compute the mass of each component. We have 

 STm Vρ=  

Then 3 3
1 (7850 kg/m )(0.09 0.03 0.15)m

3.17925 kg
m = × ×

=
 

 
3 2 3

2 (7850 kg/m ) (0.045) 0.04 m
2

0.998791 kg

m π⎡ ⎤= ×⎢ ⎥⎣ ⎦
=

 

 3 2 3
3 (7850 kg/m )[ (0.038) 0.03] m 1.06834 kgπ= × =m  

Using Figure 9.28 for components 1 and 3 and the equation derived above (before the solution to 
Problem 9.142) for a semicylinder, we have 

 
1 2 3

2 2 2 2

( ) ( ) ( )
1 (3.17925 kg)(0.03 0.15 ) m (3.17925 kg)(0.075 m)

12

= + −

⎡ ⎤= + +⎢ ⎥⎣ ⎦

x x x xI I I I
 

 2 2
2

2
2 2

1 16 1(0.998791 kg) (0.045 m) (0.04 m)
4 129

4 0.045(0.998791 kg) (0.13) 0.015  m
3

π

π

⎧ ⎡ ⎤⎪ ⎛ ⎞+ − +⎨ ⎢ ⎥⎜ ⎟
⎝ ⎠⎪ ⎣ ⎦⎩

⎫⎡ ⎤× ⎪⎛ ⎞+ + +⎢ ⎥ ⎬⎜ ⎟
⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 2 2 21 (1.06834 kg)[3(0.038 m) (0.03 m) ] (1.06834 kg)(0.06 m)
12
⎧ ⎫− + +⎨ ⎬
⎩ ⎭
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PROBLEM 9.144  (Continued) 

 

 2

[(0.0061995 0.0178833) (0.0002745 0.0180409)

(0.0004658 0.0038460)] kg m

= + + +

− + ⋅
 

 2(0.0240828 0.0183154 0.0043118) kg m= + − ⋅  

 20.0380864 kg m= ⋅  

 or 3 238.1 10  kg m−= × ⋅xI   

Now 1 2 3 (3.17925 0.998791 1.06834) kg
3.10970 kg

m m m m= + − = + −
=

 

and 
2

2 0.0380864 kg m
3.10970 kg

x
x

I
k

m
⋅= =  

 or 110.7 mmk x =   
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PROBLEM 9.145 

Determine the mass moment of inertia of the steel fixture shown 
with respect to (a) the x axis, (b) the y axis, (c) the z axis. (The 
density of steel is 7850 kg/m3.) 

 

SOLUTION 

First compute the mass of each component. We have 

  STm Vρ=  

Then  3 3
1 7850 kg/m (0.08 0.05 0.160) m

5.02400 kg
m = × × ×

=
 

  

3 3
2

3 2 3
3

7850 kg/m (0.08 0.038 0.07) m 1.67048 kg

7850 kg/m 0.024 0.04 m 0.28410 kg
2

m

m π
= × × × =

⎛ ⎞= × × × =⎜ ⎟
⎝ ⎠

 

Using Figure 9.28 for components 1 and 2 and the equations derived above for component 3, we have 

(a) 1 2 3

2 2
2 2 2 2

( ) ( ) ( )

1 0.05 0.16(5.02400 kg)[(0.05) (0.16) ] m (5.02400 kg) m
12 2 2

x x x xI I I I= − −

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 
2 2

2 2 2 21 0.038 0.07(1.67048 kg)[(0.038) (0.07) ] m (1.67048 kg) 0.05 0.05 m
12 2 2

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞− + + − + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 2 2 2
2

1 16 1(0.28410 kg) (0.024) (0.04) m
4 129π

⎧ ⎡ ⎤⎪ ⎛ ⎞− − +⎨ ⎢ ⎥⎜ ⎟
⎝ ⎠⎪ ⎣ ⎦⎩

 

 
2 2

24 0.024 0.04(0.28410 kg) 0.05 0.16 m
3 2π

⎫⎡ ⎤× ⎪⎛ ⎞ ⎛ ⎞+ − + −⎢ ⎥ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

 

 

3 2

3 2

[(11.7645 35.2936) (0.8831 13.6745) (0.0493 6.0187)] 10 kg m

(47.0581 14.5576 6.0680) 10 kg m

−

−

= + − + − + × ⋅

= − − × ⋅  

 3 226.4325 10 kg m−= × ⋅  3 2or 26.4 10 kg mxI −= × ⋅   
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PROBLEM 9.145  (Continued) 

 

(b) 1 2 3

2 2
2 2 2 2

( ) ( ) ( )

1 0.08 0.16(5.02400 kg)[(0.08) (0.16) ] m (5.02400 kg) m
12 2 2

y y y yI I I I= − −

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 
2 2

2 2 2 21 0.08 0.07(1.67048 kg)[(0.08) (0.07) ] m (1.67048 kg) 0.05 m
12 2 2

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞− + + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 
2 2

2 2 2 21 0.08 0.04(0.28410 kg)[3(0.024) (0.04) ] m (0.28410 kg) 0.16 m
12 2 2

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞− + + + −⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 
3 2

3 2

[(13.3973 40.1920) (1.5730 14.7420) (0.0788 6.0229)] 10 kg m

(53.5893 16.3150 6.1017) 10 kg m

−

−

= + − + − + × ⋅

= − − × ⋅
 

 3 231.1726 10 kg m−= × ⋅   3 2or 31.2 10 kg myI −= × ⋅   

(c) 1 2 3

2 2
2 2 2 2

( ) ( ) ( )

1 0.08 0.05(5.02400 kg)[(0.08) (0.05) ] m (5.02400 kg) m
12 2 2

z z z zI I I I= − −
⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 
2 2

2 2 2 21 0.08 0.038(1.67048 kg)[(0.08) (0.038) ] m (1.67048 kg) 0.05 m
12 2 2

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞− + + + −⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 
2 2

2 2
2

1 16 0.08 4 0.024(0.28410 kg) (0.024 m) (0.28410 kg) 0.05 m
2 2 39 ππ

⎧ ⎫⎡ ⎤×⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − + + −⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 
3 2

3 2

[(3.7261 11.1784) (1.0919 4.2781) (0.0523 0.9049)] 10 kg m

(14.9045 5.3700 0.9572) 10 kg m

−

−

= + − + − + × ⋅

= − − × ⋅
 

 3 28.5773 10 kg m−= × ⋅  3 2or 8.58 10 kg mzI −= × ⋅   

To the instructor: 

The following formulas for the mass moment of inertia of wires are derived or summarized at this time for use 
in the solutions of Problems 9.146 through 9.148. 

Slender Rod 

  210 (Figure 9.28)
12x y zI I I mL′ ′= = =  

  21 (Sample Problem 9.9)
3y zI I mL= =  
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PROBLEM 9.145  (Continued) 

 

Circle 

We have 2 2
yI r dm ma= =∫  

Now  y x zI I I= +  

And symmetry implies x zI I=  

  21
2x zI I ma= =  

Semicircle 

Following the above arguments for a circle, We have 

  2 21
2x z yI I ma I ma= = =  

Using the parallel-axis theorem 

  2 2
z z

aI I mx x
π′= + =  

or 2
2

1 4
2zI m a

π′
⎛ ⎞= −⎜ ⎟
⎝ ⎠
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PROBLEM 9.146 

Aluminum wire with a weight per unit length of 0.033 lb/ft is used 
to form the circle and the straight members of the figure shown. 
Determine the mass moment of inertia of the assembly with respect 
to each of the coordinate axes. 

 

SOLUTION 

First compute the mass of each component. We have 

  
AL

1W Wm L
g g L

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 

Then  1 2

3 2

2 3 4 5 2

2

1 1 ft0.033 lb/ft (2 16 in.)
12 in.32.2 ft/s

8.5857 10 lb s /ft
1 1 ft0.033 lb/ft 8 in.

12 in.32.2 ft/s
0.6832 lb s /ft

m

m m m m

π

−

= × × × ×

= × ⋅

= = = = × × ×

= ⋅

 

Using the equations given above and the parallel-axis theorem, we have 

 
1 2 3 4 5

2
3 2 2

( ) ( ) ( ) ( ) ( )

1 1 ft(8.5857 10 lb s /ft)(16 in.)
2 12 in.

x x x x x xI I I I I I

−

= + + + +

⎡ ⎤ ⎛ ⎞= × ⋅ × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

 

  

2
2 2

2
2 2

2
2 2 2 2 2 2

2

1 1 ft(0.6832 lb s /ft)(8 in.)
3 12 in.

1 ft[0 (0.6832 lb s /ft)(8 in.) ]
12 in.

1 1 ft(0.6832 lb s /ft)(8 in.) (0.6832 lb s /ft)(4 16 ) in.
12 12 in.

1 (0.6832 lb s
12

⎡ ⎤ ⎛ ⎞+ ⋅ × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

⎛ ⎞+ + ⋅ × ⎜ ⎟
⎝ ⎠

⎡ ⎤ ⎛ ⎞+ ⋅ + ⋅ + × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

+ ⋅
2

2 2 2 2 2 1 ft/ft)(8 in.) (0.6832 lb s /ft)(8 12 ) in.
12 in.

⎡ ⎤ ⎛ ⎞+ ⋅ + × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

 

 3 2[(7.6315) (0.1012) (0.3036) (0.0253 1.2905) (0.0253 0.9868)] 10 lb ft s−= + + + + + + × ⋅ ⋅  

 3 2(7.6315 0.1012 0.3036) 1.3158 1.0121) 10 lb ft s−= + + + + × ⋅ ⋅  

 3 210.3642 10 lb ft s−= × ⋅ ⋅  3 2or 10.36 10 lb ft sxI −= × ⋅ ⋅   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1602 

PROBLEM 9.146  (Continued) 

 

 
2 4 3 5

1 2 3 4 5

2
3 2 2

( ) ( ) , ( ) ( )

( ) ( ) ( ) ( ) ( )

1 ft(8.5857 10 lb s /ft)(16 in.)
12 in.

y y y y

y y y y y y

I I I I

I I I I I I

−

= =

= + + + +

⎛ ⎞⎡ ⎤= × ⋅ × ⎜ ⎟⎣ ⎦ ⎝ ⎠

 

 

2
3 2 2

2
3 2 2 2 2

1 ft2[0 (0.6832 10 lb s /ft)(16 in.) ]
12 in.

1 1 ft2 (0.6832 10 lb s /ft)(8 in.) (0.6832 lb s /ft)(12 in.)
12 12 in.

−

−

⎛ ⎞+ + × ⋅ × ⎜ ⎟
⎝ ⎠

⎡ ⎤ ⎛ ⎞+ × ⋅ + ⋅ × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

 

 
3 2

3 2

[(15.2635) 2(1.2146) 2(0.0253 0.6832)] 10 lb ft s

[15.2635 2(1.2146) 2(0.7085)] 10 lb ft s

−

−

= + + + × ⋅ ⋅

= + + × ⋅ ⋅
 

 3 219.1097 10 lb ft s−= × ⋅ ⋅  3 2or 19.11 10 lb ft syI −= × ⋅ ⋅   

Symmetry implies x zI I=  3 210.36 10 lb ft szI −= × ⋅ ⋅   
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PROBLEM 9.147 

The figure shown is formed of 1
8 -in.-diameter steel wire. Knowing that the 

specific weight of the steel is 490 lb/ft3, determine the mass moment of inertia 
of the wire with respect to each of the coordinate axes. 

 

SOLUTION 

First compute the mass of each component. We have 

 ST
STm V AL

g
γρ= =  

Then 

 
2 33

1 2 2
490 lb/ft 1 1 ftin. ( 18 in.)

4 8 12 in.32.2 ft/s
m m π π

⎡ ⎤⎛ ⎞ ⎛ ⎞= = × × × ×⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

 

 3 26.1112 10 lb s /ft−= × ⋅  

 
2 33

3 4 2
490 lb/ft 1 1 ftin. 18 in.

4 8 12 in.32.2 ft/s
m m π⎡ ⎤⎛ ⎞ ⎛ ⎞= = = × ×⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
 

 3 21.9453 10 lb s /ft−= × ⋅  

Using the equations given above and the parallel-axis theorem, we have 

 

3 4

1 2 3 4
2

3 2 2

2
3 2 2 3 2 2

3

( ) ( )
( ) ( ) ( ) ( )

1 1 ft(6.1112 10 lb s /ft)(18 in.)
2 12 in.

1 1 ft(6.1112 10 lb s /ft)(18 in.) (6.1112 10 lb s /ft)(18 in.)
2 12 in.

12 (1.9453 10 l
12

x x

x x x x x

I I
I I I I I

−

− −

−

=
= + + +

⎡ ⎤ ⎛ ⎞= × ⋅ × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

⎡ ⎤ ⎛ ⎞+ × ⋅ + × ⋅ × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

+ ×
2

2 2 3 2 2 2 2

3 2

3 2

1 ftb s /ft)(18 in.) (6.1112 10 lb s /ft)(9 18 ) in.
12 in.

[(6.8751) (6.8751 13.1502) 2(0.3647 5.4712)] 10 lb ft s

[6.8751 20.6252 2(5.8359)] 10 lb ft s

−

−

−

⎡ ⎤ ⎛ ⎞⋅ + × ⋅ + × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

= + + + + × ⋅ ⋅

= + + × ⋅ ⋅

 

 3 239.1721 10 lb ft s−= × ⋅ ⋅  2or 0.0392 lb ft sxI = ⋅ ⋅   
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PROBLEM 9.147  (Continued) 

 

 

1 2 3 4

1 2 3 4

2
3 2 2

2
3 2 2

3 2

( ) ( ) , ( ) ( )

( ) ( ) ( ) ( )

1 ft2 (6.1112 10 lb s /ft)(18 in.)
12 in.

1 ft2[(0 1.9453 10 lb s /ft)(18 in.) ]
12 in.

[2(13.7502) 2(4.3769)] 10 lb ft s

y y y y

y y y y y

I I I I

I I I I I

−

−

−

= =

= + + +

⎛ ⎞⎡ ⎤= × ⋅ × ⎜ ⎟⎣ ⎦ ⎝ ⎠

⎛ ⎞+ + × ⋅ × ⎜ ⎟
⎝ ⎠

= + × ⋅ ⋅

 

 3 236.2542 10 lb ft s−= × ⋅ ⋅  2or 0.0363 lb ft syI = ⋅ ⋅   

 

3 4

1 2 3 4
2

3 2 2

3 2 2
2

2
3 2 2 2

( ) ( )
( ) ( ) ( ) ( )

1 1 ft(6.1112 10 lb s /ft)(18 in.)
2 12 in.

1 4(6.1112 10 lb s /ft) (18 in.)
2

2 18 1 (6.1112 10 lb s /ft) (18) in.

z z

z z z z z

I I
I I I I I

π

π

−

−

−

=
= + + +

⎡ ⎤ ⎛ ⎞= × ⋅ × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠
⎧ ⎛ ⎞+ × ⋅ −⎨ ⎜ ⎟

⎝ ⎠⎩
⎫⎡ ⎤× ⎪⎛ ⎞+ × ⋅ + ×⎢ ⎥ ⎬⎜ ⎟

⎝ ⎠⎢ ⎥ ⎪⎣ ⎦ ⎭

2

2
3 2 2

3 2

3 2

ft
12 in.

1 1 ft2 (1.9453 10 lb s /ft)(18 in.)
3 12 in.

[(6.8751) (1.3024 19.3229) 2(1.4590)] 10 lb ft s

[6.8751 20.6253 2(1.4590)] 10 lb ft s

−

−

−

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎡ ⎤ ⎛ ⎞+ × ⋅ × ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠
= + + + × ⋅ ⋅

= + + × ⋅ ⋅

 

 3 230.4184 10 lb ft s−= × ⋅ ⋅  2or 0.0304 lb ft szI = ⋅ ⋅   
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PROBLEM 9.148 

A homogeneous wire with a mass per unit length of 0.056 kg/m is 
used to form the figure shown. Determine the mass moment of inertia 
of the wire with respect to each of the coordinate axes. 

 

SOLUTION 

First compute the mass m of each component. We have 

 
( / )
0.056 kg/m 1.2 m
0.0672 kg

m m L L=
= ×
=

 

Using the equations given above and the parallel-axis theorem, we have 

 1 2 3 4 5 6( ) ( ) ( ) ( ) ( ) ( )x x x x x x xI I I I I I I= + + + + +  

Now 1 3 4 6 2 5( ) ( ) ( ) ( ) and ( ) ( )x x x x x xI I I I I I= = = =  

Then 2 2

2

14 (0.0672 kg)(1.2 m) 2[0 (0.0672 kg)(1.2 m) ]
3

[4(0.03226) 2(0.09677)] kg m

xI ⎡ ⎤= + +⎢ ⎥⎣ ⎦

= + ⋅

 

 20.32258 kg m= ⋅  or 20.323 kg mxI = ⋅   

 1 2 3 4 5 6( ) ( ) ( ) ( ) ( ) ( )y y y y y y yI I I I I I I= + + + + +  

Now 1 2 6 4 5( ) 0, ( ) ( ) , and ( ) ( )y y y y yI I I I I= = =  

Then 2 2

2 2 2 2

2

2

12 (0.0672 kg)(1.2 m) [0 (0.0672 kg)(1.2 m) ]
3

12 (0.0672 kg)(1.2 m) (0.0672 kg)(1.2 0.6 ) m
12

[2(0.03226) (0.09677) 2(0.00806 0.12096)] kg m
[2(0.03226) (0.09677) 2(0.12902)] kg m

yI ⎡ ⎤= + +⎢ ⎥⎣ ⎦
⎡ ⎤+ + +⎢ ⎥⎣ ⎦

= + + + ⋅
= + + ⋅

 

 20.41933 kg m= ⋅  or 20.419 kg myI = ⋅   

Symmetry implies y zI I=  20.419 kg mzI = ⋅   
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PROBLEM 9.149 

Determine the mass products of inertia Ixy, Iyz, and Izx of the steel 
fixture shown. (The density of steel is 7850 kg/m3.) 

 

SOLUTION 

First compute the mass of each component. We have 

 m Vρ=  

Then 3 3
1

3 3
2

3 2 3
3

7850 kg/m (0.08 0.05 0.16) m 5.02400 kg

7850 kg/m (0.08 0.038 0.07) m 1.67048 kg

7850 kg/m 0.024 0.04 m 0.28410 kg
2

m

m

m π

= × × × =

= × × × =

⎛ ⎞= × × × =⎜ ⎟
⎝ ⎠

 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′ of each component are zero because of 
symmetry. Now 

 
2

3

0.0380.05 m 0.031 m
2

4 0.0240.05 m 0.039814 m
3

y

y
π

⎛ ⎞= − =⎜ ⎟
⎝ ⎠

×⎛ ⎞= − =⎜ ⎟
⎝ ⎠

 

and then 

 m, kg , mx  , my  , mz  2,  kg mmx y ⋅  2,  kg mmy z ⋅  2,  kg mmz x ⋅  

1 5.02400 0.04 0.025 0.08 35.0240 10−×  310.0480 10−×  316.0768 10−×  

2 1.67048 0.04 0.031 0.085 32.0714 10−×  34.4017 10−×  35.6796 10−×  

3 0.28410 0.04 0.039814 0.14 30.4524 10−×  31.5836 10−×  31.5910 10−×  
 

Finally, 

 3
1 2 3( ) ( ) ( ) [(0 5.0240) (0 2.0714) (0 0.4524)] 10xy xy xy xyI I I I −= − − = + − + − + ×  

 3 22.5002 10 kg m−= × ⋅  or 3 22.50 10 kg mxyI −= × ⋅   
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PROBLEM 9.149  (Continued) 

 

 3
1 2 3( ) ( ) ( ) [(0 10.0480) (0 4.4017) (0 1.5836)] 10yz yz yz yzI I I I −= − − = + − + − + ×  

 3 24.0627 10 kg m−= × ⋅  

  or 3 24.06 10 kg myzI −= × ⋅   

 3
1 2 3( ) ( ) ( ) [(0 16.0768) (0 5.6796) (0 1.5910)] 10zx zx zx zxI I I I −= − − = + − + − + ×  

 3 28.8062 10 kg m−= × ⋅  

  or 3 28.81 10 kg mzxI −= × ⋅   
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PROBLEM 9.150 

Determine the mass products of inertia Ixy, Iyz, and Izx of 
the steel machine element shown. (The density of steel 
is 7850 kg/m3.) 

 

SOLUTION 

First compute the mass of each component. We have 

 STm Vρ=  

Then 3 3
1

3 3
2

3 2 3
3

7850 kg/m (0.1 0.018 0.09) m 1.27170 kg

7850 kg/m (0.016 0.06 0.05) m 0.37680 kg

7850 kg/m ( 0.012 0.01) m 0.03551 kg

m

m

m π

= × × × =

= × × × =

= × × × =

 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′ of each component are zero because of 
symmetry. Now 

 m, kg , mx  , my  , mz  2,  kg mmx y ⋅  2,  kg mmy z ⋅  2,  kg mmz x ⋅  

1 1.27170 0.05 0.009 0.045 30.57227 10−×  30.51504 10−×  32.86133 10−×

2 0.37680 0.092 0.048 0.045 31.66395 10−×  30.81389 10−×  31.55995 10−×

3 0.03551 0.105 0.054 0.045 30.20134 10−×  30.08629 10−×  30.16778 10−×

Σ      32.43756 10−×  31.41522 10−×  34.58906 10−×
 

Then ( )xy x yI I mx y′ ′= Σ +   or 3 22.44 10 kg mxyI −= × ⋅   

 
 ( )yz y zI I my z′ ′= Σ +   or 3 21.415 10 kg myzI −= × ⋅   

 
 ( )zx z xI I mz x′ ′= Σ +   or 3 24.59 10 kg mzxI −= × ⋅   

 

0 

0 

0 
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PROBLEM 9.151 

Determine the mass products of inertia Ixy, Iyz, and Izx of the cast 
aluminum machine component shown. (The specific weight of 
aluminum is 0.100 lb/in.3) 

 

SOLUTION 

First compute the mass of each component. We have 

 AL
ALm V V

g
γρ= =  

 

Then 
3

3
1 2

3 2

3
3

2 2

3 2

0.100 lb/in. (7.8 0.8 1.6)in.
32.2 ft/s

31.0062 10 lb s /ft

0.100 lb/in. (2.4 0.8 2)in.
32.2 ft/s

11.9255 10 lb s /ft

m

m

−

−

= × × ×

= × ⋅

= × × ×

= × ⋅

 

 
3

2 3 2
3 2

3
2 3 2

4 2

0.100 lb/in. (0.8) 0.8 in. 2.4977 lb s /ft
232.2 ft/s

0.100 lb/in. [ (0.55) 0.6]in. 1.7708 lb s /ft
32.2 ft/s

m

m

π

π

⎡ ⎤= × × = ⋅⎢ ⎥⎣ ⎦

= × × = ⋅

 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′  of each component are zero because 
of symmetry. Now 

 3
4 0.87.8 in. 8.13953 in.

3
x

π
×⎛ ⎞= − + = −⎜ ⎟

⎝ ⎠
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PROBLEM 9.151  (Continued) 

 
and then 
 

 2, lb s /ftm ⋅  , ftx  , fty  , ftz  2, lb ft smx y ⋅ ⋅  2, lb ft smy z ⋅ ⋅  2, lb ft smz x ⋅ ⋅  

1 331.0062 10−×  
3.9
12

−  
0.4
12

 
0.8
12

−  6335.901 10−− × 668.903 10−− ×  6671.801 10−×  

2 311.9255 10−×  
1.2
12

−  
0.4
12

 
2.6
12

−  639.752 10−− ×  686.129 10−− ×  6258.386 10−×  

3 32.4977 10−×  
8.13953

12
− 0.4

12
 

0.8
12

−  656.473 10−− ×  65.550 10−− ×  6112.945 10−×  

4 31.7708 10−×  
7.8
12

−  
1.1
12

 
0.8
12

−  6105.511 10−− × 610.822 10−− ×  676.735 10−×  

Σ      6537.637 10−− × 6171.404 10−− ×  61119.867 10−×  

 

Then ( )xy x yI I mx y′ ′= Σ +  or 6 2538 10 lb ft sxyI −= − × ⋅ ⋅   

 ( )yz y zI I m y z′ ′= Σ +  or 6 2171.4 10 lb ft syzI −= − × ⋅ ⋅   

 ( )zx z xI I mz x′ ′= Σ +  or 6 21120 10 lb ft szxI −= × ⋅ ⋅   

 

0 

0 

0 
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PROBLEM 9.152 

Determine the mass products of inertia Ixy, Iyz, and Izx of the cast 
aluminum machine component shown. (The specific weight of 
aluminum is 0.100 lb/in.3) 

 

SOLUTION 

First compute the mass of each component. We have 

 AL
ALm V V

g
γρ= =  

Then 
3

3
1 2

3 2

3
32

2 2

3 2

0.100 lb/in. (5.9 1.8 2.2) in.
32.2 ft/s

72.5590 10 lb s /ft

0.100 lb/in. in.(1.1) 1.8
232.2 ft/s

10.6248 10 lb s /ft

m

m π

−

−

= × × ×

= × ⋅

⎡ ⎤= × ×⎢ ⎥⎣ ⎦

= × ⋅

 

 

3
3

3 2

3 2

0.100 lb/in. (1.4 1.1 1.2) in.
32.2 ft/s

5.7391 10 lb s /ft

m

−

= × × ×

= × ⋅

 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′  of each component are zero because 
of symmetry. Now 

 

2

3

4 1.15.9 in.
3

6.36685 in.
1.11.8 in.
2

1.25 in.

x

y

π
×⎛ ⎞= − +⎜ ⎟

⎝ ⎠
= −

⎛ ⎞= −⎜ ⎟
⎝ ⎠

=
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PROBLEM 9.152  (Continued) 

 

and then 

 2, lb s /ftm ⋅  , ftx  , fty  , ftz  2, lb ft smx y ⋅ ⋅ 2, lb ft smy z ⋅ ⋅  2, lb ft smz x ⋅ ⋅  

1 372.5590 10−×  
2.95
12

−  0.9
12

 1.1
12

 31.33781 10−− × 30.49884 10−×  31.63510 10−− ×

2 310.6248 10−×  
6.36685

12
− 0.9

12
 1.1

12
 30.42279 10−− × 30.07305 10−×  30.51674 10−− ×

3 35.7391 10−×  
0.7
12

−  1.25
12

 1.3
12

 30.03487 10−− × 30.06476 10−×  30.03627 10−− ×

 

Finally, 1 2 3

3

( ) ( ) ( )

[(0 1.33781) (0 0.42279) (0 0.03487)] 10
xy xy xy xyI I I I

−

= + −

= − + − − − ×

 

 or 3 21.726 10 lb ft sxyI −= − × ⋅ ⋅   

 1 2 3

3

( ) ( ) ( )

[(0 0.49884) (0 0.07305) (0 0.06476)] 10
yz yz yz yzI I I I

−

= + −

= + + + − + ×

 

 or 3 20.507 10 lb ft syzI −= × ⋅ ⋅   

 1 2 3
3

( ) ( ) ( )

[(0 1.63510) (0 0.51674) (0 0.3627)] 10
zx zx zx zxI I I I

−

= + −

= − + − − − ×

 

 or 3 22.12 10 lb ft szxI −= − × ⋅ ⋅   
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PROBLEM 9.153 

A section of sheet steel 2 mm thick is cut and bent into the 
machine component shown. Knowing that the density of 
steel is 7850 kg/m3, determine the mass products of inertia 
Ixy, Iyz, and Izx of the component. 

 

SOLUTION 

 

 
3

1
3

2

7850 kg/m (0.2 m)(0.3 m)(0.002 m) 0.942 kg

7850 kg/m (0.4 m)(0.3 m)(0.002 m) 1.884 kg

m V

m V

ρ
ρ

= = =

= = =
 

For each panel the centroidal product of inertia is zero with respect to each pair of coordinate axes. 

 m, kg , mx  , my  , mz  mx y  my z  mz x  

1 0.942  0.15 0.1 0.4 314.13 10−+ ×  337.68 10−+ ×  356.52 10−+ ×  

2 1.884  0.15 0 0.2 0 0 356.52 10−+ ×  

Σ      314.13 10−+ ×  337.68 10−+ ×  3113.02 10−+ ×  
 

 3 214.13 10 kg mxyI −= + × ⋅  214.13 g mxyI = + ⋅   

 3 237.68 10 kg myzI −= + × ⋅  237.7 g myzI = + ⋅   

 3 2113.02 10 kg mzxI −= + × ⋅  2113.0 g mzxI = + ⋅   
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PROBLEM 9.154 

A section of sheet steel 2 mm thick is cut and bent into the 
machine component shown. Knowing that the density of steel 
is 7850 kg/m3, determine the mass products of inertia Ixy, Iyz, 
and Izx of the component. 

 

SOLUTION 

 
First compute the mass of each component. 

We have ST STm V tAρ ρ= =  

Then 3 3
1

3 3
2

(7850 kg/m )[(0.002)(0.4)(0.45)]m
2.8260 kg

17850 kg/m (0.002) 0.45 0.18 m
2

0.63585 kg

m

m

=
=

⎡ ⎤⎛ ⎞= × ×⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

=

 

Now observe that 

 1 1 1

2 2

( ) ( ) ( ) 0

( ) ( ) 0

x y y z z x

y z z x

I I I

I I

′ ′ ′ ′ ′ ′

′ ′ ′ ′

= = =

= =
 

From Sample Problem 9.6: 2 2
2,area 2 2

1( )
72

x yI b h′ ′ = −  

Then 2 2
2 ST 2,area ST 2 2 2 2 2

1 1( ) ( )
72 36x y x yI t I t b h m b hρ ρ′ ′ ′ ′

⎛ ⎞= = − = −⎜ ⎟
⎝ ⎠

 

Also 1 1 2 2
0.450 0.225 m 0.075 m

3
x y z x ⎛ ⎞= = = = − + = −⎜ ⎟

⎝ ⎠
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PROBLEM 9.154  (Continued) 

 

Finally, 

3 3 2

1( ) (0 0) (0.63585 kg)(0.45 m)(0.18 m)
36
0.18 m(0.63585 kg)( 0.075 m)

3

( 1.43066 10 2.8613 10 ) kg m

xy xyI I mx y

− −

⎡= Σ + = + + −⎢⎣
⎤⎛ ⎞+ − ⎥⎜ ⎟

⎝ ⎠⎦

= − × − × ⋅

 

 or 3 24.29 10 kg mxyI −= − × ⋅   

and ( ) (0 0) (0 0) 0yz y zI I m y z′ ′= Σ + = + + + =  

  or 0yzI =   

 ( ) (0 0) (0 0) 0zx z xI I m z x′ ′= Σ + = + + + =  

  or 0zxI =   
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PROBLEM 9.155 

A section of sheet steel 2 mm thick is cut and bent into the 
machine component shown. Knowing that the density of steel is 
7850 kg/m3, determine the mass products of inertia Ixy, Iyz, and 
Izx of the component. 

 

SOLUTION 

First compute the mass of each component. We have 

 ST STm V tAρ ρ= =  

Then 3 2
1

3 2 2
2

3 2
3

(7850 kg/m )(0.002 m)(0.35 0.39)m
2.14305 kg

(7850 kg/m )(0.002 m) 0.195 m
2

0.93775 kg
1(7850 kg/m )(0.002 m) 0.39 0.15 m
2

0.45923 kg

m

m

m

π

= ×
=

⎛ ⎞= ×⎜ ⎟
⎝ ⎠

=

⎛ ⎞= × ×⎜ ⎟
⎝ ⎠

=

 

Now observe that because of symmetry the centroidal products of inertia of components 1 and 2 are zero and  

 3 3( ) ( ) 0x y z xI I′ ′ ′ ′= =  

Also 3,mass ST 3,area( ) ( )y z y zI t Iρ′ ′ ′ ′=  

Using the results of Sample Problem 9.6 and noting that the orientation of the axes corresponds to  
a 90° rotation, we have 

 2 2
3,area 3 3

1( )
72y zI b h′ ′ =  

Then 2 2
3 ST 3 3 3 3 3

1 1( )
72 36y zI t b h m b hρ′ ′

⎛ ⎞= =⎜ ⎟
⎝ ⎠

 

Also 1 2

2

0
4 0.195 m 0.082761 m

3

y x

y
π

= =
×= =
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PROBLEM 9.155  (Continued) 

 

Finally, 

 ( )

0.15(0 0) (0 0) 0 (0.45923 kg)(0.35 m) m
3

xy x yI I mx y′ ′= Σ +

⎡ ⎤⎛ ⎞= + + + + + −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

 3 28.0365 10 kg m−= − × ⋅  3 2or 8.04 10 kg mxyI −= − × ⋅   

 

3 2

3 2

( )

(0 0) [0 (0.93775 kg)(0.082761 m)(0.195 m)]

1 0.15 0.39(0.45923 kg)(0.39 m)(0.15 m) (0.45923 kg) m m
36 3 3

[(15.1338) (0.7462 2.9850)] 10 kg m

(15.1338 2.2388) 10 kg m

yz y zI I my z′ ′

−

−

= Σ +

= + + +

⎡ ⎤⎛ ⎞⎛ ⎞+ + −⎢ ⎥⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎣ ⎦

= + − × ⋅

= − × ⋅

 

 3 212.8950 10 kg m−= × ⋅  3 2or 12.90 10 kg myzI −= × ⋅   

 

3 2

( )
[0 (2.14305 kg)(0.175 m)(0.195 m)] (0 0)

0.390 (0.45923 kg) m (0.35 m)
3

(73.1316 20.8950) 10 kg m

zx z xI I mz x′ ′

−

= Σ +
= + + +

⎡ ⎤⎛ ⎞+ +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

= + × ⋅

 

 3 294.0266 10 kg m−= × ⋅  3 2or 94.0 10 kg mzxI −= × ⋅   
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PROBLEM 9.156 

A section of sheet steel 2 mm thick is cut and bent into the machine 
component shown. Knowing that the density of steel is 7850 kg/m3, 
determine the mass products of inertia Ixy, Iyz, and Izx of the component. 

 

SOLUTION 

First compute the mass of each component. We have 

 ST STm V tAρ ρ= =  
Then 

 

3 2
1 3

3 2 2
2

3 2 2
4

1(7850 kg/m )(0.002 m) 0.225 0.135 m 0.23844 kg
2

(7850 kg/m )(0.002 m) 0.225 m 0.62424 kg
4

(7850 kg/m )(0.002 m) 0.135 m 0.22473 kg
4

m m

m

m

π

π

⎛ ⎞= = × × =⎜ ⎟
⎝ ⎠

⎛ ⎞= × =⎜ ⎟
⎝ ⎠
⎛ ⎞= × =⎜ ⎟
⎝ ⎠

 

Now observe that the following centroidal products of inertia are zero because of symmetry. 

 1 1 2 2

3 3 4

( ) ( ) 0 ( ) ( ) 0

( ) ( ) 0 ( ) ( ) 0
x y y z x y y z

x y z x x y z x

I I I I

I I I I
′ ′ ′ ′ ′ ′ ′ ′

′ ′ ′ ′ ′ ′ ′ ′

= = = =

= = = =
 

Also 1 2 0y y= =  3 4 0x x= =  

Now ( )xy x yI I mx y′ ′= Σ +  

so that 0xyI =   

Using the results of Sample Problem 9.6, we have 

 2 2
,area

1
24uvI b h=  

Now ,mass ST ,area

2 2
ST

1
24

1
12

uv uvI t I

t b h

mbh

ρ

ρ

=

⎛ ⎞= ⎜ ⎟
⎝ ⎠

=

 

Thus, 1 1 1 1
1( )

12zxI m b h=  
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PROBLEM 9.156  (Continued) 

 

While 3 3 3 3
1( )

12yzI m b h= −  

because of a 90° rotation of the coordinate axes.  

To determine uvI  for a quarter circle, we have 

 

 EL ELuv u vdI d I u v dm′ ′= +  

Where 2 2
EL EL

2 2
ST ST ST

1 1
2 2

u u v v a u

dm t dA tv du t a u duρ ρ ρ

= = = −

= = = −

 

Then ( )2 2 2 2
ST0

2 2
ST 0

2 2 4 4 4
ST ST

0

1( )
2

1 ( )
2

1 1 1 1 1
2 2 4 8 2

a

uv uv

a

a

I dI u a u t a u du

t u a u du

t a u u t a ma

ρ

ρ

ρ ρ
π

⎛ ⎞= = − −⎜ ⎟
⎝ ⎠

= −

⎡ ⎤= − = =⎢ ⎥⎣ ⎦

∫ ∫

∫

 

Thus 2
2 2 2

1( )
2zxI m a
π

= −  

because of a 90° rotation of the coordinate axes. Also 

 2
4 4 4

1( )
2yzI m a
π

=  

Finally, 

 1 1 1 2 2 2 3 4

2

3 2

( ) [( ) ] [( ) ] ( ) ( )

1 1(0.23844 kg)(0.225 m)(0.135 m) (0.22473 kg)(0.135 m)
12 2

( 0.60355 0.65185) 10 kg m

yz yz y z y z yz yzI I I m y z I m y z I I

π

′ ′ ′ ′

−

= Σ = + + + + +

⎡ ⎤ ⎡ ⎤= − +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= − + × ⋅

 

 or 6 248.3 10 kg myzI −= × ⋅   

 

1 2 3 3 3 3 4 4 4 4

2

3 2

( ) ( ) ( ) [( ) ] [( ) ]
1 1(0.23844 kg)(0.225 m)(0.135 m) (0.62424 kg)(0.225 m)

12 2

(0.60355 5.02964) 10 kg m

zx zx zx zx z x z xI I I I I m z x I m z x

π

′ ′ ′ ′

−

= Σ = + + + + +

⎡ ⎤ ⎡ ⎤= + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= − × ⋅

 

 or 3 24.43 10 kg mzxI −= − × ⋅   

0 

0 0 

0 0 
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PROBLEM 9.157 

Brass wire with a weight per unit length w is used to form the figure shown. 
Determine the mass products of inertia Ixy, Iyz, and Izx of the wire figure. 

 

SOLUTION 

First compute the mass of each component. We have 

 1Wm wL
g g

= =  

Then 1

2

3

4

(2 ) 2

( )

(2 ) 2

32 3
2

W wm a a
g g
w wm a a
g g
w wm a a
g g
w wm a a
g g

π π

π π

= × =

= =

= =

⎛ ⎞= × =⎜ ⎟
⎝ ⎠

 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′  of each component are zero because 
of symmetry. 

 m x  y  z  mx y  my z  mz x  

1 2 w a
g

π  2a a −a 34 w a
g

π  32 w a
g

π−  34 w a
g

π−  

2 
w a
g

 2a 
1
2

a  0 3w a
g

 0 0 

3 2 w a
g

 2a 0 a 0 0 34 w a
g

 

4 3 w a
g

π  2a 
3
2

a−  2a 39 w a
g

π−  39 w a
g

π−  312 w a
g

π  

Σ  
 

 
 

 3(1 5 )w a
g

π−  311 w a
g

π−  34 (1 2 )w a
g

π+  
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PROBLEM 9.157  (Continued) 

 

Then ( )xy x yI I mx y′ ′= Σ +  or 3 (1 5 )xy
wI a
g

π= −   

 ( )yz y zI I my z′ ′= Σ +  or 311yz
wI a
g

π= −   

 ( )zx z xI I mz x′ ′= Σ +  or 34 (1 2 )zx
wI a
g

π= +   

 

0 

0 

0 
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PROBLEM 9.158 

Brass wire with a weight per unit length w is used to form the figure shown. 
Determine the mass products of inertia Ixy, Iyz, and Izx of the wire figure. 

 

SOLUTION 

First compute the mass of each component. We have 

 1Wm wL
g g

= =  

Then 1

2

3

3 3
2 2

(3 ) 3

( )

W wm a a
g g
w wm a a
g g
w wm a a
g g

π π

π π

⎛ ⎞= × =⎜ ⎟
⎝ ⎠

= =

= × =

 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′  of each component are zero because of 
symmetry. 

 m x  y  z  mx y  my z  mz x  

1 
3
2

w a
g

π  2 3
2

a
π
⎛ ⎞− ⎜ ⎟
⎝ ⎠

 2a 
1
2

a  39 w a
g

−  33
2

w a
g

π  39
4

w a
g

−  

2 3 w a
g

 0 
1
2

a  2a 0 33 w a
g

 0 

3 
w a
g

π  2 ( )a
π

 −a a 32 w a
g

−  3w a
g

π−  32 w a
g

 

Σ  
   

 311 w a
g

−  33
2

w a
g

π⎛ ⎞+⎜ ⎟
⎝ ⎠

 31
4

w a
g

−  
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PROBLEM 9.158  (Continued) 

 

Then ( )xy x yI I mx y′ ′= Σ +  or 311xy
wI a
g

= −   

 ( )yz y zI I my z′ ′= Σ +  or 31 ( )
2yz

wI a b
g

π= +   

 ( )zx z xI I mz x′ ′= Σ +  or 31
4zx

wI a
g

= −   

 

0 

0 

0 
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PROBLEM 9.159 

The figure shown is formed of 1.5-mm-diameter aluminum 
wire. Knowing that the density of aluminum is 2800 kg/m3, 
determine the mass products of inertia Ixy, Iyz, and Izx of the 
wire figure. 

 

SOLUTION 

 
First compute the mass of each component. We have 

 AL ALm V ALρ ρ= =  

Then 

 

3 2
1 4

3

3 2
2 5

3

3 2
3 6

3

(2800 kg/m ) (0.0015 m) (0.25 m)
4

1.23700 10 kg

(2800 kg/m ) (0.0015 m) (0.18 m)
4

0.89064 10 kg

(2800 kg/m ) (0.0015 m) (0.3 m)
4

1.48440 10 kg

m m

m m

m m

π

π

π

−

−

−

⎡ ⎤= = ⎢ ⎥⎣ ⎦

= ×

⎡ ⎤= = ⎢ ⎥⎣ ⎦

= ×

⎡ ⎤= = ⎢ ⎥⎣ ⎦

= ×
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PROBLEM 9.159  (Continued) 

 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′  of each component are zero because 
of symmetry. 

 m, kg , mx  , my  , mz  2, kg mmx y ⋅  2, kg mmy z ⋅  2, kg mmz x ⋅  

1 31.23700 10−× 0.18 0.125 0 627.8325 10−× 0 0 

2 30.89064 10−× 0.09 0.25 0 620.0394 10−× 0 0 

3 31.48440 10−× 0 0.25 0.15 0 655.6650 10−×  0 

4 31.23700 10−× 0 0.125 0.3 0 646.3875 10−×  0 

5 30.89064 10−× 0.09 0 0.3 0 0 624.0473 10−×  

6 31.48440 10−× 0.18 0 0.15 0 0 640.0788 10−×  

Σ      647.8719 10−× 6102.0525 10−×  664.1261 10−×  

 

Then  ( )xy x yI I mx y′ ′= Σ +  or 6 247.9 10 kg mxyI −= × ⋅   

 ( )yz y zI I my z′ ′= Σ +  or 6 2102.1 10 kg myzI −= × ⋅   

 ( )zx z xI I mz x′ ′= Σ +  or 6 264.1 10 kg mzxI −= × ⋅   

 

0 

0 

0 
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PROBLEM 9.160 

Thin aluminum wire of uniform diameter is used to form the figure shown. 
Denoting by m′ the mass per unit length of the wire, determine the mass 
products of inertia Ixy, Iyz, and Izx of the wire figure. 

 

SOLUTION 

First compute the mass of each component. We have 

 mm L m L
L

⎛ ⎞ ′= =⎜ ⎟
⎝ ⎠

 

Then 1 5 1 1

2 4 2 1

3 2 2

2 2
( )

2 2

m m m R m R

m m m R R

m m R m R

π π

π π

⎛ ⎞′ ′= = =⎜ ⎟
⎝ ⎠

′= = −

⎛ ⎞′ ′= =⎜ ⎟
⎝ ⎠

 

Now observe that because of symmetry the centroidal products of inertia, , ,x y y zI I′ ′ ′ ′  and ,z xI ′ ′  of components 
2 and 4 are zero and  

 1 1 3 3

5 5

( ) ( ) 0 ( ) ( ) 0

( ) ( ) 0
x y z x x y y z

y z z x

I I I I

I I
′ ′ ′ ′ ′ ′ ′ ′

′ ′ ′ ′

= = = =

= =
 

Also 1 2 2 3 4 4 50 0 0x x y y y z z= = = = = = =  

Using the parallel-axis theorem [Equations (9.47)], it follows that xy yz zxI I I= = for components 2 and 4. 

To determine uvI for one quarter of a circular arc, we have uvdI uvdm=  

where cos sinu a v aθ θ= =  

and [ ( )]dm dV A adρ ρ θ= =  

where A is the cross-sectional area of the wire. Now 

 
2 2

m m a A aπ πρ⎛ ⎞ ⎛ ⎞′= =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

so that dm m adθ′=  

and 
3

( cos )( sin )( )

sin cos
uvdI a a m ad

m a d

θ θ θ

θ θ θ

′=

′=
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PROBLEM 9.160  (Continued) 

 

Then 
/2 3

0

/2
3 2 3

0

sin cos

1 1sin
2 2

uv uvI dI m a d

m a m a

π

π

θ θ θ

θ

′= =

⎡ ⎤′ ′= =⎢ ⎥⎣ ⎦

∫ ∫  

Thus, 3
1 1

1( )
2yzI m R′=  

and 3 3
3 2 5 1

1 1( ) ( )
2 2zx xyI m R I m R′ ′= − = −  

because of 90°  rotations of the coordinate axes. Finally, 

 

 1 1 1 1 3 3 3 3 5( ) [( ) ] [( ) ] ( )xy xy x y x y xyI I I m x y I m x y I′ ′ ′ ′= Σ = + + + +  

 or 3
1

1
2xyI m R′= −   

 1 3 3 3 3 5 5 5 5( ) ( ) [( ) ] [( ) ]yz yz yz y z y zI I I I m y z I m y z′ ′ ′ ′= Σ = + + + +  

 or 3
1

1
2yzI m R′=   

 1 1 1 1 3 5 5 5 5( ) [( ) ] ( ) [( ) ]zx zx z x zx z xI I I m z x I I m z x′ ′ ′ ′= Σ = + + + +  

 or 3
2

1
2zxI m R′= −   

 

0 0 

0 0 

0 0 
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PROBLEM 9.161 

Complete the derivation of Eqs. (9.47), which express the parallel-axis theorem for mass products of inertia. 

 

SOLUTION 

We have xy yz zxI xydm I yzdm I zxdm= = =∫ ∫ ∫  (9.45) 

and x x x y y y z z z′ ′ ′= + = + = +  (9.31) 

Consider xyI xydm= ∫  

Substituting for x and for y 

 
( )( )xyI x x y y dm

x y dm y x dm x y dm x y dm

′ ′= + +

′ ′ ′ ′= + + +

∫
∫ ∫ ∫ ∫

 

By definition x yI x y dm′ ′ ′ ′= ∫  

and x dm mx

y dm my

′′ =

′′ =

∫
∫

 

However, the origin of the primed coordinate system coincides with the mass center G, so that 

 0x y′ ′= =  

 xy x yI I mx y′ ′= +  Q.E.D.  

The expressions for yzI  and zxI  are obtained in a similar manner. 
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PROBLEM 9.162 

For the homogeneous tetrahedron of mass m shown, (a) determine 
by direct integration the mass product of inertia Izx, (b) deduce Iyz 
and Ixy from the result obtained in Part a. 

 

SOLUTION 

(a) First divide the tetrahedron into a series of thin vertical slices of thickness dz as shown. 

 Now 1a zx z a a
c c

⎛ ⎞= − + = −⎜ ⎟
⎝ ⎠

 

 and 1b zy z b b
c c

⎛ ⎞= − + = −⎜ ⎟
⎝ ⎠

 

 The mass dm of the slab is 

 
21 1 1

2 2
zdm dV xydz ab dz
c

ρ ρ ρ⎛ ⎞ ⎛ ⎞= = = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 Then 
2

0

3

0

1 1
2

1 11
2 3 6

c

c

zm dm ab dz
c

c zab abc
c

ρ

ρ ρ

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞⎛ ⎞= − − =⎢ ⎥⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎢ ⎥⎣ ⎦

∫ ∫  

 Now EL ELzx z xdI dI z x dm′ ′= +  

 where 0 (symmetry)z xdI ′ ′ =  

 and EL EL
1 1 1
3 3

zz z x x a
c

⎛ ⎞= = = −⎜ ⎟
⎝ ⎠

 

 Then 
2

0

2 3 4
2

2 30

3 4 5
2

2 3
0

1 11 1
3 2

1 3 3
6

1 3 1
2 4 5

c

zx zx

c

c

z zI dI z a ab dz
c c

z z za b z dz
c c c

m z z za z
c c c c

ρ

ρ

⎡ ⎤⎡ ⎤⎛ ⎞ ⎛ ⎞= = − −⎢ ⎥⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦ ⎣ ⎦
⎛ ⎞

= − + −⎜ ⎟⎜ ⎟
⎝ ⎠

⎡ ⎤
= − + −⎢ ⎥

⎣ ⎦

∫ ∫

∫

 

  or 1
20zxI mac=   
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PROBLEM 9.162  (Continued) 

 

(b) Because of the symmetry of the body, xyI  and yzI  can be deduced by considering the circular  
 permutation of ( , , )x y z  and ( , , )a b c . 

 Thus, 

 1
20xyI mab=   

 
1
20yzI mbc=   

 Alternative solution for Part a: 

 First divide the tetrahedron into a series of thin horizontal slices of thickness dy  as shown. 

 Now 1a yx y a a
b b

⎛ ⎞= − + = −⎜ ⎟
⎝ ⎠

 

 and 1c yz y c c
b b

⎛ ⎞= − + = −⎜ ⎟
⎝ ⎠

 

 The mass dm  of the slab is 

 
21 1 1

2 2
ydm dV xzdy ac dy
b

ρ ρ ρ⎛ ⎞ ⎛ ⎞= = = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 Now  ,areazx zxdI tdIρ=  

 where t dy=  

 and 2 2
,area

1
24zxdI x z=  from the results of Sample Problem 9.6. 

 Then 
22

4 4
2 2

1( ) 1 1
24

1 11 1
24 4

y ydIzx dy a c
b b

y m ya c dy ac dy
b b b

ρ

ρ

⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞= − −⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭

⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 Finally, 
4

0

1 1
4

b

zx zx
m yI dI ac dy
b b

⎛ ⎞= = −⎜ ⎟
⎝ ⎠∫ ∫  

  
5

0

1 1
4 5

b
m b yac
b b

⎡ ⎤⎛ ⎞⎛ ⎞= − −⎢ ⎥⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎣ ⎦

 or    1
20zxI mac=   
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PROBLEM 9.162  (Continued) 

 

 Alternative solution for Part a: 

 The equation of the included face of the tetrahedron is 

 1x y z
a b c

+ + =  

 so that 1 x zy b
a c

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 

 For an infinitesimal element of sides , ,dx dy  and :dz  

 dm dV dydxdzρ ρ= =  

 From Part a 1 zx a
c

⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

 Now 

 
(1 / ) (1 / / )

0 0 0
( )

c a z c b x a z c

zxI zxdm zx dydxdzρ
− − −

= =∫ ∫ ∫ ∫  

 

( )(1 / )

0 0

(1 / )3
2 2

0
0

2 3 2
2 3 2

0

3
2

0

2 3 4
2

2 30

1

1 1 1
2 3 2

1 1 11 1 1
2 3 2

1 1
6

1 3 3
6

c a z c
x z
a c

a z c
c

c

c

zx b dxdz

x zb z x x dz
a c

z z z zb z a a a dz
c a c c c

zb a z dz
c

z z za b z dz
c c c

ρ

ρ

ρ

ρ

ρ

−

−

⎡ ⎤= − −⎣ ⎦

⎡ ⎤
= − −⎢ ⎥

⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − − − −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞= −⎜ ⎟
⎝ ⎠

⎛ ⎞
= − + −⎜ ⎟⎜ ⎟

⎝ ⎠

∫ ∫

∫

∫

∫

3 4 5
2

2 3
0

1 3 1
2 4 5

c

c
m z z za z
c c c c

⎡ ⎤
= − + −⎢ ⎥

⎣ ⎦

∫
 

  or   1
20zxI mac=   
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PROBLEM 9.163 

The homogeneous circular cylinder shown has a mass m. Determine the mass 
moment of inertia of the cylinder with respect to the line joining the origin O 
and Point A that is located on the perimeter of the top surface of the cylinder. 

 

SOLUTION 

From Figure 9.28: 21
2yI ma=  

and using the parallel-axis theorem 

 
2

2 2 2 21 1(3 ) (3 4 )
12 2 12x z

hI I m a h m m a h⎛ ⎞= = + + = +⎜ ⎟
⎝ ⎠

 

Symmetry implies  0xy yz zxI I I= = =  

For convenience, let Point A lie in the yz plane. Then 

 
2 2

1 ( )OA h a
h a

λ = +
+

j k  

With the mass products of inertia equal to zero, Equation (9.46) reduces to 
 
 2 2 2

OA x x y y z zI I I Iλ λ λ= + +  

 
2 2

2 2 2
2 2 2 2

1 1 (3 4 )
2 12

h ama m a h
h a h a

⎛ ⎞ ⎛ ⎞
= + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠

 

 or 
2 2

2
2 2

1 10 3
12OA

h aI ma
h a

+=
+

  

Note: For Point A located at an arbitrary point on the perimeter of the top surface, OAλ  is given by 

 
2 2

1 ( cos sin )OA a h a
h a

λ φ φ= + +
+

i j k  

which results in the same expression for .OAI  

0 
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PROBLEM 9.164 

The homogeneous circular cone shown has a mass m. Determine 
the mass moment of inertia of the cone with respect to the line 
joining the origin O and Point A. 

 

SOLUTION 

First note that 
2

2 23 9( 3 ) (3 )
2 2OAd a a a a⎛ ⎞= + − + =⎜ ⎟

⎝ ⎠
 

Then 
9
2

1 3 13 3 ( 2 2 )
2 3OA a a a

a
λ ⎛ ⎞= − + = − +⎜ ⎟

⎝ ⎠
i j k i j k  

For a rectangular coordinate system with origin at Point A and axes aligned with the given , ,x y z  axes,  
we have (using Figure 9.28) 

 2 2 23 1 3(3 )
5 4 10x z yI I m a a I ma⎡ ⎤= = + =⎢ ⎥⎣ ⎦

 

 2111
20

ma=  

Also, symmetry implies  0xy yz zxI I I= = =  

With the mass products of inertia equal to zero, Equation (9.46) reduces to 

 2 2 2
OA x x y y z zI I I Iλ λ λ= + +  

 
2 2 2

2 2 2111 1 3 2 111 2
20 3 10 3 20 3

ma ma ma⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

 2193
60

ma=  2or 3.22OAI ma=   
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PROBLEM 9.165 

Shown is the machine element of Problem 9.141. Determine its 
mass moment of inertia with respect to the line joining the origin O 
and Point A. 

 

SOLUTION 

 
First compute the mass of each component. 

We have 
3

2 3
ST 2

0.284 lb/in. (0.008819 lb s /ft in. )
32.2 ft/s

m V V Vρ= = = ⋅ ⋅  

Then 

 

3 2
1

3 2
2

3 2
3

(7850 kg/m )[ (0.08 m) (0.04 m)] 6.31334 kg

(7850 kg/m )[ (0.02 m) (0.06 m)] 0.59188 kg

(7850 kg/m )[ (0.02 m) (0.04 m)] 0.39458 kg

m

m

m

π
π

π

= =

= =

= =

 

Symmetry implies 10 ( ) 0yz zx xyI I I= = =  

and 2 3( ) ( ) 0x y x yI I′ ′ ′ ′= =  

Now 2 2 2 3 3 3

3 2

3 2

( )

[0.59188 kg (0.04 m)(0.03 m)] [0.39458 kg ( 0.04 m)( 0.02 m)]

(0.71026 0.31566) 10 kg m

0.39460 10 kg m

xy x yI I mx y m x y m x y′ ′

−

−

= Σ + = −

= − − −

= − × ⋅

= × ⋅
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PROBLEM 9.165  (Continued) 

 

From the solution to Problem 9.141, we have 

 

3 2

3 2

3 2

13.98800 10 kg m

20.55783 10 kg m

14.30368 10 kg m

x

y

z

I

I

I

−

−

−

= × ⋅

= × ⋅

= × ⋅

 

By observation 1 (2 3 )
13OA = +λ i j  

Substituting into Eq. (9.46) 

 2 2 2 2 2 2OA x x y y z z xy x y yz y z zx z xI I I I I I Iλ λ λ λ λ λ λ λ λ= + + − − −  

 

2 2

3 2

3 2

2 3(13.98800) (20.55783)
13 13

2 22(0.39460) 10 kg m
13 13

(4.30400 14.23234 0.36425) 10 kg m

−

−

⎡ ⎛ ⎞ ⎛ ⎞
⎢= +⎜ ⎟ ⎜ ⎟
⎢ ⎝ ⎠ ⎝ ⎠⎣

⎤⎛ ⎞⎛ ⎞
− × ⋅⎥⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎦

= + − × ⋅

 

 3 2or 18.17 10 kg mOAI −= × ⋅   

0 0 0 
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PROBLEM 9.166 

Determine the mass moment of inertia of the steel fixture of 
Problems 9.145 and 9.149 with respect to the axis through the 
origin that forms equal angles with the x, y, and z axes. 

 

SOLUTION 

From the solutions to Problems 9.145 and 9.149, we have 

Problem 9.145: 3 2

3 2

3 2

26.4325 10 kg m

31.1726 10 kg m

8.5773 10 kg m

x

y

z

I

I

I

−

−

−

= × ⋅

= × ⋅

= × ⋅

 

Problem 9.149: 3 2

3 2

3 2

2.5002 10 kg m

4.0627 10 kg m

8.8062 10 kg m

xy

yz

zx

I

I

I

−

−

−

= × ⋅

= × ⋅

= × ⋅

 

From the problem statement it follows that 

 x y zλ λ λ= =  

Now 2 2 2 21 3 1x y z xλ λ λ λ+ + = ⇒ =  

or 1
3x y zλ λ λ= = =  

Substituting into Eq. (9.46) 

 2 2 2 2 2 2OL x x y y z z xy x y yz y z zx z xI I I I I I Iλ λ λ λ λ λ λ λ λ= + + − − −  

Noting that 2 2 2 1
3x y z x y y z z xλ λ λ λ λ λ λ λ λ= = = = = =  

We have 

3 2

1 [26.4325 31.1726 8.5773
3
2(2.5002 4.0627 8.8062)] 10 kg m

OLI

−

= + +

− + + × ⋅

 

 3 2or 11.81 10 kg mOLI −= × ⋅   
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PROBLEM 9.167 

The thin bent plate shown is of uniform density and weight W. Determine 
its mass moment of inertia with respect to the line joining the origin O and 
Point A. 

 

SOLUTION 

First note that  1 2
1
2

Wm m
g

= =  

and that 1 ( )
3OAλ = + +i j k  

Using Figure 9.28 and the parallel-axis theorem, we have 

 

1 2
2

2

2 2
2 2

2 2 2

( ) ( )

1 1 1
12 2 2 2

1 1 1( )
12 2 2 2 2

1 1 1 1 1 1
2 12 4 6 2 2

x x xI I I

W W aa
g g

W W a aa a
g g

W Wa a a
g g

= +
⎡ ⎤⎛ ⎞ ⎛ ⎞= +⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦
⎫⎡ ⎤⎧ ⎛ ⎞⎪ ⎪⎛ ⎞ ⎛ ⎞+ + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎪ ⎢ ⎥⎝ ⎠⎩ ⎪⎣ ⎦⎭
⎡ ⎤⎛ ⎞ ⎛ ⎞= + + + =⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 

1 2

2 2
2 2

2
2 2

2 2 2

( ) ( )

1 1 1( )
12 2 2 2 2

1 1 1 ( )
12 2 2 2

1 1 1 1 5
2 6 2 12 4

y y yI I I

W W a aa a
g g

W W aa a
g g

W Wa a a
g g

= +
⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
⎫⎡ ⎤⎧ ⎛ ⎞⎪ ⎪⎛ ⎞+ + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟

⎝ ⎠⎪ ⎢ ⎥⎝ ⎠⎩ ⎪⎣ ⎦⎭
⎡ ⎤⎛ ⎞ ⎛ ⎞= + + + =⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 

1 2
2

2

2
2 2

2 2 2

( ) ( )

1 1 1
12 2 2 2

1 1 1 ( )
12 2 2 2

1 1 1 1 5 5
2 12 4 12 4 6

z z zI I I

W W aa
g g

W W aa a
g g

W Wa a a
g g

= +
⎡ ⎤⎛ ⎞ ⎛ ⎞= +⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦
⎫⎡ ⎤⎧ ⎛ ⎞⎪ ⎪⎛ ⎞+ + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟

⎝ ⎠⎪ ⎢ ⎥⎝ ⎠⎩ ⎪⎣ ⎦⎭
⎡ ⎤⎛ ⎞ ⎛ ⎞= + + + =⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦
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PROBLEM 9.167  (Continued) 

 

Now observe that the centroidal products of inertia, , ,x y y zI I′ ′ ′ ′  and ,z xI ′ ′  of both components are zero because  
of symmetry. Also, 1 0y =  

Then 2
2 2 2

1 1( ) ( )
2 2 4xy x y

W a WI I mx y m x y a a
g g′ ′

⎛ ⎞= Σ + = = =⎜ ⎟
⎝ ⎠

 

 2
2 2 2

1 1( )
2 2 2 8yz y z

W a a WI I my z m y z a
g g′ ′
⎛ ⎞⎛ ⎞= Σ + = = =⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 

 1 1 1 2 2 2( )zx z xI I mz x m z x m z x′ ′= Σ + = +  

 ( ) 21 1 3
2 2 2 2 2 8

W a a W a Wa a
g g g
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

Substituting into Equation (9.46) 

 2 2 2 2 2 2OA x x y y z z xy x y yz y z zx z xI I I I I I Iλ λ λ λ λ λ λ λ λ= + + − − −  

Noting that 

 2 2 2 1
3x y z x y y z z xλ λ λ λ λ λ λ λ λ= = = = = =  

We have 

 

2 2 2 2 2 2

2

1 1 5 1 1 32
3 2 6 4 8 8

1 14 32
3 6 4

OA
W W W W W WI a a a a a a
g g g g g g

W a
g

⎡ ⎤⎛ ⎞
= + + − + +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
 25or

18OA
WI a
g

=   

 

0 

0 

0 
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PROBLEM 9.168 

A piece of sheet steel of thickness t and specific weight γ  is cut and 
bent into the machine component shown. Determine the mass 
moment of inertia of the component with respect to the joining the 
origin O and Point A. 

 

SOLUTION 

First note that 

 1 ( 2 )
6OA = + +λ i j k  

Next compute the mass of each component. We have 

 ( )m V tA
g
γρ= =  

Then 2
1

2 2
2

(2 2 ) 4

2 2

tm t a a a
g g

tm t a a
g g

γ γ

γ π π γ

= × =

⎛ ⎞= × =⎜ ⎟
⎝ ⎠

 

Using Figure 9.28 for component 1 and the equations derived above (following the solution to Problem 9.134) 
for a semicircular plate for component 2, we have  

 

1 2

2 2 2 2 2 2

2 2 2 2 2

2 2 2 2

4

( ) ( )

1 4 [(2 ) (2 ) ] 4 ( )
12

1 [(2 ) ( ) ]
4 2 2

2 14 2 5
3 2 4

18.91335

x x xI I I

t ta a a a a a
g g

t ta a a a a
g g

t ta a a a
g g

t a
g

γ γ

π γ π γ

γ π γ

γ

= +

⎧ ⎫⎛ ⎞⎪ ⎪= + + +⎨ ⎬⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

⎧ ⎫⎛ ⎞⎪ ⎪+ + +⎨ ⎬⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

⎛ ⎞ ⎛ ⎞= + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=
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PROBLEM 9.168  (Continued) 

 

 

1 2

2 2 2 2

2
2 2 2 2

2

2 2 2 2
2 2

4

( ) ( )

1 4 (2 ) 4 ( )
12

1 16 4 ( )
2 2 2 39

1 1 16 164 1 1
3 2 2 9 9

7.68953

y y yI I I

t ta a a a
g g

t t aa a a a
g g

t ta a a a
g g

t a
g

γ γ

π γ π γ
ππ

γ π γ
π π

γ

= +

⎡ ⎤⎛ ⎞
= +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞+ − + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
⎛ ⎞ ⎛ ⎞= + + − + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

 

 

1 2

2 2 2 2

2
2 2 2 2

2

2 2 2 2
2 2

4

( ) ( )

1 4 (2 ) 4 ( )
12

1 16 4 (2 )
2 4 2 39

1 1 16 164 1 4
3 2 4 9 9

12.00922

z z zI I I

t ta a a a
g g

t t aa a a a
g g

t ta a a a
g g

t a
g

γ γ

π γ π γ
ππ

γ π γ
π π

γ

= +

⎡ ⎤⎛ ⎞
= +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞+ − + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
⎛ ⎞ ⎛ ⎞= + + − + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

 

Now observe that the centroidal products of inertia, , ,x y y zI I′ ′ ′ ′  and ,z xI ′ ′  of both components are zero because 
of symmetry. Also 1 0.x =  

Then 2
2 2 2

4

4( ) (2 )
2 3

1.33333

xy x y
t aI I mx y m x y a a

g
t a

g

π γ
π

γ

′ ′
⎛ ⎞= Σ + = = ⎜ ⎟
⎝ ⎠

=

 

 
 1 1 1 2 2 2

2 2

4

( )

4 ( )( ) (2 )( )
2

7.14159

yz y zI I my z m y z m y z

t ta a a a a a
g g

t a
g

γ π γ

γ

′ ′= Σ + = +

= +

=

 

 

2
2 2 2

4

4( ) ( )
2 3

0.66667

zx z x
t aI I mz x m z x a a

g
t a

g

π γ
π

γ

′ ′
⎛ ⎞= Σ + = = ⎜ ⎟
⎝ ⎠

=
 

0 

0 

0 
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PROBLEM 9.168  (Continued) 

 

Substituting into Eq. (9.46) 

 

2 2 2

2 2
4 4

2 2 2

1 218.91335 7.68953
6 6

OA x x y y z z xy x y yz y z zx z xI I I I I I I

t ta a
g g

λ λ λ λ λ λ λ λ λ

γ γ

= + + − − −

⎛ ⎞ ⎛ ⎞
= +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

 

 

2
4 4

4 4

4

1 1 212.00922 2 1.33333
6 6 6

2 2 1 12 7.14159 2 0.66667
6 6 6 6

(3.15223 5.12635 2.00154 0.88889 4.76106 0.22222)

t ta a
g g

t ta a
g g

t a
g

γ γ

γ γ

γ

⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞
+ − ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠
⎛ ⎞ ⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞

− −⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠ ⎝ ⎠

= + + − − −

 

 or 44.41OA
tI a

g
γ=   
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PROBLEM 9.169 

Determine the mass moment of inertia of the machine component 
of Problems 9.136 and 9.155 with respect to the axis through the 
origin characterized by the unit vector ( 4 8 )/9.= − + +i j kλ  

 

SOLUTION 

From the solutions to Problems 9.136 and 9.155. We have 

Problem 9.136: 3 2

3 2

3 2

175.503 10 kg m

308.629 10 kg m

154.400 10 kg m

x

y

z

I

I

I

−

−

−

= × ⋅

= × ⋅

= × ⋅

 

Problem 9.155: 3 2

3 2

3 2

8.0365 10 kg m

12.8950 10 kg m

94.0266 10 kg m

xy

yz

zx

I

I

I

−

−

−

= − × ⋅

= × ⋅

= × ⋅

 

Substituting into Eq. (9.46) 

 2 2 2 2 2 2OL x x y y z z xy x y yz y z zx z xI I I I I I Iλ λ λ λ λ λ λ λ λ= + + − − −  

 

2 2 2

3 2

3

4 8 1175.503 308.629 154.400
9 9 9

4 8 8 12( 8.0365) 2(12.8950)
9 9 9 9

1 42(94.0266) 10 kg m
9 9

(34.6673 243.855 1.906 6.350

2.547 9.287) 10 k

−

−

⎡ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + +⎢ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢⎣

⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞− − − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠

⎤⎛ ⎞⎛ ⎞− − × ⋅⎥⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎦

= + + −

− + × 2g m⋅

 

 or 3 2281 10 kg mOLI −= × ⋅   
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PROBLEM 9.170 

For the wire figure of Problem 9.148, determine the mass moment 
of inertia of the figure with respect to the axis through the origin 
characterized by the unit vector ( 3 6 2 )/7.= − − +i j kλ  

 

SOLUTION 

First compute the mass of each component. We have 

 
0.056 kg/m 1.2 m

0.0672 kg

mm L
L

⎛ ⎞= = ×⎜ ⎟
⎝ ⎠

=
 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′  for each 
component are zero because of symmetry. 

Also 

 1 6 4 5 6 1 2 30 0 0x x y y y z z z= = = = = = = =  

Then 2 2 2 3 3 3( )xy x yI I mx y m x y m x y′ ′= Σ + = +  

 2

(0.0672 kg)(0.6 m)(1.2 m) (0.0672 kg)(1.2 m)(0.6 m)

0.096768 kg m

= +

= ⋅
 

 
 ( ) 0yz y zI I my z′ ′= Σ + =  

 

 
4 4 4 5 5 5

2

( )
(0.0672 kg)(0.6 m)(1.2 m) (0.0672 kg)(1.2 m)(0.6 m)

0.096768 kg m

zx z xI I mz x m z x m z x′ ′= Σ + = +
= +

= ⋅

 

From the solution to Problem 9.148, we have 

 
2

2

0.32258 kg m

0.41933 kg m
x

y z

I

I I

= ⋅

= = ⋅
 

 
 

0

0

0
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PROBLEM 9.170  (Continued) 

 

Substituting into Eq. (9.46) 

 

2 2 2

2 2 2

2

2 2 2

3 6 20.32258 0.41933 0.41933
7 7 7

3 6 2 32(0.096768) 2(0.096768) kg m
7 7 7 7

OL x x y y z z xy x y yz y z zx z xI I I I I I Iλ λ λ λ λ λ λ λ λ= + + − − −

⎡ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + − +⎢ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢⎣

⎤⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞− − − − − ⋅⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠⎦

 

 2(0.059249 0.30808 0.034231 0.071095 0.023698)kg mOLI = + + − + ⋅  

 or 20.354 kg mOLI = ⋅   

0
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PROBLEM 9.171 

For the wire figure of Problem 9.147, determine the mass moment of inertia of 
the figure with respect to the axis through the origin characterized by the unit 
vector ( 3 6 2 )/7.= − − +i j kλ  

 

SOLUTION 

First compute the mass of each component. We have 

 ST
STm V AL

g
γρ= =  

Then 

 

323

1 2 2

3 2

490 lb/ft 1 1 ftin. ( 18 in.)
4 8 12 in.32.2 ft/s

6.1112 10 lb s /ft

m m π π

−

⎡ ⎤ ⎛ ⎞⎛ ⎞= = × × × ×⎢ ⎥ ⎜ ⎟⎜ ⎟
⎝ ⎠⎢ ⎥ ⎝ ⎠⎣ ⎦

= × ⋅

 

 

323

3 4 2

2

490 lb/ft 1 1 ftin. 18 in.
4 8 12 in.32.2 ft/s

1.9453 lb s /ft

m m π⎡ ⎤ ⎛ ⎞⎛ ⎞= = × × ×⎢ ⎥ ⎜ ⎟⎜ ⎟
⎝ ⎠⎢ ⎥ ⎝ ⎠⎣ ⎦

= ⋅

 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′  for each component are zero because 
of symmetry. 

Also 3 4 1 1 20 0 0x x y z z= = = = =  
 
Then 2 2 2( )xy x yI I mx y m x y′ ′= Σ + =  

 

2
3 2

3 2

2 18 1 ft(6.1112 10 lb s /ft) in. (18 in.)
12 in.

8.75480 10 lb ft s

π
−

−

⎛ ⎞×⎛ ⎞= × ⋅ − ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

= − × ⋅ ⋅

 

 3 3 3 4 4 4( )yz y zI I my z m y z m y z′ ′= Σ + = +  

Now 3 4 3 4 4 3, , 0yzm m y y z z I= = = − =  

 ( ) or 0zx z x zxI I mz x I′ ′= Σ + =  

 

 

0

0

0
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PROBLEM 9.171  (Continued) 

 

From the solution to Problem 9.147, we have 

 

3 2

3 2

3 2

39.1721 10 lb ft s

36.2542 10 lb ft s

30.4184 10 lb ft s

x

y

z

I

I

I

−

−

−

= × ⋅ ⋅

= × ⋅ ⋅

= × ⋅ ⋅

 

Substituting into Eq. (9.46) 

 

2 2 2

2 2 2

3 2

3 2

2 2 2

3 6 239.1721 36.2542 30.4184
7 7 7

3 62( 8.75480) 10 lb ft s
7 7

(7.19488 26.6357 2.48313 6.43210) 10 lb ft s

OL x x y y z z xy x y yz y z zx z xI I I I I I Iλ λ λ λ λ λ λ λ λ

−

−

= + + − − −

⎡ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + − +⎢ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢⎣

⎤⎛ ⎞⎛ ⎞− − − − × ⋅ ⋅⎥⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎦

= + + + × ⋅ ⋅

 

 or 20.0427 lb ft sOLI = ⋅ ⋅   

 

0 0

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1647 

 

 

PROBLEM 9.172 

For the wire figure of Problem 9.46, determine the mass moment of 
inertia of the figure with respect to the axis through the origin 
characterized by the unit vector ( 3 6 2 )/7.= − − +i j kλ  

 

SOLUTION 

First compute the mass of each component. We have 

 AL
1 ( / )Wm W L L

g g
= =  

Then 

 
1 2

3 2

1 1 ft(0.033 lb/ft)(2 16 in.)
12 in.32.2 ft/s

8.5857 10 lb s /ft

m π

−

= × ×

= × ⋅
 

 
2 3 4 5 2

3 2

1 1 ft(0.033 lb/ft)(8 in.)
12 in.32.2 ft/s

0.6832 10 lb ft/s

m m m m

−

= = = = ×

= × ⋅
 

Now observe that the centroidal products of inertia, , , and ,x y y z z xI I I′ ′ ′ ′ ′ ′  of each component are zero because 
of symmetry. Also 

 1 4 5 1 1 2 30 0 0x x x y z z z= = = = = = =  

Then 2 2 2 3 3 3( )xy x yI I mx y m x y m x y′ ′= Σ + = +  

 

3 2

3 2

3 2

3 2

16 40.6832 10 lb s /ft ft ft
12 12

12 80.6832 10 lb s /ft ft ft
12 12

(0.30364 0.45547) 10 lb ft s

0.75911 10 lb ft s

−

−

−

−

⎛ ⎞⎛ ⎞= × ⋅ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

⎛ ⎞⎛ ⎞+ × ⋅ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

= + × ⋅ ⋅

= × ⋅ ⋅

 

Symmetry implies 3 20.75911 10 lb ft syz xy yzI I I −= = × ⋅ ⋅  

 ( ) 0zx z xI I mz x′ ′= Σ + =  

 

 

0

0
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PROBLEM 9.172  (Continued) 

 

From the solution to Problem 9.146, we have 

 
3 2

3 2

10.3642 10 lb ft s

19.1097 10 lb ft s
x z

y

I I

I

−

−

= = × ⋅ ⋅

= × ⋅ ⋅
 

Substituting into Eq. (9.46) 

 

2 2 2

2 2 2

3 2

2 2 2

3 6 210.3642 19.1097 10.3642
7 7 7

3 6 6 22(0.75911) 2(0.75911) 10 lb ft s
7 7 7 7

(1.90663 14.03978 0.8

OL x x y y z z xy x y yz y z zx z xI I I I I I Iλ λ λ λ λ λ λ λ λ

−

= + + − − −

⎡ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + − +⎢ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢⎣

⎤⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞− − − − − × ⋅ ⋅⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠⎦

= + + 3 24606 0.55771 0.37181) 10 lb ft s−− + × ⋅ ⋅

 

 or 3 216.61 10 lb ft sOLI −= × ⋅ ⋅   

 

0 
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PROBLEM 9.173 

For the rectangular prism shown, determine the values of the 
ratios b/a and c/a so that the ellipsoid of inertia of the prism is 
a sphere when computed (a) at Point A, (b) at Point B. 

 

SOLUTION 

(a) Using Figure 9.28 and the parallel-axis theorem, we have 
 at Point A 

  2 2

2
2 2

2 2

2
2 2 2 2

1 ( )
12
1 ( )

12 2
1 (4 )

12
1 1( ) (4 )

12 2 12

x

y

z

I m b c

aI m a c m

m a c

aI m a b m m a b

′

′

′

= +

⎛ ⎞= + + ⎜ ⎟
⎝ ⎠

= +

⎛ ⎞= + + = +⎜ ⎟
⎝ ⎠

 

 Now observe that symmetry implies 

 0x y y z z xI I I′ ′ ′ ′ ′ ′= = =  

 Using Eq. (9.48), the equation of the ellipsoid of inertia is then 

 2 2 2 2 2 2 2 2 2 2 2 21 1 11: ( ) (4 ) (4 ) 1
12 12 12x y zI x I y I z m b c x m a c y m a b z′ ′ ′+ + = + + + + + =  

 For the ellipsoid to be a sphere, the coefficients must be equal. Therefore 

 

2 2 2 2

2 2

1 1( ) (4 )
12 12

1 (4 )
12

m b c m a c

m a b

+ = +

= +
 

 Then 2 2 2 24b c a c+ = +  or 2b
a

=   

 and 2 2 2 24b c a b+ = +  or 2c
a

=   
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PROBLEM 9.173  (Continued) 

 

(b) Using Figure 9.28 and the parallel-axis theorem, we have at Point B 

 

2
2 2 2 2

2
2 2 2 2

2 2

1 1( ) ( 4 )
12 122

1 1( ) ( 4 )
12 2 12
1 ( )

12

x

y

z

cI m b c m m b c

cI m a c m m a c

I m a b

′′

′′

′′

⎛ ⎞= + + = +⎜ ⎟
⎝ ⎠

⎛ ⎞= + + = +⎜ ⎟
⎝ ⎠

= +

 

 Now observe that symmetry implies 

  0x y y z z xI I I′′ ′′ ′′ ′′ ′′ ′′= = =  

 From Part a it then immediately follows that 

  2 2 2 2 2 21 1 1( 4 ) ( 4 ) ( )
12 12 12

m b c m a c m a b+ = + = +  

 Then 2 2 2 24 4b c a c+ = +  or 1b
a

=   

 and 2 2 2 24b c a b+ = +  or 1
2

c
a

=   
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PROBLEM 9.174 

For the right circular cone of Sample Problem 9.11, determine the value 
of the ratio a/h for which the ellipsoid of inertia of the cone is a sphere 
when computed (a) at the apex of the cone, (b) at the center of the base of 
the cone. 

 

SOLUTION 

(a) From Sample Problem 9.11, we have at the apex A 

  

2

2 2

3
10

3 1
5 4

x

y z

I ma

I I m a h

=

⎛ ⎞= = +⎜ ⎟
⎝ ⎠

 

 Now observe that symmetry implies 0xy yz zxI I I= = =  

 Using Eq. (9.48), the equation of the ellipsoid of inertia is then 

 

 2 2 2 2 2 2 2 2 2 2 23 3 1 3 11: 1
10 5 4 5 4x y zI x I y I z ma x m a h y m a h z⎛ ⎞ ⎛ ⎞+ + = + + + + =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 For the ellipsoid to be a sphere, the coefficients must be equal. Therefore, 

  2 2 23 3 1
10 5 4

ma m a h⎛ ⎞= +⎜ ⎟
⎝ ⎠

  or 2a
h

=   

(b) From Sample Problem 9.11, we have 

  23
10xI ma′ =  

 and at the centroid C 2 23 1
20 4yI m a h′′

⎛ ⎞= +⎜ ⎟
⎝ ⎠

 

 Then 
2

2 2 2 23 1 1 (3 2 )
20 4 4 20y z

hI I m a h m m a h′ ′
⎛ ⎞ ⎛ ⎞= = + + = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 Now observe that symmetry implies 

  0x y y z z xI I I′ ′ ′ ′ ′ ′= = =  

 From Part a it then immediately follows that 

 2 2 23 1 (3 2 )
10 20

ma m a h= +  or 2
3

a
h

=   
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PROBLEM 9.175 

For the homogeneous circular cylinder shown, of radius a and length L, 
determine the value of the ratio a/L for which the ellipsoid of inertia of 
the cylinder is a sphere when computed (a) at the centroid of the 
cylinder, (b) at Point A. 

 

SOLUTION 

(a) From Figure 9.28: 

  

2

2 2

1
2

1 (3 )
12

x

y z

I ma

I I m a L

=

= = +
 

 Now observe that symmetry implies 0xy yz zxI I I= = =  

 Using Eq. (9.48), the equation of the ellipsoid of inertia is then 

 2 2 2 2 2 2 2 2 2 21 1 11: (3 ) (3 ) 1
2 12 12x y zI x I y I z ma x m a L y m a L+ + = + + + + =  

 For the ellipsoid to be a sphere, the coefficients must be equal. Therefore 

  2 2 21 1 (3 )
2 12

ma m a L= +  or 1
3

a
L

=   

(b) Using Figure 9.28 and the parallel-axis theorem, we have 

  2

2
2 2 2 2

1
2

1 1 7(3 )
12 4 4 48

x

y z

I ma

LI I m a L m m a L

′

′ ′

=

⎛ ⎞ ⎛ ⎞= = + + = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 Now observe that symmetry implies 

  0x y y z z xI I I′ ′ ′ ′ ′ ′= = =  

 From Part a it then immediately follows that 

 2 2 21 1 7
2 4 48

ma m a L⎛ ⎞= +⎜ ⎟
⎝ ⎠

 or 7
12

a
L

=   
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PROBLEM 9.176 

Given an arbitrary body and three rectangular axes x, y, and z, prove that the mass moment of inertia of the 
body with respect to any one of the three axes cannot be larger than the sum of the mass moments of inertia of 
the body with respect to the other two axes. That is, prove that the inequality x y zI I I+� and the two similar 
inequalities are satisfied. Further, prove that 1

2y xI I� if the body is a homogeneous solid of revolution, where 
x is the axis of revolution and y is a transverse axis. 

 

SOLUTION 

(i) To prove y z xI I I+ �  

 By definition 2 2

2 2

( )

( )

y

z

I z x dm

I x y dm

= +

= +

∫
∫

 

 Then 2 2 2 2( ) ( )y zI I z x dm x y dm+ = + + +∫ ∫  

 2 2 2( ) 2y z dm x dm= + +∫ ∫  

 Now 2 2 2( )         and        0xy z dm I x dm+ =∫ ∫ �  

        Q.E.D.y z xI I I+ �  

 The proofs of the other two inequalities follow similar steps. 

(ii) If the x axis is the axis of revolution, then 

 y zI I=  

 and from Part (i) y z xI I I+ �  

 or 2 y xI I�  

 or  1       Q.E.D.
2y xI I�  
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PROBLEM 9.177 

Consider a cube of mass m and side a. (a) Show that the ellipsoid of inertia at the center of the cube is a 
sphere, and use this property to determine the moment of inertia of the cube with respect to one of its 
diagonals. (b) Show that the ellipsoid of inertia at one of the corners of the cube is an ellipsoid of revolution, 
and determine the principal moments of inertia of the cube at that point. 

 

SOLUTION 

(a) At the center of the cube have (using Figure 9.28) 

  2 2 21 1( )
12 6x y zI I I m a a ma= = = + =  

 Now observe that symmetry implies 

  0xy yz zxI I I= = =  

 Using Equation (9.48), the equation of the ellipsoid of inertia is 

  2 2 2 2 2 21 1 1 1
6 6 6

ma x ma y ma z⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

  or 2 2 2 2
2

6 ( )x y z R
ma

+ + = =   

 which is the equation of a sphere. 
 Since the ellipsoid of inertia is a sphere, the moment of inertia with  respect to any axis OL through the 
 center O of the cube must always 

 be the same 1 .
OL

R
I

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

 21
6OLI ma=   

(b) The above sketch of the cube is the view seen if the line of sight is along the diagonal that passes  
 through corner A. For a rectangular coordinate system at A and with one of the coordinate axes aligned 
 with the diagonal, an ellipsoid of inertia at A could be constructed. If the cube is then rotated 120°  
 about the diagonal, the mass distribution will remain unchanged. Thus, the ellipsoid will also remain 
 unchanged after it is rotated. As noted at the end of Section 9.17, this is possible only if the ellipsoid is  
 an ellipsoid of revolution, where the diagonal is both the axis of revolution and a principal axis. 

 It then follows that  21
6x OLI I ma′ = =   

 In addition, for an ellipsoid of revolution, the two transverse principal moments of inertia are equal and 
 any axis perpendicular to the axis of revolution is a principal axis. Then, applying the parallel-axis 
 theorem between the center of the cube and corner A for any perpendicular axis 

  
2

21 3
6 2y zI I ma m a′ ′

⎛ ⎞
= = + ⎜ ⎟⎜ ⎟

⎝ ⎠
 

  or 211
12y zI I ma′ ′= =   

 (Note: Part b can also be solved using the method of Section 9.18.) 
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PROBLEM 9.177  (Continued) 

 

 First note that at corner A 

  

2

2

2
3

1
4

x y z

xy yz zx

I I I ma

I I I ma

= = =

= = =
 

 Substituting into Equation (9.56) yields 

  3 2 2 2 6 3 955 1212 0
48 864

k ma k m a k m a− + − =  

 For which the roots are 

 

2
1

2
2 3

1
6

11
12

k ma

k k ma

=

= =
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PROBLEM 9.178 

Given a homogeneous body of mass m and of arbitrary shape and three rectangular axes x, y, and z with origin 
at O, prove that the sum Ix + Iy + Iz of the mass moments of inertia of the body cannot be smaller than the 
similar sum computed for a sphere of the same mass and the same material centered at O. Further, using the 
result of Problem 9.176, prove that if the body is a solid of revolution, where x is the axis of revolution, its 
mass moment of inertia Iy about a transverse axis y cannot be smaller than 3ma2/10, where a is the radius of 
the sphere of the same mass and the same material. 

 

SOLUTION 

(i) Using Equation (9.30), we have 

  2 2 2 2 2 2( ) ( ) ( )x y zI I I y z dm z x dm x y dm+ + = + + + + +∫ ∫ ∫  

  2 2 22 ( )x y z dm= + +∫  

  22 r dm= ∫  

 where r is the distance from the origin O to the element of mass dm. Now assume that the given body 
 can be formed by adding and subtracting appropriate volumes 1V  and 2V  from a sphere of mass m 
 and radius a which is centered at O; it then follows that 

  1 2 body sphere( )m m m m m= = =  

 Then 

  
1body sphere( ) ( ) ( )x y z x y z x y z VI I I I I I I I I+ + = + + + + +  

  
2

( )x y z VI I I− + +  

 or 
1 2

2 2
body sphere( ) ( ) 2 2x y z x y z m m

I I I I I I r dm r dm+ + = + + + −∫ ∫  

 Now, 1 2m m=  and 1 2r r�  for all elements of mass dm in volumes 1 and 2. 

  
1 2

2 2 0
m m

r dm r dm−∫ ∫ �  

 so that   body sphere( ) ( )      Q.E.D.x y z x y zI I I I I I+ + + +�  
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PROBLEM 9.178  (Continued) 

 

(ii) First note from Figure 9.28 that for a sphere 

  22
5x y zI I I ma= = =  

 Thus 2
sphere

6( )
5x y zI I I ma+ + =  

 For a solid of revolution, where the x axis is the axis of revolution, we have 

  y zI I=  

 Then, using the results of Part (i) 

  2
body

6( 2 )
5x yI I ma+ �  

 From Problem 9.178 we have 1
2y xI I�  

 or body(2 ) 0y xI I− �  

 Adding the last two inequalities yields 

  2
body

6(4 )
5yI ma�  

 or  2
body

3( )      Q.E.D.
10yI ma�  
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PROBLEM 9.179* 

The homogeneous circular cylinder shown has a mass m, and 
the diameter OB of its top surface forms 45° angles with the  
x and z axes. (a) Determine the principal mass moments of 
inertia of the cylinder at the origin O. (b) Compute the angles 
that the principal axes of inertia at O form with the coordinate 
axes. (c) Sketch the cylinder, and show the orientation of the 
principal axes of inertia relative to the x, y, and z axes. 

 

SOLUTION 

(a) First compute the moments of inertia using Figure 9.28 and the 
 parallel-axis theorem. 

  

2 2
2 2 2

2 2 2

1 13(3 )
12 2 122

1 3( )
2 2

x z

y

a aI I m a a m ma

I ma m a ma

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥= = + + + =⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦

= + =

 

 Next observe that the centroidal products of inertia are zero because of symmetry. Then 
 

  21
22 2 2xy x y

a aI I mx y m ma′ ′
⎛ ⎞⎛ ⎞= + = − = −⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
 

  21
2 2 2 2yz y z
a aI I my z m ma′ ′

⎛ ⎞⎛ ⎞= + = − = −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 

  21
22 2zx z x

a aI I mz x m ma′ ′
⎛ ⎞⎛ ⎞= + = =⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 

 Substituting into Equation (9.56) 

 3 2 213 3 13
12 2 12

K ma K⎛ ⎞− + +⎜ ⎟
⎝ ⎠

 

 
2 2 2

2 213 3 3 13 13 13 1 1 1 ( )
12 2 2 12 12 12 22 2 2 2

ma K
⎤⎡ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎥+ × + × + × − − − − −⎜ ⎟ ⎜ ⎟⎢⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎣ ⎦

 

  

2 2

2
2 3

13 3 13 13 1 3 1
12 2 12 12 2 22 2

13 1 1 1 12 ( ) 0
12 22 2 2 2 2 2

ma

⎡ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞− × × − − −⎜ ⎟⎢⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠⎣

⎤⎛ ⎞ ⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞− − − − − =⎥⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎦

 

 

0 

0 

0 
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PROBLEM 9.179*  (Continued) 

 

 Simplifying and letting 2K ma ζ=  yields 

  3 211 565 95 0
3 144 96

ζ ζ ζ− + − =  

 Solving yields 

  1 2 3
190.363383                1.71995
12

ζ ζ ζ= = =  

 The principal moments of inertia are then 

  2
1 0.363K ma=   

  2
2 1.583K ma=   

  2
3 1.720K ma=   

(b) To determine the direction cosines ,  ,  x y zλ λ λ  of each principal axis,  we use two of the equations of 
 Equations (9.54) and (9.57). 

 Thus, 

  ( ) 0x x xy y zx zI K I Iλ λ λ− − − =  (9.54a) 

  ( ) 0zx x yz y z zI I I Kλ λ λ− − + − =  (9.54c) 

  2 2 2 1x y zλ λ λ+ + =  (9.57) 

 (Note: Since ,xy yzI I=  Equations (9.54a) and (9.54c) were chosen to simplify the “elimination” of yλ  
 during the solution process.) 

 Substituting for the moments and products of inertia in Equations (9.54a) and (9.54c) 

  2 2 213 1 1 0
12 22 2x y zma K ma maλ λ λ⎛ ⎞⎛ ⎞ ⎛ ⎞− − − − =⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

 

  2 2 21 1 13 0
2 122 2x y zma ma ma Kλ λ λ⎛ ⎞⎛ ⎞ ⎛ ⎞− − − + − =⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎝ ⎠
 

 or 13 1 1 0
12 22 2x y zζ λ λ λ⎛ ⎞− + − =⎜ ⎟
⎝ ⎠

 (i) 

 and 1 1 13 0
2 122 2x y zλ λ ζ λ⎛ ⎞− + + − =⎜ ⎟

⎝ ⎠
 (ii) 

 Observe that these equations will be identical, so that one will need  to be replaced, if 

  13 1 19        or        
12 2 12

ζ ζ− = − =  

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1660 

PROBLEM 9.179*  (Continued) 

 

 Thus, a third independent equation will be needed when the direction cosines associated with 2K  are 
 determined. Then for 1K  and 3K  

 Eq. (i) through Eq. (ii): 13 1 1 13 0
12 2 2 12x zζ λ ζ λ⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞− − − + − − − =⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
 

 or z xλ λ=  

 Substituting into Eq. (i): 13 1 1 0
12 22 2x y xζ λ λ λ⎛ ⎞− + − =⎜ ⎟
⎝ ⎠

 

 or 72 2
12y xλ ζ λ⎛ ⎞= −⎜ ⎟

⎝ ⎠
 

 Substituting into Equation (9.57): 

  
2

2 272 2 ( ) 1
12x x xλ ζ λ λ⎡ ⎤⎛ ⎞+ − + =⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
 

 or 
2

272 8 1
12 xζ λ

⎡ ⎤⎛ ⎞+ − =⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 (iii) 

 1 :K  Substituting the value of 1ζ  into Eq. (iii): 

  ( )
2

2
1

72 8 0.363383 1
12 xλ

⎡ ⎤⎛ ⎞+ − =⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 

 or 1 1( ) ( ) 0.647249x zλ λ= =  

 and then  1
7( ) 2 2 0.363383 (0.647249)

12yλ ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

  0.402662= −  

 1 1 1( ) ( ) 49.7     ( ) 113.7x z yθ θ θ= = ° = °   

 3 :K  Substituting the value of 3ζ  into Eq. (iii): 

  
2

2
3

72 8 1.71995 ( ) 1
12 xλ

⎡ ⎤⎛ ⎞+ − =⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 

 or 3 3( ) ( ) 0.284726x zλ λ= =  

 and then  3
7( ) 2 2 1.71995 (0.284726)

12yλ ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

  0.915348=  

  3 3 3( ) ( ) 73.5      ( ) 23.7x z yθ θ θ= = ° = °   
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PROBLEM 9.179*  (Continued) 

 
 K2: For this case, the set of equations to be solved consists of Equations (9.54a), (9.54b), and (9.57). 
 Now 

  ( ) 0xy x y y yz zI I K Iλ λ λ− + − − =  (9.54b) 

 Substituting for the moments and products of inertia. 

  2 2 21 3 1 0
22 2 2 2x y zma ma K maλ λ λ⎛ ⎞ ⎛ ⎞⎛ ⎞− − + − − − =⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
 

 or 1 3 1 0
22 2 2 2x y zλ ξ λ λ⎛ ⎞+ − + =⎜ ⎟

⎝ ⎠
 (iv) 

 Substituting the value of 2ξ  into Eqs. (i) and (iv): 

  
2 2 2

2 2 2

13 19 1 1( ) ( ) ( ) 0
12 12 22 2

1 3 19 1( ) ( ) ( ) 0
2 122 2 2 2

x y z

x y z

λ λ λ

λ λ λ

⎛ ⎞− + − =⎜ ⎟
⎝ ⎠

⎛ ⎞+ − + =⎜ ⎟
⎝ ⎠

 

 or 2 2 2
1( ) ( ) ( ) 0
2x y zλ λ λ− + − =  

 and 2 2 2
2( ) ( ) ( ) 0

6x y zλ λ λ− + =  

 Adding yields 2( ) 0yλ =  

 and then 2 2( ) ( )y xλ λ= −  

 Substituting into Equation (9.57) 

  2 2 2
2 2 2( ) ( ) ( ) 1x y xλ λ λ+ + − =  

 or 2 2
1 1( ) and ( )
2 2x zλ λ= = −  

   2 2 2( ) 45.0 ( ) 90.0 ( ) 135.0x y zθ θ θ= ° = ° = °   

(c) Principal axes 1 and 3 lie in the vertical plane of symmetry passing through Points O and B. Principal 
 axis 2 lies in the xz plane. 

0 
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PROBLEM 9.180 

For the component described in Problem 9.165, determine (a) the 
principal mass moments of inertia at the origin, (b) the principal axes 
of inertia at the origin. Sketch the body and show the orientation of 
the principal axes of inertia relative to the x, y, and z axes. 

 

SOLUTION 

(a) From the solutions to Problems 9.141 and 9.165 we have 

 Problem 9.141: 3 2

3 2

3 2

13.98800 10 kg m

20.55783 10 kg m

14.30368 10 kg m

x

y

z

I

I

I

−

−

−

= × ⋅

= × ⋅

= × ⋅

 

 Problem 9.165:  
3 2

0

0.39460 10 kg m
yz zx

xy

I I

I −

= =

= × ⋅

 

 Eq. (9.55) then becomes 

  2

0

0 0 or ( )( )( ) ( ) 0

0 0

x xy

xy y x y z z xy

z

I K I

I I K I K I K I K I K I

I K

− −

− − = − − − − − =

−
 

 Thus 2 20 ( ) 0z x y x y xyI K I I I I K K I− = − + + − =  

 Substituting: 3 2
1 14.30368 10 kg mK −= × ⋅  

  or 3 2
1 14.30 10 kg mK −= × ⋅   

 and 3 3 3 2 3 2(13.98800 10 )(20.55783 10 ) (13.98800 20.55783)(10 ) (0.39460 10 ) 0K K− − − −× × − + + − × =  

 or  2 3 6(34.54583 10 ) 287.4072 10 0K K− −− × + × =  

 Solving yields 3 2
2 13.96438 10 kg mK −= × ⋅  

  or 3 2
2 13.96 10 kg mK −= × ⋅   

 and 3 2
3 20.58145 10 kg mK −= × ⋅  or 3 2

3 20.6 10 kg mK −= × ⋅   
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PROBLEM 9.180  (Continued) 

 

(b) To determine the direction cosines , ,x y zλ λ λ  of each principal axis, use two of the equations of  
 Eqs. (9.54) and Eq. (9.57). Then 

 K1: Begin with Eqs. (9.54a) and (9.54b) with 0.yz zxI I= =  

 
1 1 1

1 1 1

( )( ) ( ) 0

( ) ( )( ) 0
x x xy y

xy x y y

I K I

I I K

λ λ
λ λ
− − =

− + − =
 

 Substituting: 

  
3 3

1 1

3 3
1 1

[(13.98800 14.30368) 10 ]( ) (0.39460 10 )( ) 0

(0.39460 10 )( ) [(20.55783 14.30368) 10 ]( ) 0
x y

x y

λ λ

λ λ

− −

− −

− × − × =

− × + − × =
 

 Adding yields 1 1( ) ( ) 0x yλ λ= =  

 Then using Eq. (9.57) 2 2 2
1 1 1( ) ( ) ( ) 1x y zλ λ λ+ + =  

 or 1( ) 1zλ =  

 1 1 1( ) 90.0 ( ) 90.0 ( ) 0x y zθ θ θ= ° = ° = °   

 K2: Begin with Eqs. (9.54b) and (9.54c) with 0.yz zxI I= =  

  2 2 2

2 2

( ) ( )( ) 0

( )( ) 0
xy x y y

z z

I I K

I K

λ λ
λ

− + − =

− =
 (i) 

 Now 2 2( ) 0z zI K λ≠ ⇒ =  

 Substituting into Eq. (i): 

  3 3
2(0.39460 10 )( ) [(20.55783 13.96438) 10 ]( ) 0x z yλ λ− −− × + − × =  

 or 2 2( ) 0.059847( )y xλ λ=  

 Using Eq. (9.57): 2 2 2
2 2 2( ) [0.05984]( ) ] ( ) 1x x zλ λ λ+ + =  

 or 2( ) 0.998214xλ =  

 and 2( ) 0.059740yλ =  

   2 2 2( ) 3.4 ( ) 86.6 ( ) 90.0x y zθ θ θ= ° = ° = °   

 K3: Begin with Eqs. (9.54b) and (9.54c) with 0.yz zxI I= =  

  3 3 3

3 3

( ) ( )( ) 0

( )( ) 0
xy x y y

z z

I I K

I K

λ λ
λ

− + − =

− =
 (ii) 

0 0 

0 
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PROBLEM 9.180  (Continued) 

 

 Now 3 3( ) 0z zI K λ≠ ⇒ =  

 Substituting into Eq. (ii): 

  3 3
3 3(0.39460 10 )( ) [(20.55783 20.58145) 10 ]( ) 0x yλ λ− −− × + − × =  

 or 3 3( ) 16.70618( )y xλ λ= −  

 Using Eq. (9.57): 2 2 2
3 3 3( ) [ 16.70618( ) ] ( ) 1x x zλ λ λ+ − + =  

 or 3( ) 0.059751 (axes right-handed set "_")xλ = − ⇒  

 and 3( ) 0.998211yλ =  

   3 3 3( ) 93.4 ( ) 3.43 ( ) 90.0x y zθ θ θ= ° = ° = °   

 Note: Since the principal axes are orthogonal and 2 3( ) ( ) 90 ,z zθ θ= = °  it follows that 

  2 3 2 3|( ) | |( ) | |( ) | | ( ) |x y y zλ λ λ λ= =  

 The differences in the above values are due to round-off errors. 

(c) Principal axis 1 coincides with the z axis, while principal axes 2 and 3 lie in the xy plane. 

 
 

0 
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PROBLEM 9.181* 

For the component described in Problems 9.145 and 9.149, 
determine (a) the principal mass moments of inertia at the 
origin, (b) the principal axes of inertia at the origin. 
Sketch the body and show the orientation of the principal 
axes of inertia relative to the x, y, and z axes. 

 

SOLUTION 

(a) From the solutions to Problems 9.145 and 9.149, we have 

Problem 9.145: 3 226.4325 10 kg mxI −= × ⋅  Problem 9.149: 3 22.5002 10 kg mxyI −= × ⋅  

 3 231.1726 10 kg myI −= × ⋅   3 24.0627 10 kg myzI −= × ⋅  

  3 28.5773 10 kg mzI −= × ⋅   3 28.8062 10 kg mzxI −= × ⋅  

 Substituting into Eq. (9.56): 

 

3 3 2

2 2 2 6

2

2

[(26.4325 31.1726 8.5773)(10 )]
[(26.4325)(31.1726) (31.1726)(8.5773) (8.5773)(26.4325)

(2.5002) (4.0627) (8.8062) ](10 )

[(26.4325)(31.1726)(8.5773) (26.4325)(4.0627)

(31.1726)(8.8062) (8

K K

K

−

−

− + +
+ + +

− − −

− −

− − 2

9

.5773)(2.5002)

2(2.5002)(4.0627)(8.8062)](10 ) 0−− =

 

 or 3 3 2 6 9(66.1824 10 ) (1217.76 10 ) (3981.23 10 ) 0K K K− − −− × + × − × =  

 Solving yields 

 3 2
1 4.1443 10 kg mK −= × ⋅  3 2

1or 4.14 10 kg mK −= × ⋅   

 3 2
2 29.7840 10 kg mK −= × ⋅  3 2

2or 29.8 10 kg mK −= × ⋅   

 3 2
3 32.2541 10 kg mK −= × ⋅  3 2

3or 32.3 10 kg mK −= × ⋅   
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(b) To determine the direction cosines ,  ,  x y zλ λ λ  of each principal axis, use two of the equations of  
 Eqs. (9.54) and Eq. (9.57). Then 

 1:K  Begin with Eqs. (9.54a) and (9.54b). 

 1 1 1 1

1 1 1 1

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz z

I K I I

I I K I

λ λ λ
λ λ λ
− − − =

+ − − =
 

 Substituting: 

 3 3 3
1 1 1[(26.4325 4.1443)(10 )]( ) (2.5002 10 )( ) (8.8062 10 )( ) 0x y zλ λ λ− − −− − × − × =  

 3 3 3
1 1 1(2.5002 10 )( ) [(31.1726 4.1443)(10 )]( ) (4.0627 10 )( ) 0x y zλ λ λ− − −− × + − − × =  

 Simplifying 

 1 1 1

1 1 1

8.9146( ) ( ) 3.5222( ) 0

0.0925( ) ( ) 0.1503( ) 0
x y z

x y z

λ λ λ
λ λ λ

− − =

− + − =
 

 Adding and solving for 1( ) :zλ  

 1 1( ) 2.4022( )z xλ λ=  

 and then 1 1

1

( ) [8.9146 3.5222(2.4022)]( )

0.45357( )
y x

x

λ λ
λ

= −

=

 

 Now substitute into Eq. (9.57): 

 2 2 2
1 1 1( ) [0.45357( ) ] [2.4022( ) ] 1x x xλ λ λ+ + =  

 or 1( ) 0.37861xλ =  

 and 1( ) 0.17173yλ =  1( ) 0.90950zλ =  

 1 1 1( ) 67.8 ( ) 80.1 ( ) 24.6x y zθ θ θ= ° = ° = °   

 2:K  Begin with Eqs. (9.54a) and (9.54b). 

 2 2 2 2

2 2 2 2

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz z

I K I I

I I K I

λ λ λ
λ λ λ
− − − =

− + − − =
 

 Substituting: 

 3 3 3
2 2 2[(26.4325 29.7840)(10 )]( ) (2.5002 10 )( ) (8.8062 10 )( ) 0x y zλ λ λ− − −− − × − × =  

 3 3 3
2 2 2(2.5002 10 )( ) [(31.1726 29.7840)(10 )]( ) (4.0627 10 ) ) 0x y zλ λ λ− − −− × + − − × ( =  
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PROBLEM 9.181*  (Continued) 

 

 Simplifying 

 2 2 2

2 2 2

1.3405( ) ( ) 3.5222( ) 0

1.8005( ) ( ) 2.9258( ) 0
x y z

x y z

λ λ λ
λ λ λ

− − − =

− + − =
 

 Adding and solving for 2( ) :zλ  

 2 2( ) 0.48713( )z xλ λ= −  

 and then 2 2

2

( ) [ 1.3405 3.5222( 0.48713)]( )

0.37527( )
y x

x

λ λ
λ

= − − −

=

 

 Now substitute into Eq. (9.57): 

 2 2 2
2 2 2( ) [0.37527( ) ] [ 0.48713( ) ] 1x x xλ λ λ+ + − =  

 or 2( ) 0.85184xλ =  

 and  2( ) 0.31967yλ =  2( ) 0.41496zλ = −  

 1 2 2( ) 31.6 ( ) 71.4 ( ) 114.5x y zθ θ θ= ° = ° = °   

 3:K  Begin with Eqs. (9.54a) and (9.54b). 

 3 3 3 3

3 3 3 3

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz z

I K I I

I I K I

λ λ λ
λ λ λ
− − − =

− + − − =
 

 Substituting: 

 3 3 3
3 3 3[(26.4325 32.2541)(10 )]( ) (2.5002 10 )( ) (8.8062 10 )( ) 0x y zλ λ λ− − −− − × − × =  

 3 3 3
3 3 3(2.5002 10 )( ) [(31.1726 32.2541)(10 )]( ) (4.0627 10 )( ) 0x y zλ λ λ− − −− × + − − × =  

 Simplifying 

 3 3 3

3 3 3

2.3285( ) ( ) 3.5222( ) 0

2.3118( ) ( ) 3.7565( ) 0
x y z

x y z

λ λ λ
λ λ λ

− − − =

+ + =
 

 Adding and solving for 3( ) :zλ  

 3 3( ) 0.071276( )z xλ λ=  

 and then 3 3

3

( ) [ 2.3285 3.5222(0.071276)]( )

2.5795( )
y x

x

λ λ
λ

= − −

= −
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PROBLEM 9.181*  (Continued) 

 

 Now substitute into Eq. (9.57): 

 2 2 2
3 3 3( ) [ 2.5795( ) ] [0.071276( ) ] 1x x xλ λ λ+ − + =  (i) 

 or    3( ) 0.36134xλ =  

 and 3( ) 0.93208yλ =   3( ) 0.025755zλ =  

 3 3 3( ) 68.8 ( ) 158.8 ( ) 88.5x y zθ θ θ= ° = ° = °   

(c) Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the 
 direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is, 
 3( ) 0.36134.xλ = −  

 
 Then 3 3 3( ) 111.2 ( ) 21.2 ( ) 91.5x y zθ θ θ= ° = ° = °   

endbook.net
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PROBLEM 9.182* 

For the component described in Problem 9.167, determine (a) the principal 
mass moments of inertia at the origin, (b) the principal axes of inertia at the 
origin. Sketch the body and show the orientation of the principal axes of 
inertia relative to the x, y, and z axes. 

 

SOLUTION 

(a) From the solution of Problem 9.167, we have 

 2 2

2 2

2 2

1 1
2 4

1
8

5 3
6 8

x xy

y yz

z zx

W WI a I a
g g

W WI a I a
g g

W WI a I a
g g

= =

= =

= =

 

 Substituting into Eq. (9.56): 

 3 2 2

22 2 2
2

2 2 2

1 51
2 6

1 5 5 1 1 1 3(1) (1)
2 6 6 2 4 8 8

1 5 1 1 3 5 1 1(1) (1) 2
2 6 2 8 8 6 4 4

WK a K
g

W a K
g

⎡ ⎤⎛ ⎞⎛ ⎞− + +⎢ ⎥⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎣ ⎦
⎡ ⎤ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + + − − −⎢ ⎥ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎝ ⎠⎣ ⎦

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛− − − − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝

3
21 3 0

8 8
W a
g

⎡ ⎤ ⎛ ⎞⎞⎛ ⎞⎛ ⎞ =⎢ ⎥ ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟
⎠⎝ ⎠⎝ ⎠⎢ ⎥ ⎝ ⎠⎣ ⎦

 

 Simplifying and letting 2WK a K
g

=  yields 

 3 22.33333 1.53125 0.192708 0K K K− + − =  
 Solving yields 

 1 2 30.163917 1.05402 1.11539K K K= = =  

 The principal moments of inertia are then 2
1 0.1639WK a

g
=   

 2
2 1.054WK a

g
=   

 2
3 1.115WK a

g
=   
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PROBLEM 9.182*  (Continued) 

 

(b) To determine the direction cosines ,  ,  x y zλ λ λ  of each principal axis, use two of the equations of 
 Eqs. (9.54) and Eq. (9.57). Then 

 1:K  Begin with Eqs. (9.54a) and (9.54b). 

 1 1 1 1

1 2 1 1

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz z

I K I I

I I K I

λ λ λ
λ λ λ
− − − =

− + − − =
 

 Substituting 

 2 2 2
1 1 1

1 1 30.163917 ( ) ( ) ( ) 0
2 4 8x y z

W W Wa a a
g g g

λ λ λ
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞− − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 2 2 2
1 1 1

1 1( ) (1 0.163917) ( ) ( ) 0
4 8x y z

W W Wa a a
g g g

λ λ λ
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞

− + − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 Simplifying 

 1 1 11.34433( ) ( ) 1.5( ) 0x y zλ λ λ− − =  

 1 1 10.299013( ) ( ) 0.149507( ) 0x y zλ λ λ− + − =  

 Adding and solving for 1( ) :zλ  

 1 1( ) 0.633715( )z xλ λ=  

 and then 1 1

1

( ) [1.34433 1.5(0.633715)]( )

0.393758( )
y x

x

λ λ
λ

= −

=

 

 Now substitute into Eq. (9.57): 

 2 2 2
1 1 1( ) [0.393758( ) ] (0.633715( ) ] 1x x xλ λ λ+ + =  

 or 1( ) 0.801504xλ =  

 and 1( ) 0.315599yλ =  1( ) 0.507925zλ =  

 1 1 1( ) 36.7 ( ) 71.6 ( ) 59.5x y zθ θ θ= ° = ° = °   

 2:K  Begin with Eqs. (9.54a) and (9.54b): 

 2 2 2 2

2 2 2 2

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz z

I k I I

I I k I

λ λ λ
λ λ λ
− − − =

− + − − =
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PROBLEM 9.182*  (Continued) 

 

 Substituting 

 2 2 2
2 2 2

2 2 2
2 2 2

1 1 31.05402 ( ) ( ) ( ) 0
2 4 8

1 1( ) (1 1.05402) ( ) ( ) 0
4 8

x y z

x y z

W W Wa a a
g g g

W W Wa a a
g g g

λ λ λ

λ λ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞− − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− + − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 Simplifying 

 2 2 22.21608( ) ( ) 1.5( ) 0x y zλ λ λ− − − =  

 2 2 24.62792( ) ( ) 2.31396( ) 0x y zλ λ λ+ + =  

 Adding and solving for 2( )zλ  

 2 2( ) 2.96309( )z xλ λ= −  

 and then 2 2

2

( ) [ 2.21608 1.5( 2.96309)]( )

2.22856( )
y x

x

λ λ
λ

= − − −

=

 

 Now substitute into Eq. (9.57): 

 2 2 2
2 2 2( ) [2.22856( ) ] [ 2.96309( ) ] 1x x xλ λ λ+ + − =  

 or 2( ) 0.260410xλ =   

 and 2( ) 0.580339yλ =  2( ) 0.771618zλ = −  

 2 2 2( ) 74.9 ( ) 54.5 ( ) 140.5x y zθ θ θ= ° = ° = °   

 3:K  Begin with Eqs. (9.54a) and (9.54b): 

 3 3 3 3

3 3 3 3

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz z

I K I I

I I K I

λ λ λ
λ λ λ
− − − =

− + − − =
 

 Substituting 

 

2 2 2
3 3 3

2 2 2
3 3 3

1 1 31.11539 ( ) ( ) ( ) 0
2 4 8

1 1( ) (1 1.11539) ( ) ( ) 0
4 8

x y z

x y z

W W Wa a a
g g g

W W Wa a a
g g g

λ λ λ

λ λ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞− − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− + − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 Simplifying 

 3 3 3

3 3 3

2.46156( ) ( ) 1.5( ) 0

2.16657( ) ( ) 1.08328( ) 0
x y z

x y z

λ λ λ
λ λ λ

− − − =

+ + =
 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1672 

PROBLEM 9.182*  (Continued) 

 

 Adding and solving for 3( )zλ  

 3 3( ) 0.707885( )z xλ λ= −  

 and then 3 3

3

( ) [ 2.46156 1.5( 0.707885)]( )

1.39973( )
y x

x

λ λ
λ

= − − −

= −

 

 Now substitute into Eq. (9.57): 

 2 2 2
3 3 3( ) [ 1.39973( ) ] [ 0.707885( ) ] 1x x xλ λ λ+ − + − =  (i) 

 or 3( ) 0.537577xλ =  

 and 3 3( ) 0.752463 ( ) 0.380543y zλ λ= − = −  

 3 3 3( ) 57.5 ( ) 138.8 ( ) 112.4x y zθ θ θ= ° = ° = °   

(c) Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the 
 direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is,
 3( ) 0.537577xλ = −  

 
 Then 3 3 3( ) 122.5 ( ) 41.2 ( ) 67.6x y zθ θ θ= ° = ° = °   
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PROBLEM 9.183* 

For the component described in Problem 9.168, determine (a) the 
principal mass moments of inertia at the origin, (b) the principal axes 
of inertia at the origin. Sketch the body and show the orientation of 
the principal axes of inertia relative to the x, y, and z axes. 

 

SOLUTION 

(a) From the solution to Problem 9.168, we have 

 

4

4

4

18.91335

7.68953

12.00922

x

y

z

tI a
g
tI a

g
tI a

g

γ

γ

γ

=

=

=

 

4

4

4

1.33333

7.14159

0.66667

xy

yz

zx

tI a
g
tI a

g
tI a

g

γ

γ

γ

=

=

=

 

 Substituting into Eq. (9.56): 

 

3 4 2

2
2 2 2 4

(18.91335 7.68953 12.00922)

[(18.91335)(7.68953) (7.68953)(12.00922) (12.00922)(18.91335)

(1.33333) (7.14159) (0.66667) ]

tK a K
g

t a K
g

γ

γ

⎡ ⎤⎛ ⎞
− + +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
+ + +

⎛ ⎞
− − + ⎜ ⎟

⎝ ⎠

 

 

2

2 2

3
4

[(18.91335)(7.68953)(12.00922) (18.91335)(7.14159)

(7.68953)(0.66667) (12.00922)(1.33333)

2(1.33333)(7.14159)(0.66667)] 0t a
g
γ

− −

− −

⎛ ⎞
− =⎜ ⎟

⎝ ⎠

 

 Simplifying and letting 

 4 yieldstK a K
g
γ=  

 3 238.61210 411.69009 744.47027 0K K K− + − =  
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PROBLEM 9.183*  (Continued) 

 

 Solving yields 

 1 2 32.25890 17.27274 19.08046K K K= = =  

 The principal moments of inertia are then 4
1 2.26 tK a

g
γ=   

 4
2 17.27 tK a

g
γ=   

 4
3 19.08 tK a

g
γ=   

(b) To determine the direction cosines ,  ,  x y zλ λ λ  of each principal axis, use two of the equations of  
 Eqs. (9.54) and Eq. (9.57). Then 

 1 :K  Begin with Eqs. (9.54a) and (9.54b): 

 1 1 1 1

1 2 1 1

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz z

I K I I

I I K I

λ λ λ
λ λ λ
− − − =

− + − − =
 

 Substituting 

 4 4 4
1 1 1(18.91335 2.25890) ( ) 1.33333 ( ) 0.66667 ( ) 0x y z

t t ta a a
g a g
γ γ γλ λ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞− − − =⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 4 4 4
1 1 11.33333 ( ) (7.68953 2.25890) ( ) 7.14159 ( ) 0x y z

t t ta a a
g g g
γ γ γλ λ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− + − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 Simplifying 

 1 1 1

1 1 1

12.49087( ) ( ) 0.5( ) 0

0.24552( ) ( ) 1.31506( ) 0
x y z

x y z

λ λ λ
λ λ λ

− − =

− + − =
 

 Adding and solving for 1( )zλ  

 1 1( ) 6.74653( )z xλ λ=  

 and then 1 1

1

( ) [12.49087 (0.5)(6.74653)]( )

9.11761( )
y x

x

λ λ
λ

= −

=

 

 Now substitute into Eq. (9.57): 2 2 2
1 1 1( ) [9.11761( ) ] [6.74653( ) ] 1x x xλ λ λ+ + =  

 or 1( ) 0.087825xλ =  

 and 1 1( ) 0.80075 ( ) 0.59251y zλ λ= =  

 1 1 1( ) 85.0 ( ) 36.8 ( ) 53.7x y zθ θ θ= ° = ° = °   
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PROBLEM 9.183*  (Continued) 

 

 2 :K  Begin with Eqs. (9.54a) and (9.54b): 

 2 2 2 2

2 2 2 2

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz z

I K I I

I I K I

λ λ λ
λ λ λ
− − − =

− + − − =
 

 Substituting 

 

4 4 4
2 2 2

4 4 4
2 2 2

[(18.91335 17.27274) ( ) 1.33333 ( ) 0.66667 ( ) 0

1.33333 ( ) (7.68953 17.27274) ( ) 7.14159 ( ) 0

x y z

x y z

t t ta a a
g g g

t t ta a a
g g g

γ γ γλ λ λ

γ γ γλ λ λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− − − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞

− + − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 Simplifying 

 2 2 2

2 2 2

1.23046( ) ( ) 0.5( ) 0

0.13913( ) ( ) 0.74522( ) 0
x y z

x y z

λ λ λ
λ λ λ

− − =

+ + =
 

 Adding and solving for 2( )zλ  

 2 2( ) 5.58515( )z xλ λ= −  

 and then  2 2

2

( ) [1.23046 (0.5)( 5.58515)]( )

4.02304 ( )
y x

x

λ λ
λ

= − −

=

 

 Now substitute into Eq. (9.57): 

  2 2 2
2 2 2( ) [4.02304( ) ] [ 5.58515( ) ] 1x x xλ λ λ+ + − =  

 or 2( ) 0.14377xλ =  

 and 2 2( ) 0.57839 ( ) 0.80298y zλ λ= = −  

 2 2 2( ) 81.7 ( ) 54.7 ( ) 143.4x y zθ θ θ= ° = ° = °   

 3 :K  Begin with Eqs. (9.54a) and (9.54b): 

 3 3 3 3

3 3 3 3

( )( ) ( ) ( ) 0

( ) ( )( ) ( ) 0
x x xy y zx z

xy x y y yz y

I K I I

I I K I

λ λ λ
λ λ λ
− − − =

− + − − =
 

 Substituting 

 4 4 4
3 3 3[(18.91335 19.08046) ( ) 1.33333 ( ) 0.66667 ( ) 0x y z

t t ta a a
g g g
γ γ γλ λ λ⎛ ⎞ ⎛ ⎞ ⎛ ⎞

− − − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

 4 4 4
3 3 31.33333 ( ) (7.68953 19.08046) ( ) 7.14159 ( ) 0x y z

t t ta a a
g g g
γ γ γλ λ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− + − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
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PROBLEM 9.183*  (Continued) 

 

 Simplifying 

 3 3 3

3 3 3

0.12533( ) ( ) 0.5( ) 0

0.11705( ) ( ) 0.62695( ) 0
x y z

x y z

λ λ λ
λ λ λ

− − − =

+ + =

 

 Adding and solving for 3( )zλ  

 3 3( ) 0.06522( )z xλ λ=  

 and then 3 3

3

( ) [ 0.12533 (0.5)(0.06522)]( )

0.15794( )
y x

x

λ λ
λ

= − −

= −

 

 Now substitute into Eq. (9.57): 

 2 2 2
3 3 3( ) [ 0.15794( ) ] [0.06522( ] ] 1x x xλ λ λ+ − + =  (i) 

 or 3( ) 0.98571xλ =  

 and 3 3( ) 0.15568 ( ) 0.06429y zλ λ= − =  

 3 3 3( ) 9.7 ( ) 99.0 ( ) 86.3x y zθ θ θ= ° = ° = °   

(c) Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the 
 direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is, 
 3( ) 0.98571.xλ = −  

 
 Then  3 3 3( ) 170.3 ( ) 81.0 ( ) 93.7x y zθ θ θ= ° = ° = °   
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PROBLEM 9.184* 

For the component described in Problems 9.148 and 9.170, 
determine (a) the principal mass moments of inertia at the 
origin, (b) the principal axes of inertia at the origin. Sketch 
the body and show the orientation of the principal axes of 
inertia relative to the x, y, and z axes. 

 

SOLUTION 

(a) From the solutions to Problems 9.148 and 9.170. We have 

 2 2

2

0.32258 kg m 0.41933 kg m

0.096768 kg m 0
x y z

xy zx yz

I I I

I I I

= ⋅ = = ⋅

= = ⋅ =

 

 Substituting into Eq. (9.56) and using 

 0y z xy zx yzI I I I I= = =  

 

3 2

2 2

2 2

[0.32258 2(0.41933)]

[2(0.32258)(0.41933) (0.41933) 2(0.096768) ]

[(0.32258)(0.41933) 2(0.41933)(0.096768) ] 0

K K

K

− +

+ + −

− − =

 

 Simplifying 

 3 21.16124 0.42764 0.048869 0K K K− + − =  

 Solving yields 

 2
1 0.22583 kg mK = ⋅  2

1or 0.226 kg mK = ⋅   

 2
2 0.41920 kg mK = ⋅  2

2or 0.419 kg mK = ⋅   

 2
3 0.51621 kg mK = ⋅  2

3or 0.516 kg mK = ⋅   

(b) To determine the direction cosines ,  ,  x y zλ λ λ  of each principal axis, use two of the equations of  
 Eqs. (9.54) and (9.57). Then  
 1:K  Begin with Eqs. (9.54b) and (9.54c): 

 1 1 1 3( ) ( )( ) ( ) 0xy x y y yz zI I K Iλ λ λ− + − − =  

 1 1 1 3( ) ( ) ( )( ) 0zx x yz y z zI I I Kλ λ λ− − + − =  

0 

0 
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PROBLEM 9.184*  (Continued) 

 

 Substituting 
 1 1

1 1

(0.096768)( ) (0.41933 0.22583)( ) 0

(0.096768)( ) (0.41933 0.22583)( ) 0
x y

x z

λ λ
λ λ

− + − =

− + − =

 

 Simplifying yields 

 1 1 1( ) ( ) 0.50009( )y z xλ λ λ= =  

 Now substitute into Eq. (9.54): 

 2 2
1( ) 2[0.50009( ) ] 1x xλ λ+ =  

 or 1( ) 0.81645xλ =  

 and 1 1( ) ( ) 0.40830y zλ λ= =  

  1 1 1( ) 35.3 ( ) ( ) 65.9x y zθ θ θ= ° = = °   

 2 :K  Begin with Eqs. (9.54a) and (9.54b) 

 2 2 2 2( )( ) ( ) ( ) 0x x xy y zx zI K I Iλ λ λ− − − =  

 2 2 2 2( ) ( )( ) ( ) 0xy x y y yz zI I K Iλ λ λ− + − − =  

 Substituting 

 2 2 2(0.32258 0.41920)( ) (0.096768)( ) (0.096768)( ) 0x y zλ λ λ− − − =  (i) 

 2 2(0.96768)( ) (0.41933 0.41920)( ) 0x yλ λ− + − =  (ii) 

 Eq. (ii) ⇒  2( ) 0xλ =  

 and then Eq. (i) ⇒  2 2( ) ( )z yλ λ= −  

 Now substitute into Eq. (9.57): 

 2 2 2
2 2 2( ) ( ) [ ( ) ] 1x y yλ λ λ+ + − =  

 or 2
1( )
2yλ =  

 and 2
1( )
2zλ = −  

 2 2 2( ) 90 ( ) 45 ( ) 135x y zθ θ θ= ° = ° = °   

 
 
 
 

0 

0 
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PROBLEM 9.184*  (Continued) 

 

 3 :K  Begin with Eqs. (9.54b) and (9.54c): 

 3 3 3 3( ) ( )( ) ( ) 0xy x y y yz zI I K Iλ λ λ+ − + =  

 3 3 3 3( ) ( ) ( )( ) 0zx x yz y z zI I I Kλ λ λ− − + − =  

 Substituting 

 3 3(0.096768)( ) (0.41933 0.51621)( ) 0x yλ λ− + − =  

 3 3(0.096768)( ) (0.41933 0.51621)( ) 0x zλ λ− + − =  

 Simplifying yields 

  3 3 3( ) ( ) ( )y z xλ λ λ= = −  

 Now substitute into Eq. (9.57): 

 2 2
3 3( ) 2[ ( ) ] 1x xλ λ+ − =  (i) 

 or 3
1( )
3xλ =  

 and 3
1( ) ( )
3y zλ λ= = −  

  3 3 3( ) 54.7 ( ) ( ) 125.3x y zθ θ θ= ° = = °   

(c) 

 
 Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the 
 direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; 

 That is, 3
1( )
3xλ = −  

 Then 3( ) 125.3xθ = °  3 3( ) ( ) 54.7y zθ θ= = °   

0 

0 
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PROBLEM 9.185 

Determine by direct integration the moments of inertia of the shaded area 
with respect to the x and y axes. 

 

SOLUTION 

At 1 1 2,x a y y b= = =  

 1 :y  2
2or bb ka k

a
= =  

 2 :y  or bb ma m
a

= =  

Then 2
1 2

by x
a

=  

 2
by x
a

=  

Now ( )3 3
2 1

3 3
3 6

3 6

1
3
1
3

xdI y y dx

b bx x dx
a a

= −

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠

 

Then 
3

3 6
3 60

3
4 7

3 6
0

1 1
3

1 1
3 4 7

a

x x

a

bI dI x x dx
a a

b x x
a a

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

⎡ ⎤= −⎢ ⎥⎣ ⎦

∫ ∫  

 or 31
28xI ab=   

Also 2 2 2 2
2 1 2[( )y

b bdI x dA x y y dx x x x dx
a a

⎡ ⎤⎛ ⎞= = − = −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

Then 3 4
20

4 5
2

0

1 1

1 1
4 5

a

y y

a

I dI b x x dx
a a

b x x
a a

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

⎡ ⎤= −⎢ ⎥⎣ ⎦

∫ ∫  

 or 31
20yI a b=   
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PROBLEM 9.186 

Determine the moments of inertia and the radii of gyration of the shaded 
area shown with respect to the x and y axes. 

 

SOLUTION 

We have 
1/2

1 xdA ydx b dx
a

⎡ ⎤⎛ ⎞= = −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 

Then 
1/2

0

3/2

0

1

2 1
33

a

a

xA dA b dx
a

b x x ab
a

⎡ ⎤⎛ ⎞= = −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤
= − =⎢ ⎥

⎣ ⎦

∫ ∫  

Now 

31/2
3

1/2 3/23

1 1 1
3 3

1 3 3
3

x
xdI y dx b dx
a

b x x x dx
a a a

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞= = −⎢ ⎥⎨ ⎬⎜ ⎟
⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

 

Then 
1/2 3/23

0

3
3/2 2 5/2

3/2
0

1 3 3
3

2 3 2
3 2 5

a

x x

a

b x x xI dI dx
a a a

b x x x x
a aa

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = − + −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤
= − + +⎢ ⎥

⎣ ⎦

∫ ∫  

 or 31
30xI ab=   

and 
31

2 30
1
3

x
x

abI
k

A ab
= =  

 or 
10x
bk =   

Also 
1/2

2 2 2( ) 1y
xdI x dA x ydx x b dx
a

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞= = = −⎢ ⎥⎨ ⎬⎜ ⎟
⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1682 

PROBLEM 9.186  (Continued) 

 

Then 2 5/2 3 7/2

0
0

1 1 2
3 7

a
a

y yI dI b x x dx b x x
a a

⎛ ⎞ ⎡ ⎤
= = − = −⎜ ⎟ ⎢ ⎥

⎝ ⎠ ⎣ ⎦∫ ∫  

 or 31
21yI a b=   

and 
31

2 21
1
3

y
y

I a b
k

A ab
= =  

 or 
7y

ak =   
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PROBLEM 9.187 

Determine the moment of inertia and the radius of gyration of the shaded 
area shown with respect to the y axis. 

 

SOLUTION 

At 1 2, :x a y y b= = =   2
1 2

2
2 2

: or

: 2 or

by b ka k
a

by b b ca c
a

= =

= − =

 

Then 2
1 2

2

2 22

by x
a

xy b
a

=

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠

 

Now 2 1

2
2

2 2

2 2
2

( )

2

2 ( )

dA y y dx

x bb x dx
a a

b a x dx
a

= −

⎡ ⎤⎛ ⎞
= − −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

= −

 

Then 2 2
20

2 3
2

0

2 ( )

2 1
3

4
3

a

a

bA dA a x dx
a

b a x x
a

ab

= = −

⎡ ⎤= −⎢ ⎥⎣ ⎦

=

∫ ∫  

Now 2 2 2 2
2

2 ( )y
bdI x dA x a x dx

a
⎡ ⎤= = −⎢ ⎥⎣ ⎦
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PROBLEM 9.187  (Continued) 

 

Then 2 2 2
20

2 3 5
2

0

2 ( )

2 1 1
3 5

a

y y

a

bI dI x a x dx
a

b a x x
a

= = −

⎡ ⎤= −⎢ ⎥⎣ ⎦

∫ ∫  

 or 34
15yI a b=   

and 
34

2 215
4
3

1
5

y
y

I a b
k a

A ab
= = =  

 or 
5y

ak =   
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PROBLEM 9.188 

Determine the moments of inertia of the shaded area shown with respect to the 
x and y axes. 

 

SOLUTION 

We have 1 2 3( ) ( ) ( )x x x xI I I I= + −  

where  3 4
1

1 4( ) (2 )(2 )
12 3xI a a a= =  

Now 4
2 3( ) ( )

8AA BBI I aπ= =  

and 
2

2
2 2( ) ( )AA xI I Ad= +  

or 
2 3

2
4 2 4

2 3 1
4 8( ) ( )

8 2 3 8 9x x
aI I a a aπ π π
π π

⎛ ⎞⎛ ⎞ ⎛ ⎞= = − = −⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

 

Then 
2

3

2
2 4 2

2 2 2

4

2
2 4 2

3 3 3

4

8 4( ) ( )
8 9 2 3

4 5
3 8

8 4( ) ( )
8 9 2 3

4 5
3 8

x x

x x

aI I Ad a a a

a

aI I Ad a a a

a

π π
π π

π

π π
π π

π

⎛ ⎞ ⎛ ⎞⎛ ⎞= + = − + +⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

⎛ ⎞= +⎜ ⎟
⎝ ⎠

⎛ ⎞ ⎛ ⎞⎛ ⎞= + = − + −⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

⎛ ⎞= − +⎜ ⎟
⎝ ⎠

 

Finally 4 4 44 4 5 4 5
3 3 8 3 8xI a a aπ π⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= + + − − +⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
 44xI a=   

Also 1 2 3( ) ( ) ( )y y y yI I I I= + −  

Where 3 2 2 4
1

1 16( ) (2 )(2 ) (2 ) ( )
12 3yI a a a a a= + =  

 4 2 2
2 3( ) ( ) ( )

8 2y yI I a a aπ π⎡ ⎤⎛ ⎞= = +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

  416
3yI a=   
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PROBLEM 9.189 

Determine the polar moment of inertia of the area shown with 
respect to (a) Point O, (b) the centroid of the area. 

 

SOLUTION 

First locate centroid C of the area. 

 

 2, mmA  , mmy  3, mmyA  

1 (54)(36) 3053.6
2
π =  48 15.2789

π
=  46,656  

2 2(18) 508.9
2
π− = −  24 7.6394

π
=  3888−  

Σ  2544.7   42,768  

 

Then 2 3: (2544.7 mm ) 42,768 mmY A y A YΣ = Σ =  

 or 16.8067 mmY =   

(a) 1 2

2 2 4

6 6 4

6 4

( ) ( )

(54 mm)(36 mm)[(54 mm) (36 mm) ] (18 mm)
8 4
(3.2155 10 0.0824 10 ) mm

3.1331 10 mm

O O OJ J J
π π

= −

= + −

= × − ×

= ×

 

  or 6 43.13 10 mmOJ = ×   

(b) 2( )O CJ J A Y= +  

 or 6 4 2 23.1331 10 mm (2544.7 mm )(16.8067 mm)CJ = × −  

  or 6 42.41 10 mmCJ = ×   
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PROBLEM 9.190 

To form an unsymmetrical girder, two L76 × 76 × 6.4-mm angles 
and two L152 × 102 × 12.7-mm angles are welded to a 16-mm steel 
plate as shown. Determine the moments of inertia of the combined 
section with respect to its centroidal x and y axes. 

 

SOLUTION 

L76 76 6.4:× ×  2

6 4

929 mm

0.512 10 mmx y

A

I I

=

× = ×

 

L152 102 12.7:× ×  2

6 4

6 4

3060 mm

2.59 10 mm

7.20 10 mm
x

y

A

I

I

=

= ×

= ×

 

 

First locate centroid C of the section: 

 2, mmA  y  3, mmyA  

1 2(3060) 6120=  24.9 152,388 

2 (16)(540) 8640=  270 2,332,800 

3 2(929) 1858=  518.8 963,930 

Σ  16,618  3,449,118 
 

Then Y A y AΣ = Σ  

or 2(16,618 mm ) 3,449,118Y =  

or 207.553 mmY =  

Now 1 2 32( ) ( ) 2( )x x x xI I I I= + +  
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PROBLEM 9.190  (Continued) 

 

where 2 6 4 2 2
1

6 4

2 3 2
2

6 4

2 6 4 2 2
3

( ) 2.59 10 mm (3060 mm )[(207.553 24.9) mm]

104.678 10 mm
1( ) (16 mm)(540 mm) (16 mm)(540 mm)[(270 207.553) mm]

12
243.645 10 mm

( ) 0.512 10 mm (929 mm [(518.8 207.553) mm]

9

x x

x x

x x

I I Ad

I I Ad

I I Ad

= + = × + −

= ×

= + = + −

= ×

= + = × + −

= 6 40.5086 10 mm×

 

Then 6 4[2(104.678) 243.645 2(90.5086)] 10 mmxI = + + ×  

 or 6 4634 10 mmxI = ×   

Also 1 2 32( ) ( ) 2( )y y y yI I I I= + +  

where 2 6 4 2 2
1

6 4

3
2

6 4

2 6 4 2 2
3

6 4

( ) 7.20 10 mm (3060 mm )[(8 50.3) mm]

17.6006 10 mm
1( ) (540 mm)(16 mm)

12
0.1843 10 mm

( ) 0.512 10 mm (929 mm )[(8 21.2) mm]

1.3041 10 mm

y y

y

y y

I I Ad

I

I I Ad

= + = × + +

= ×

=

= ×

= + = × + +

= ×

 

Then 6 4[2(17.6006) 0.1843 2(1.3041)] 10 mmyI = + + ×  

 or 6 438.0 10 mmyI = ×   
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PROBLEM 9.191 

Using the parallel-axis theorem, determine the product of inertia of 
the L5 × 3 × 1

2 -in. angle cross section shown with respect to the 
centroidal x and y axes. 

 

SOLUTION 

We have 

 1 2( ) ( )xy xy xyI I I= +  

For each rectangle: 

 xy x yI I x yA′ ′= +  

and 0x yI ′ ′ =  (symmetry) 

Thus xyI x yA= Σ  

 2,  in.A  , in.x  , in.y  4, in.x yA  

1 
13 1.5
2

× =  0.754 1.49−  1.68519−  

2 
14.5 2.25
2

× =  0.496−  1.01 1.12716−  

Σ     2.81235−  

 
 42.81 in.xyI = −   
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PROBLEM 9.192 

For the L5 × 3 × 1
2 -in.  angle cross section shown, use Mohr’s circle 

to determine (a) the moments of inertia and the product of inertia 
with respect to new centroidal axes obtained by rotating the x and y 
axes 30° clockwise, (b) the orientation of the principal axes through 
the centroid and the corresponding values of the moments of inertia. 

 

SOLUTION 

From Figure 9.13a: 

 4 49.43 in. 2.55 in.x yI I= =  

From the solution to Problem 9.191 

 42.81235 in.xyI = −  

The Mohr’s circle is defined by the diameter XY, where  

 (9.43 2.81235), (2.55, 2.81235)X Y−  

Now 4
ave

1 1( ) (9.43 2.55) 5.99 in.
2 2x yI I I= + = + =  

and 
2 2

2 2

4

1 1( ) (9.43 2.55) ( 2.81235)
2 2

4.4433 in.

x y xyR I I I⎡ ⎤ ⎡ ⎤= − + = − + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

=

 

The Mohr’s circle is then drawn as shown. 

 

2
tan 2

2( 2.81235)
9.43 2.55

0.81754

xy
m

x y

I
I I

θ = −
−

−= −
−

=

 

or 2 39.267mθ = °  

and 19.6335mθ = °  

Then 180 (39.267 60 )
80.733

α = ° − ° + °
= °
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PROBLEM 9.192  (Continued) 

 

(a) We have ave cos 5.99 4.4433cos80.733xI I R α′ = − = − °  

  or 45.27 in.xI ′ =   

 ave cos 5.99 4.4433cos80.733yI I R α′ = + = + °  

  or 46.71 in.yI ′ =   

 sin 4.4433sin80.733x yI R α′ ′ = − = − °  

  or 44.39 in.x yI ′ ′ = −   

(b)  First observe that the principal axes are obtained by rotating the xy axes through 

 19.63° counterclockwise  

  about C. 

 Now max, min ave 5.99 4.4433I I R= ± = ±  

  or 4
max 10.43 in.I =   

 4
min 1.547 in.I =   

 

 From the Mohr’s circle it is seen that the a axis corresponds to maxI  and the b axis corresponds to min .I  
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PROBLEM 9.193 

A piece of thin, uniform sheet metal is cut to form the machine 
component shown. Denoting the mass of the component by m, 
determine its mass moment of inertia with respect to (a) the  
x axis, (b) the y axis. 

 

SOLUTION 

First note 

2

mass

1(2 )( ) (2 )
2 2

3
2

m V tA

at a a a

ta

ρ ρ

ρ

ρ

= = =

⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

=

 

Also  mass area

area2
2
3

I tI
m I
a

ρ=

=

 

(a) Now ,area 1,area 2,area

3 3

4

( ) 2( )

1 1( )(2 ) 2 ( )
12 12 2
7

12

x x xI I I

aa a a

a

= −

⎡ ⎤⎛ ⎞= − ⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

=

 

 Then 4
,mass 2

2 7
123x

mI a
a

= ×  

  or 27
18xI ma=   

(b) We have ,area 1,area 2,area

3
3

4

( ) 2( )

1 1(2 )( ) 2 ( )
3 12 2

31
48

z z zI I I

aa a a

a

= −

⎡ ⎤⎛ ⎞= − ⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

=

 

 Then 4
,mass 2

2

2 31
483

31
72

z
mI a
a

ma

= ×

=
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PROBLEM 9.193  (Continued) 

 

 Finally, ,mass ,mass ,mass

2 2

2

7 31
18 72
59
72

y x zI I I

ma ma

ma

= +

= +

=

 

  or 20.819yI ma=   
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PROBLEM 9.194 

A piece of thin, uniform sheet metal is cut to form the machine component 
shown. Denoting the mass of the component by m, determine its mass 
moment of inertia with respect to (a) the axis AA′, (b) the axis BB′, where 
the AA′ and BB′ axes are parallel to the x axis and lie in a plane parallel to 
and at a distance a above the xz plane. 

 

SOLUTION 

First note that the x axis is a centroidal axis so that 

 2
,massxI I md= +  

and that from the solution to Problem 9.115, 

 2
,mass

7
18xI ma=  

(a) We have 2 2
,mass

7 ( )
18AAI ma m a′ = +  

   or 21.389AAI ma′ =   

(b) We have 2 2
,mass

7 ( 2)
18BBI ma m a′ = +  

  or 22.39BBI ma′ =   
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PROBLEM 9.195 

A 2-mm thick piece of sheet steel is cut and bent into the machine 
component shown. Knowing that the density of steel is 7850 kg/m3, 
determine the mass moment of inertia of the component with 
respect to each of the coordinate axes. 

 

SOLUTION 

First compute the mass of each component. We have 

 ST STm V t Aρ ρ= =  

Then 3 2
1

3 2
2

3 2 2
3

(7850 kg/m )(0.002 m)(0.76 0.48) m
5.72736 kg

1(7850 kg/m )(0.002 m) 0.76 0.48 m
2

2.86368 kg

(7850 kg/m )(0.002 m) 0.48 m
4

2.84101 kg

m

m

m π

= ×
=

⎛ ⎞= × ×⎜ ⎟
⎝ ⎠

=

⎛ ⎞= ×⎜ ⎟
⎝ ⎠

=

 

Using Figure 9.28 for component 1 and the equations derived above for components 2 and 3, we have 

 

1 2 3

2
2

2
2 2

( ) ( ) ( )

1 0.48(5.72736 kg)(0.48 m) (5.72736 kg) m
12 2

1 0.48 1(2.86368 kg)(0.48 m) (2.86368 kg) m (2.84101 kg)(0.48 m)
18 3 2

[(0.109965 0.329896) (0.036655 0.073310

x x x xI I I I= + +

⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎡ ⎤+ + +⎢ ⎥⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎢ ⎥⎣ ⎦

= + + + 2

2

) (0.327284)] kg m

(0.439861 0.109965 0.327284) kg m

+ ⋅

= + + ⋅

 

 or 20.877 kg mxI = ⋅   
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PROBLEM 9.195  (Continued) 

 

 

1 2 3

2 2
2 2 2 2

2
2 2

( ) ( ) ( )

1 0.76 0.48(5.72736 kg)(0.76 0.48 ) m (5.72736 kg) m
12 2 2

1 0.76 1(2.86368 kg)(0.76 m) (2.86368 kg) m (2.84101 kg)(0.48 m)
18 3 4

[(0.3856

y y y yI I I I= + +

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

⎡ ⎤⎛ ⎞ ⎡ ⎤+ + +⎢ ⎥⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎢ ⎥⎣ ⎦
= 2

2

42 1.156927) (0.091892 0.183785) (0.163642)] kg m

(1.542590 0.275677 0.163642) kg m

+ + + + ⋅

= + + ⋅

 

 or 21.982 kg myI = ⋅   

 

1 2 3

2
2

2 2
2 2 2 2

2

( ) ( ) ( )

1 0.76(5.72736 kg)(0.76 m) (5.72736 kg) m
12 2

1 0.76 0.48(2.86368 kg)(0.76 0.48 ) m (2.86368 kg) m
18 3 3

1 (2.84101 kg)(0.48 m)
4

z z z zI I I I= + +

⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞+ + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

⎡ ⎤+ ⎢ ⎥⎣ ⎦

 

 2

2

[(0.275677 0.827031) (0.128548 0.257095)

(0.163642)] kg m

(1.102708 0.385643 0.163642) kg m

zI = + + +

+ ⋅

= + + ⋅

 

 or 21.652 kg mzI = ⋅   
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PROBLEM 9.196 

Determine the mass moments of inertia and the radii of 
gyration of the steel machine element shown with respect 
to the x and y axes. (The density of steel is 7850 kg/m3.) 

 

SOLUTION 

 
First compute the mass of each component. We have 

 STm Vρ=  

Then 3 3
1

3 2 3
2 3

3 2 3
4 5

(7850 kg/m )(0.24 0.04 0.14) m
10.5504 kg

(7850 kg/m ) (0.07) 0.04 m 2.41683 kg
2

(7850 kg/m )[ (0.044) (0.04)] m 1.90979 kg

m

m m

m m

π

π

= × ×
=

⎡ ⎤= = × =⎢ ⎥⎣ ⎦

= = × =

 

Using Figure 9.28 for components 1, 4, and 5 and the equations derived above (before the solution to  
Problem 9.144) for a semicylinder, we have 

 

1 2 3 4 5 2 3

2 2 2 2 2

2 2 2

( ) ( ) ( ) ( ) ( ) where ( ) ( )
1 1(10.5504 kg)(0.04 0.14 ) m 2 (2.41683 kg) 3(0.07 m) (0.04 m)

12 12
1 (1.90979 kg) 3(0.044 m) (0.04 m) (1.90979 kg)(0.04 m)

12

x x x x x x x xI I I I I I I I= + + + − =
⎡ ⎤ ⎧ ⎫⎡ ⎤= + + +⎨ ⎬⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎩ ⎭
⎧ ⎫⎡ ⎤+ + +⎨ ⎬⎣ ⎦⎩

2 2

2

2

1 (1.90979 kg) 3(0.044 m) (0.04 m)
12

[(0.0186390) 2(0.0032829) (0.0011790 0.0030557) (0.0011790)] kg m
0.0282605 kg m

⎭
⎧ ⎫⎡ ⎤− +⎨ ⎬⎣ ⎦⎩ ⎭

= + + + − ⋅
= ⋅

 

 or 3 228.3 10  kg mxI −= × ⋅   
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PROBLEM 9.196  (Continued) 

 

 1 2 3 4 5( ) ( ) ( ) ( ) ( )y y y y y yI I I I I I= + + + −  

where 2 3 4 5( ) ( ) ( ) |( ) |y y y yI I I I= =  

Then 2 2 2

2
2 2

2

2

2

1 (10.5504 kg)(0.24 0.14 ) m
12

1 16 4 0.072 (2.41683 kg) (0.07 m ) (2.41683 kg) 0.12 m
2 39

[(0.0678742) 2(0.0037881 0.0541678)] kg m

0.1837860 kg m

yI

ππ

⎡ ⎤= +⎢ ⎥⎣ ⎦
⎤⎡ ×⎛ ⎞ ⎛ ⎞+ − + + ⎥⎢ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎥⎣ ⎦

= + + ⋅

= ⋅

 

 or 3 2183.8 10  kg myI −= × ⋅   

Also 1 2 3 4 5 2 3 4 5 where  ,   
(10.5504 2 2.41683) kg 15.38406 kg

m m m m m m m m m m= + + + − = =
= + × =

 

Then 
2

2 0.0282605 kg m
15.38406 kg

x
x

I
k

m
⋅= =  

 or 42.9 mmxk =   

and 
2

2 0.1837860 kg m
15.38406 kg

y
y

I
k

m
⋅= =   

 or 109.3 mmyk =   
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PROBLEM 10.1 

Determine the vertical force P that must be applied at C to maintain 
the equilibrium of the linkage. 

 

SOLUTION 

Assume Ayδ  

 2C Ay yδ δ=  

 D Ay yδ δ=  

 1 1
2 2E D Ay y yδ δ δ= =  

 1
2G E Ay y yδ δ δ= =  

Also Ay
a

δδθ =  

Virtual Work: We apply both P and M to member ABC. 

 

100 60 50 40 0

1 1100 (2 ) 60 50 40 0
2 2

100 2 60 25 20 0

A C D E G

A
A A A A A

U y P y M y y y
yy P y M y y y
a

MP
a

δ δ δ δθ δ δ δ
δδ δ δ δ δ

= − − + + − =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − + + − =⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

− − + + − =

 

 2 165 NMP
a

+ =  (1) 

Now from Eq. (1) for 0M =  2 165 NP =  82.5 N=P   
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PROBLEM 10.2 

Determine the horizontal force P that must be applied at A to maintain 
the equilibrium of the linkage. 

 

SOLUTION 

Assume δθ  

 10Axδ δθ=  

 4Cyδ δθ=  

 4D Cy yδ δ δθ= =  

 2
6 3

Dyδδφ δθ= =  

 
15

215
3

Gxδ δφ

δθ

=

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

 10δθ=  

Virtual Work: We shall assume that a force P and a couple M are applied to member ABC as shown. 

 30 40 180 80 0A C D GU P x M y y xδ δ δθ δ δ δφ δ= − − + + + + =  

 2(10 ) 30(4 ) 40(4 ) 180 80(10 ) 0
3

P Mδθ δθ δθ δθ δθ δθ⎛ ⎞− − + + + + =⎜ ⎟
⎝ ⎠

 

 10 120 160 120 800 0P M− − + + + + =  

 (10 in.) 1200 lb in.P M+ = ⋅  (1) 

Making 0M =  in Eq. (1): 120.0 lbP = +  120.0 lb=P   
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PROBLEM 10.3 

Determine the couple M that must be applied to member ABC to 
maintain the equilibrium of the linkage. 

 

SOLUTION 

Assume Ayδ  

 2C Ay yδ δ=  

 D Ay yδ δ=  

 1 1
2 2E D Ay y yδ δ δ= =  

 1
2G E Ay y yδ δ δ= =  

Also Ay
a

δδθ =  

Virtual Work: We apply both P and M to member ABC. 

 

100 60 50 40 0

1 1100 (2 ) 60 50 40 0
2 2

100 2 60 25 20 0

A C D E G

A
A A A A A

U y P y M y y y
yy P y M y y y
a

MP
a

δ δ δ δθ δ δ δ
δδ δ δ δ δ

= − − + + − =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − + + − =⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

− − + + − =

 

 2 165 NMP
a

+ =  (1) 

Now from Eq. (1) for  0 and 0.3P a= =  

 165 N
0.3 m

M =  49.5 N m= ⋅M   
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PROBLEM 10.4 

Determine the couple M that must be applied to member ABC to 
maintain the equilibrium of the linkage. 

 

SOLUTION 

Assume δθ  

 10Axδ δθ=  

 4Cyδ δθ=  

 4D Cy yδ δ δθ= =  

 2
6 3

Dyδδφ δθ= =  

 
15

215
3

Gxδ δφ

δθ

=

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

 10δθ=  

Virtual Work: We shall assume that a force P and a couple M are applied to member ABC as shown. 

 30 40 180 80 0A C D GU P x M y y xδ δ δθ δ δ δφ δ= − − + + + + =  

 2(10 ) 30(4 ) 40(4 ) 180 80(10 ) 0
3

P Mδθ δθ δθ δθ δθ δθ⎛ ⎞− − + + + + =⎜ ⎟
⎝ ⎠

 

 10 120 160 120 800 0P M− − + + + + =  

 (10 in.) 1200 lb in.P M+ = ⋅  (1) 

Now from Eq. (1) for  0P =  1200 lb in.= ⋅M   
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PROBLEM 10.5 

Knowing that the maximum friction force exerted by the bottle on the cork is 60 lb, 
determine (a) the force P that must be applied to the corkscrew to open the bottle, 
(b) the maximum force exerted by the base of the corkscrew on the top of the bottle. 

 

SOLUTION 

From sketch 4A Cy y=  

Thus 4A Cy yδ δ=  

(a) Virtual Work: 0: 0A CU P y F yδ δ δ= − =  

 (4 ) 0C CP y F yδ δ− =  

 1
4

P F=  

 160 lb: (60 lb) 15 lb
4

F P= = =  

 15.00 lb=P   

(b) Free body: Corkscrew 

 0 0; 15 lb 60 lb 0yF R P F RΣ = + − = + − =  

 On corkscrew:     45 lb=R ,     On battle:     45.0 lb=R   
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PROBLEM 10.6 

The two-bar linkage shown is supported by a pin and bracket at B 
and a collar at D that slides freely on a vertical rod. Determine the 
force P required to maintain the equilibrium of the linkage. 

 

SOLUTION 

 

Assume Ayδ : 

 8 in. 1;
16 in. 2C A C Ay y y yδ δ δ δ= =  

Since bar CD move in translation 

 E F Cy y yδ δ δ= =  

or 1
2E F Ay y yδ δ= =  

Virtual Work: 0: (100 lb) (150 lb) 0A E FU P y y yδ δ δ δ= − + + =  

 1 1100 150 0
2 2A A AP y y yδ δ δ⎛ ⎞ ⎛ ⎞− + + =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 125 lbP =  

  125.0 lb=P   
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PROBLEM 10.7 

A spring of constant 15 kN/m connects Points C and F of the linkage shown. 
Neglecting the weight of the spring and linkage, determine the force in the 
spring and the vertical motion of Point G when a vertical downward 120-N 
force is applied (a) at Point C, (b) at Points C and H. 

 

SOLUTION 

 

4
4 4
3 3
2 2

G C

H C H C

F C F C

E C E C

y y
y y y y
y y y y
y y y y

δ δ
δ δ
δ δ

=
= =
= =
= =

 

For spring: 

 F Cy yΔ = −  

Q = Force in spring (assumed in tension) 

 ( ) (3 ) 2F C C C CQ k k y y k y y ky= + Δ = − = − =  (1) 

(a) 120 N, 0= = = =C E F H  

 Virtual Work: 

  0: (120 N) 0C C FU y Q y Q yδ δ δ δ= − + − =  

 120 (3 ) 0C C Cy Q y Q yδ δ δ− + − =  

 60 NQ = −  60.0 N CQ =   

 Eq. (1): 2 , 60 N 2(15 kN/m) , 2 mmC C CQ ky y y= − = = −  

 At Point G: 4 4( 2 mm) 8 mmG Cy y= = − = −  8.00 mmG =y   

(b) 120 N, 0= = = =C H E F  

 Virtual Work:  

 0: (120 N) (120 N) 0C H C FU y y Q y Q yδ δ δ δ= − − + − =  

 120 120(4 ) (3 ) 0C C C Cy y Q y Q yδ δ δ δ− − + − =  

 300 NQ = −  300 N CQ =   

 Eq. (1): 2 300 N 2(15 kN/m) , 10 mmC C CQ ky y y= − = = −  

 At Point G: 4 4( 10 mm) 40 mmG Cy y= = − = −  40.0 mmG =y   
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PROBLEM 10.8 

A spring of constant 15 kN/m connects Points C and F of the linkage 
shown. Neglecting the weight of the spring and linkage, determine the 
force in the spring and the vertical motion of Point G when a vertical 
downward 120-N force is applied (a) at Point E, (b) at Points E and F. 

 

SOLUTION 

 

4
4 4
3 3
2 2

G C

H C H C

F C F C

E C E C

y y
y y y y
y y y y
y y y y

δ δ
δ δ
δ δ

=
= =
= =
= =

 

For spring: F Cy yΔ = −  

Q = Force in spring (assumed in tension) 

 ( ) (3 ) 2F C C C Ck k y y k y y ky= + Δ = − = − =Q  (1) 

(a) 120 N, 0= = = =E C F H  

 Virtual Work: 0: (120 N) 0E C FU y Q y Q yδ δ δ δ= − + − =  

 120(2 ) (3 ) 0C C Cy Q y Q yδ δ δ− + − =  

 120 NQ = −  120.0 N CQ =   

 Eq. (1): 2 , 120 N 2(15 kN/m) , 4 mmC C CQ ky y y= − = = −  

 At Point G: 4 4( 4 mm) 16 mmG Cy y= = − =  16.00 mmG =y   

(b) 120 N, 0= = = =E F C H  

 Virtual Work: 

  0: (120 N) (120 N) 0E F C FU y y Q y Q yδ δ δ δ δ= − − + − =  

 120(2 ) 120(3 ) (3 ) 0C C C Cy y Q y Q yδ δ δ δ− − + − =  

 300 NQ = −  300 N CQ =   

 Eq. (1): 2 , 300 N 2(15 kN/m) , 10 mmC C CQ ky y y= − = = −  

 At Point G: 4 4( 10 mm) 40 mmG Cy y= = − = −  40.0 mmG =y   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1709 

 

 

PROBLEM 10.9 

Knowing that the line of action of the force Q passes through Point C, 
derive an expression for the magnitude of Q required to maintain 
equilibrium. 

 

SOLUTION 

 
We have 2 cos ; 2 sinA Ay l y lθ δ θ δθ= = −  

 2 sin ; ( ) cos
2 2

CD l CD lθ θδ δθ= =  

Virtual Work: 

 0: ( ) 0AU P y Q CDδ δ δ= − − =  

 ( 2 sin ) cos 0
2

P l Q l θθ δθ δθ⎛ ⎞− − − =⎜ ⎟
⎝ ⎠

 sin2
cos( /2)

Q P θ
θ

=   
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PROBLEM 10.10 

Solve Problem 10.9 assuming that the force P applied at Point A acts 
horizontally to the left. 

PROBLEM 10.9 Knowing that the line of action of the force Q passes 
through Point C, derive an expression for the magnitude of Q required 
to maintain equilibrium. 

 

SOLUTION 

 
We have 2 cos ; 2 cosA Ax l x lθ δ θ δθ= =  

 2 sin ; ( ) cos
2 2

CD l CD lθ θδ δθ= =  

Virtual Work: 

 0: ( ) 0AU P x Q CDδ δ δ= − =  

 (2 cos ) cos 0
2

P l Q l θθ δθ δθ⎛ ⎞− =⎜ ⎟
⎝ ⎠

 cos2
cos( /2)

Q P θ
θ

=   
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PROBLEM 10.11 

The mechanism shown is acted upon by the force P derive an expression for the 
magnitude of the force Q required to maintain equilibrium. 

 

SOLUTION 

Virtual Work: 

We have 2 sin
2 cos

A

A

x l
x l

θ
δ θδθ

=
=

 

and 3 cosFy l θ=  

 3 sinFy lδ θδθ= −  

Virtual Work: 0: 0A FU Q x P yδ δ δ= + =  

 (2 cos ) ( 3 sin ) 0Q l P lθδθ θδθ+ − =  3 tan
2

Q P θ=   
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PROBLEM 10.12 

The slender rod AB is attached to a collar A and rests on a small wheel at C. 
Neglecting the radius of the wheel and the effect of friction, derive an expression 
for the magnitude of the force Q required to maintain the equilibrium of the rod. 

 

SOLUTION 

For :AA C′Δ  

 

2

tan
( ) tan

cos

A

A

A C a
y A C a

ay

θ
θ

δ δθ
θ

′ =
′= − = −

= −

 

For :CC B′Δ  

 

2

sin
sin tan

sin tan

cos
cos

B

B

BC l A C
l a

y BC l a
ay l

θ
θ θ

θ θ

δ θδθ δθ
θ

′ ′= −
= −

′= = −

= −

 

Virtual Work: 

2 2

2 2

0: 0

cos 0
cos cos

cos
cos cos

A BU Q y P y
a aQ P l

a aQ P l

δ δ δ

δθ θ δθ
θ θ

θ
θ θ

= − =

⎛ ⎞ ⎛ ⎞− − − − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 3cos 1lQ P
a

θ⎛ ⎞= −⎜ ⎟
⎝ ⎠
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PROBLEM 10.13 

The slender rod AB is attached to a collar A and rests on a small wheel at C. 
Neglecting the radius of the wheel and the effect of friction, derive an 
expression for the magnitude of the force Q required to maintain the equilibrium 
of the rod. 

 

SOLUTION 

For :AA C′Δ  

 

2

tan
( ) tan

cos

A

A

A C a
y A C a

ay

θ
θ

δ δθ
θ

′ =
′= − = −

= −

 

For :BB C′Δ  

 

sin
sin tan

sin tan
tan tan

cos
sin

B

B

B C l A C
l a
B C l aBB

x BB l a
x l

θ
θ θ

θ θ
θ θ

θ
δ θδθ

′ ′= −
= −

′ −′ = =

′= = −
= −

 

Virtual Work: 

 0: 0B AU P x Q yδ δ δ= − =  

 2( sin ) 0
cos

aP l Qθδθ δθ
θ

⎛ ⎞− − − =⎜ ⎟
⎝ ⎠

 

or 2sin cosPl Qaθ θ =  21 sin cosQ P
a

θ θ=   
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PROBLEM 10.14 

Derive an expression for the magnitude of the force Q required to 
maintain the equilibrium of the mechanism shown. 

 

SOLUTION 

 
We have 2 cos so that 2 sin

2
D Dx l x l
A l
B l

θ δ θδθ
δ δθ
δ δθ

= = −
=
=

 

Virtual Work: 

 0: 0DU Q x P A P Bδ δ δ δ= − − − =  

 
( 2 sin ) (2 ) ( ) 0

2 sin 3 0
Q l P l P l

Ql Pl
θδθ δθ δθ

θ
− − − − =

− =  3
2 sin

PQ
θ

=   
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PROBLEM 10.15 

A uniform rod AB of length l and weight W is suspended from two cords AC 
and BC of equal length. Derive an expression for the magnitude of the 
couple M required to maintain equilibrium of the rod in the position shown. 

 

SOLUTION 

 

 

1cos tan cos
2

1 tan sin
2

G

G

y h l

y l

θ α θ

δ α θδθ

= =

= −
 

Virtual Work: 

 0GU W y Mδ δ δθ= + =  

 

1 tan sin 0
2

1 tan sin
2

W l M

M Wl

α θδθ δθ

α θ

⎛ ⎞− + =⎜ ⎟
⎝ ⎠

=   
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PROBLEM 10.16 

Derive an expression for the magnitude of the couple M required to maintain 
the equilibrium of the linkage shown. 

 

SOLUTION 

 

 We have  cosBx l θ=  

 sinBx lδ θδθ= −  (1) 

 sinCy l θ=  

 cosCy lδ θδθ=  

 

Now 1
2Bx lδ δθ=  

Substituting from Equation (1) 

 1sin
2

l lθδθ δφ− =  

or 2sinδφ θδθ= −  

Virtual Work: 0:Uδ =  0CM P yδϕ δ+ =  

 ( 2sin ) ( cos ) 0M P lθδθ θδθ− + =  

or 1 cos
2 sin

M Pl θ
θ

=  
2 tan

PlM
θ

=   
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PROBLEM 10.17 

Derive an expression for the magnitude of the couple M required to 
maintain the equilibrium of the linkage shown. 

 

SOLUTION 

 

 
3 sin 3 cos
4 sin 4 cos

E E

F F

y a y a
y a y a

θ δ θδθ
θ δ θδθ

= =
= =

 

Virtual Work: 

 0:Uδ =  0E FM P y P yδθ δ δ− + + =  

 (3 cos ) (4 cos ) 0M P a P aδθ θδθ θδθ− + + =  7 cosM Pa θ=   
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PROBLEM 10.18 

The pin at C is attached to member BCD and can slide along a slot cut in the 
fixed plate shown. Neglecting the effect of friction, derive an expression for 
the magnitude of the couple M required to maintain equilibrium when the 
force P that acts at D is directed (a) as shown, (b) vertically downward,  
(c) horizontally to the right. 

 

SOLUTION 

We have cosDx l θ=  

 sinDx lδ θδθ= −  

 3 sinDy l θ=  

 3 cosDy lδ θδθ=  

Virtual Work: 0: ( cos ) ( sin ) 0D DU M P x P yδ δθ β δ β δ= − − =  

 ( cos )( sin ) ( sin )(3 cos ) 0M P l P lδθ β θδθ β θδθ− − − =  

 (3sin cos cos sin )M Pl β θ β θ= −  (1) 

(a) For P directed along BCD, β θ=  

 Equation (1): (3sin cos cos sin )M Pl θ θ θ θ= −  

 (2sin cos )M Pl θ θ=  sin 2M Pl θ=   

(b) For P directed , 90β = °  

 Equation (1): (3sin 90 cos cos90 sin )M Pl θ θ= ° − °  3 cosM Pl θ=   

(c) For P directed , 180β = °  

 Equation (1): (3sin180 cos cos180 sin )M Pl θ θ= ° − °  sinM Pl θ=   
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PROBLEM 10.19 

A 4-kN force P is applied as shown to the piston of the engine system. Knowing that  = 50 mmAB  and 
BC 200 mm,=  determine the couple M required to maintain the equilibrium of the system when (a) θ = 30°, 
(b) 150 .θ = °  

 

 

SOLUTION 

Analysis of the geometry: 

 
Law of sines 

 sin sin
AB BC

φ θ=  

 sin sinAB
BC

φ θ=  (1) 

Now 

 cos cosCx AB BCθ φ= +  

 sin sinCx AB BCδ θδθ φδφ= − −  (2) 

Now, from Equation (1) cos cosAB
BC

φδφ θδθ=  

or cos
cos

AB
BC

θδφ δθ
φ

=  (3) 

From Equation (2) 

 cossin sin
cosC

ABx AB BC
BC

θδ θδθ φ δθ
φ

⎛ ⎞
= − − ⎜ ⎟

⎝ ⎠
 

or (sin cos sin cos )
cosC
ABxδ θ φ φ θ δθ

φ
= − +  
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PROBLEM 10.19  (Continued) 

 

Then sin( )
cosC

ABx θ φδ δθ
φ

+= −  

Virtual Work: 0: 0CU P x Mδ δ δθ= − − =  

  sin( ) 0
cos

ABP Mθ φ δθ δθ
φ

⎡ ⎤+− − − =⎢ ⎥
⎣ ⎦

 

Thus, sin( )
cos

M AB Pθ φ
φ
+=  (4) 

(a) 4 kN, 30°P θ= =  

 Eq. (1): 50 mmsin sin 30
200 mm

φ = °  7.181φ = °  

 Eq. (4): sin (30°+7.181°)(0.05 m) (4 kN)
cos7.818

M =
°

 121.8 N m= ⋅M   

(b) 4 kN, 150°P θ= =  

 Eq. (1): 50 mmsin sin160 7.181
200 mm

φ φ= ° = °  

 Eq. (4): sin (150°+7.181°)(0.05 m) (4 kN)
cos 7.181°

M =  78.2 N m= ⋅M   
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PROBLEM 10.20 

A couple M of magnitude 100 N ⋅ m is applied as shown to the crank of the engine system. Knowing that 
AB 50 mm=  and 200 mm,BC =  determine the force P required to maintain the equilibrium of the system when 
(a) 60 ,θ = °  (b) 120 .θ = °  

 

 

SOLUTION 

Analysis of the geometry: 

 
Law of sines 

 sin sin
AB BC

φ θ=  

 sin sinAB
BC

φ θ=  (1) 

Now 

 cos cosCx AB BCθ φ= +  

 sin sinCx AB BCδ θδθ φδφ= − −  (2) 

Now, from Equation (1) cos cosAB
BC

φδφ θδθ=  

or cos
cos

AB
BC

θδφ δθ
φ

=  (3) 

From Equation (2) 

 cossin sin
cosC

ABx AB BC
BC

θδ θδθ φ δθ
φ

⎛ ⎞
= − − ⎜ ⎟

⎝ ⎠
 

or (sin cos sin cos )
cosC
ABxδ θ φ φ θ δθ

φ
= − +  
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PROBLEM 10.20  (Continued) 

 

Then sin( )
cosC

ABx θ φδ δθ
φ

+= −  

Virtual Work: 0: 0CU P x Mδ δ δθ= − − =  

  sin( ) 0
cos

ABP Mθ φ δθ δθ
φ

⎡ ⎤+− − − =⎢ ⎥
⎣ ⎦

 

Thus, sin( )
cos

M AB Pθ φ
φ
+=  (4) 

(a) 100 N m, 60M θ= ⋅ = °  

 Eq. (1): 50 mmsin sin 60 12.504
200 mm

φ φ= ° = °  

 Eq. (4): sin (60 12.504 )100 N m (0.05 m)
cos 12.504

P° + °⋅ =
°

 

 2047 NP =  2.05 kN=P   

(b) 100 N m, 120M θ= ⋅ = °  

 Eq. (1): 50 mmsin sin120 12.504
200 mm

φ φ= ° = °  

 Eq. (4): sin (120° 12.504 )100 N m (0.05 m)
cos12.504

P+ °⋅ =
°

 

 2649 NP =  2.65 kN=P   
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PROBLEM 10.21 

For the linkage shown, determine the couple M required for 
equilibrium when 1.8 ft,l = 40 lb,Q =  and 65 .θ = °  

 

SOLUTION 

  

 
1
2

cos
l

C
δφ

δ
θ

=  

Virtual Work: 

 0 :Uδ =  0M Q Cδφ δ− =  

  1 0
2 cos

lM Qδφ δφ
θ

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 

 1
2 cos

QlM
θ

=  

Data: 1 (40 lb)(1.8 ft) 85.18 lb ft
2 cos65°

M = = ⋅  85.2 lb ft= ⋅M   
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PROBLEM 10.22 

For the linkage shown, determine the force Q required for equilibrium 
when 18 in.,l =  600 lb in.,M = ⋅  and 70 .θ = °  

 

SOLUTION 

 

 1
2 cos

lC δφδ
θ

=  

Virtual Work: 

 0:Uδ =  0M Q Cδφ δ− =  

 1 0
2 cos

lM Qδφ δφ
θ

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 

 2 cosMQ
l

θ=  

Data: 2(600 lb in.)cos70° 22.801 lb
18 in.

Q ⋅= =  22.8 lb=Q 70.0°   
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PROBLEM 10.23 

Determine the value of θ corresponding to the equilibrium position of 
the mechanism of Problem 10.11 when 45 lbP =  and 160 lb.Q =  

PROBLEM 10.11 The mechanism shown is acted upon by the force P 
derive an expression for the magnitude of the force Q required to 
maintain equilibrium. 

 

SOLUTION 

Virtual Work: 

 2 sinAx l θ=  

 2 cosAx lδ θ δθ=  

 3  cosFy l θ=  

 3 sinFy lδ θ δθ= −  

 0:Uδ =      0A FQ x P yδ δ+ =  

 (2 cos ) ( 3 sin ) 0Q l P lθ δθ θ δθ+ − =  

 3 tan
2

Q P θ=  

Data: 45 lb 160 lbP Q= =  

 3(160 lb) (45 lb) tan
2

θ=  67.1θ = °   
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PROBLEM 10.24 

Determine the value of θ corresponding to the equilibrium position of 
the mechanism of Problem 10.9 when = 80 NP  and 100 N.Q =  

 

SOLUTION 

From geometry 

 
2 cos , 2 sin

2 sin , ( ) cos
2 2

A Ay l y l

CD l CD l

θ δ θ δθ
θ θδ δθ

= = −

= =
 

Virtual Work: 

 0:Uδ =  ( ) 0AP y Q CDδ δ− − =  

 ( 2 sin ) cos 0
2

P l Q l θθ δθ δθ⎛ ⎞− − − =⎜ ⎟
⎝ ⎠

 

or ( )2

sin2
cos

Q P
θ
θ=  

With 80 N, 100 NP Q= =  

 ( )2

sin(100 N) 2(80 N)
cos θ

θ=  

 ( )2

sin 0.625
cos θ

θ =  

or 
( ) ( )

( )
2 2

2

2sin cos
0.625

cos

θ θ

θ
=  

 36.42θ = °  36.4θ = °   

(Additional solutions discarded as not applicable are 180 )θ = ± °  
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PROBLEM 10.25 

Rod AB is attached to a block at A that can slide freely in the vertical 
slot shown. Neglecting the effect of friction and the weights of the rods, 
determine the value of θ corresponding to equilibrium. 

 

SOLUTION 

 

 

 
400sin
400cos

A

A

y
y

θ
δ θ δθ

=
=

 

 
100cos

100sin
D

D

x
x

θ
δ θ δθ

=
= −

 

Virtual Work: (160 N) (800 N) 0A DU y xδ δ δ= − − =  

 (160)(400 cos ) (800)( 100sin ) 0θ δθ θ δθ− − − =  

 sin 0.8; tan 0.8
cos

θ θ
θ

= =  38.7θ = °   

Dimensions in mm. 
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PROBLEM 10.26 

Solve Problem 10.25 assuming that the 800-N force is replaced by a 
24-N m⋅  clockwise couple applied at D. 

PROBLEM 10.25 Rod AB is attached to a block at A that can slide 
freely in the vertical slot shown. Neglecting the effect of friction and 
the weights of the rods, determine the value of θ corresponding to 
equilibrium. 

 

SOLUTION 

 
 (0.4 m)sinAy θ=  

 (0.4 m)cosAyδ θ δθ=  

Virtual Work: (160 N) (24 N m) 0AU yδ δ δθ= − + ⋅ =  

 (160 N)(0.4 m)cos (24 N m) 0θ δθ δθ− + ⋅ =  

 cos 0.375θ =  68.0θ = °   
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PROBLEM 10.27 

Determine the value of θ corresponding to the equilibrium position of the rod 
of Problem 10.12 when 30 in.,l =  5 in.,a =  25 lb,P =  and 40 lb.Q =  

PROBLEM 10.12 The slender rod AB is attached to a collar A and rests on a 
small wheel at C. Neglecting the radius of the wheel and the effect of friction, 
derive an expression for the magnitude of the force Q required to maintain 
the equilibrium of the rod. 

 

SOLUTION 

For :AA C′Δ  tanA C a θ′ =  

 ( ) tanAy A C a θ′= − = −  

 2cosA
ayδ δθ

θ
= −  

For :CC B′Δ  

 sinBC l A Cθ′ ′= −  

 sin tanl aθ θ= −  

 sin tanBy BC l aθ θ′= = −  

 2cos
cosB

ay lδ θ δθ δθ
θ

= −  

Virtual Work:  

 0: 0A BU Q y P yδ δ δ= − − =  

 2 2cos 0
cos cos

a aQ P lδθ θ δθ
θ θ

⎛ ⎞ ⎛ ⎞− − − − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 2 2cos
cos cos

a aQ P l θ
θ θ

⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

or 3cos 1lQ P
a

θ⎛ ⎞= −⎜ ⎟
⎝ ⎠
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PROBLEM 10.27  (Continued) 

 

with  30 in., 5 in., 25 lb, and 40 lbl a P Q= = = =  

 330 in.(40 lb) (25 lb) cos 1
5 in.

θ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

or 3cos 0.4333θ =  40.8θ = °   
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PROBLEM 10.28 

Determine the values of θ corresponding to the equilibrium position of the rod 
of Problem 10.13 when 600 mm,l =  100 mm,a =  50 N,P =  and 90 N.Q =  

PROBLEM 10.13 The slender rod AB is attached to a collar A and rests on a 
small wheel at C. Neglecting the radius of the wheel and the effect of friction, 
derive an expression for the magnitude of the force Q required to maintain the 
equilibrium of the rod. 

 

SOLUTION 

For :AA C′Δ  tanA C a θ′ =  

 ( ) tanAy A C a θ′= − = −  

 2cosA
ayδ δθ

θ
= −  

For :BB C′Δ  

 sin
sin tan

B C l A C
l a

θ
θ θ

′ ′= −
= −

 

 sin tan
tan tan
B C l aBB θ θ

θ θ
′ −′ = =  

 cosBx BB l aθ′= = −  

 sinBx lδ θ δθ= −  

Virtual Work: 

 0: 0B AU P x Q yδ δ δ= − =  

 2( sin ) 0
cos

aP l Qθ δθ δθ
θ

⎛ ⎞− − − =⎜ ⎟
⎝ ⎠

 

 2sin cosPl Qaθ θ =  

or 2sin coslQ P
a

θ θ=  
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PROBLEM 10.28  (Continued) 

 

with  600 mm, 100 mm, 50 N, and 90 Nl a P Q= = = =  

 2600 mm90 N (50 N) sin cos
100 mm

θ θ=  

or 2sin cos 0.300θ θ =  

Solving numerically 19.81θ = ° and 51.9°   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1733 

 

 

PROBLEM 10.29 

Two rods AC and CE are connected by a pin at C and by a spring 
AE. The constant of the spring is k, and the spring is unstretched 
when 30 .θ = °  For the loading shown, derive an equation in P, θ, l, 
and k that must be satisfied when the system is in equilibrium. 

 

SOLUTION 

 cosEy l θ=  

 sinEy lδ θ δθ= −  

Spring: 

 Unstretched length 2l=  

 2(2 sin ) 4 sinx l lθ θ= =  

 4 cosx lδ θ δθ=  

 ( 2 )F k x l= −  

 ( )4 sin 2F k l lθ= −  

Virtual Work:  

 0:Uδ =  0EP y F xδ δ− =  

 ( sin ) (4 sin 2 )(4 cos ) 0P l k l l lθ δθ θ θ δθ− − − =  

 sin 8 (2sin 1)cos 0P klθ θ θ− − − =  

or cos(1 2sin )
8 sin
P
kl

θθ
θ

= −  1 2sin
8 tan
P
kl

θ
θ

−=   
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PROBLEM 10.30 

Two rods AC and CE are connected by a pin at C and by a spring AE. 
The constant of the spring is 1.5 lb/in., and the spring is unstretched 
when 30 .θ = °  Knowing that 10 in.l =  and neglecting the weight of 
the rods, determine the value of θ  corresponding to equilibrium 
when 40 lb.P =  

 

SOLUTION 

From the analysis of Problem 10.29 1 2sin
8 tan
P
kl

θ
θ

−=  

Then with  160 N, 0.2 m, and 300 N/mP l k= = =  

 160 N 1 2sin
8(300 N/m)(0.2 m) tan

θ
θ

−=  

or 1 2sin 1 0.3333
tan 3

θ
θ

− = =  

Solving numerically 25.0θ = °   
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PROBLEM 10.31 

Solve Problem 10.30 assuming that force P is moved to C and 
acts vertically downward. 

PROBLEM 10.30 Two rods AC and CE are connected by a pin 
at C and by a spring AE. The constant of the spring is 1.5 lb/in., 
and the spring is unstretched when 30 .θ = °  Knowing that 
l 10 in.=  and neglecting the weight of the rods, determine the 
value of θ  corresponding to equilibrium when 40 lb.P =  

 

SOLUTION 

 cos , sinC Cy l y lθ δ θδθ= = −  

Spring: 

 

Unstretched length 2
2(2 sin ) 4 sin
4 cos

( 2 )
(4 sin 2 )

l
x l l
x l

F k x l
F k l l

θ θ
δ θδθ

θ

=
= =
=
= −
= −

 

Virtual Work: 

 0: CU P y F xδ δ δ= − −  

 ( sin ) (4 sin 2 )(4 cos ) 0P l k l l lθδθ θ θδθ− − − − =  

 sin 8 (2sin 1)cos 0P klθ θ θ− − =  

or cos(2sin 1)
8 sin
P
kl

θθ
θ

= −  

with 200 mm, 300 N/m, and 160 Nl k P= = =  

 (160 N) cos(2sin 1)
8(300 N/m)(0.2) sin

θθ
θ

= −  

or cos 1(2sin 1)
sin 3

θθ
θ

− =  

Solving numerically 39.65θ = °  

and 68.96θ = °  39.7θ = °  

and 69.0θ = °  

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1736 

 

 

PROBLEM 10.32 

Rod ABC is attached to blocks A and B that can move freely in 
the guides shown. The constant of the spring attached at A  
is 3 kN/m,k =  and the spring is unstretched when the rod is 
vertical. For the loading shown, determine the value of θ 
corresponding to equilibrium. 

 

SOLUTION 

 
(0.4 m)sin
0.4cos

C

C

x
x

θ
δ θδθ

=
=

 

 
(0.2 m)cos

0.2sin
A

A

y
y

θ
δ θδθ

=
= −

 

Spring: 

Unstretched length 0.2 m=  

 
(0.2 m ) (0.2 0.2cos )

(300 N/m)(0.2)(1 cos )
600(1 cos )

AF k y k

F

θ
θ

θ

= − = −
= −
= −

 

Virtual Work: 0: (150 N) 0C AU x F yδ δ δ= + =  

 150(0.4cos ) 600(1 cos )( 0.2sin ) 0θδθ θ θδθ+ − − =  

 150(0.4) 1 1: (1 cos ) tan
600(0.2) 2 2

θ θ= = −  

Solve by trial and error: 57.2θ = °   
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PROBLEM 10.33 

A load W of magnitude 600 N is applied to the linkage at B. 
The constant of the spring is 2.5 kN/m,k =  and the spring is 
unstretched when AB and BC are horizontal. Neglecting the 
weight of the linkage and knowing that 300 mm,l =  determine 
the value of θ corresponding to equilibrium. 

 

SOLUTION 

 

 
2 cos 2 sin
sin cos

(2 ) 2 (1 cos )

C C

B B

C

x l x l
y l y l
F ks k l x kl

θ δ θδθ
θ δ θδθ

θ

= = −
= =
= = − = −

 

Virtual Work: 0: 0C BU F x W yδ δ δ= + =  

 2 (1 cos )( 2 sin ) ( cos ) 0kl l W lθ θδθ θδθ− − + =  

 24 (1 cos )sin coskl Wlθ θ θ− =  

or (1 cos ) tan
4
W
kl

θ θ− =  

Given: 0.3 m, 600 N, 2500 N/ml W k= = =  

Then 600 N(1 cos ) tan
4(2500 N/m)(0.3 m)

θ θ− =  

or (1 cos ) tan 0.2θ θ− =  

Solving numerically 40.22θ = °  40.2θ = °   
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PROBLEM 10.34 

A vertical load W is applied to the linkage at B. The constant of 
the spring is k, and the spring is unstretched when AB and BC 
are horizontal. Neglecting the weight of the linkage, derive an 
equation in θ, W, l, and k that must be satisfied when the linkage 
is in equilibrium. 

 

SOLUTION 

 

 
2 cos 2 sin
sin cos

(2 ) 2 (1 cos )

C C

B B

C

x l x l
y l y l
F ks k l x kl

θ δ θδθ
θ δ θδθ

θ

= = −
= =
= = − = −

 

Virtual Work: 0: 0C BU F x W yδ δ δ= + =  

 2 (1 cos )( 2 sin ) ( cos ) 0kl l W lθ θδθ θδθ− − + =  

 24 (1 cos )sin coskl Wlθ θ θ− =  

or (1 cos ) tan
4
W
kl

θ θ− =  

From above (1 cos ) tan
4
W
kl

θ θ− =   
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PROBLEM 10.35 

Knowing that the constant of spring CD is k and that the spring is 
unstretched when rod ABC is horizontal, determine the value of θ 
corresponding to equilibrium for the data indicated. 

300 N, 400 mm, 5 kN/m.P l k= = =  

 

SOLUTION 

 sinAy l θ=  

 cosAy lδ θδθ=  

Spring: v CD=  

Unstretched when 0θ =  

so that 0 2v l=  

For :θ  902 sin
2

cos 45
2

v l

v l

θ

θδ δθ

° +⎛ ⎞= ⎜ ⎟
⎝ ⎠
⎛ ⎞= ° +⎜ ⎟
⎝ ⎠

 

Stretched length: 0 2 sin 45 2
2

s v v l lθ⎛ ⎞= − = ° + −⎜ ⎟
⎝ ⎠

 

Then 2sin 45 2
2

F ks kl θ⎡ ⎤⎛ ⎞= = ° + −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

Virtual Work: 

 0: 0AU P y F vδ δ δ= − =  

 cos 2sin 45 2 cos 45 0
2 2

Pl kl lθ θθδθ δθ⎡ ⎤⎛ ⎞ ⎛ ⎞− ° + − ° + =⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

 

or 1 2sin 45 cos 45 2 cos 45
cos 2 2 2

P
kl

θ θ θ
θ
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ° + ° + − ° +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
 

 1 2sin 45 cos 45 cos 2 cos 45
cos 2 2 2

θ θ θθ
θ
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ° + ° + − ° +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
 

 
( )2cos 45

1 2
cos

θ

θ
°

= −  
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PROBLEM 10.35  (Continued) 

 

Now, with  300 N, 400 mm, and 5 kN/mP l k= = =  

 
( )2cos 45(300 N) 1 2

(5000 N/m)(0.4 m) cos

θ

θ
° +

= −  

or 
( )2cos 45

0.60104
cos

θ

θ
° +

=  

Solving numerically 22.6θ = °   
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PROBLEM 10.36 

Knowing that the constant of spring CD is k and that the spring is 
unstretched when rod ABC is horizontal, determine the value of θ 
corresponding to equilibrium for the data indicated. 

75 lb, 15 in., 20 lb/in.P l k= = =  

 

SOLUTION 

From the analysis of Problem 10.35, we have 

 
( )2cos 45

1 2
cos

P
kl

θ

θ
° +

= −  

with  75 lb, 15 in. and 20 lb/in.P l k= = =  

 
( )2cos 45(75 lb) 1 2

(20 lb/in.)(15 in.) cos

θ

θ
° +

= −  

or 
( )2cos 45

0.53033
cos

θ

θ
° +

=  

Solving numerically 51.1θ = °   
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PROBLEM 10.37 

A load W of magnitude 72 lb is applied to the mechanism at C. Neglecting 
the weight of the mechanism, determine the value of θ corresponding to 
equilibrium. The constant of the spring is 20 lb/in.,k =  and the spring is 
unstretched when 0.θ =  

 

SOLUTION 

 
sin
cos

C

C

s r
s r

F ks kr
y l
y l

θ
δ δθ

θ
θ

δ θδθ

=
=
= =
=
=

 

Virtual Work: 0CU F s W yδ δ δ= − + =  

 ( ) ( cos ) 0kr r W lθ δθ θδθ− + =  

 2 2
(72 lb)(15 in.) 1.500

cos (20 lb/in.)(6 in.)
C Wl

kr
θ

θ
= = =  

Solving by trial and error: 0.91486 radθ =  52.4θ = °   
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PROBLEM 10.38 

A force P of magnitude 240 N is applied to end E of cable CDE, 
which passes under pulley D and is attached to the mechanism at C. 
Neglecting the weight of the mechanism and the radius of the 
pulley, determine the value of θ corresponding to equilibrium. The 
constant of the spring is 4 kN/m,k =  and the spring is unstretched 
when 90 .θ = °  

 

SOLUTION 

 

2

2

2 sin
2

s r

s r

F ks kr

CD l

π θ

δ δθ
π θ

θ

⎛ ⎞= −⎜ ⎟
⎝ ⎠

= −

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

=

 

 

1( ) 2 cos
2 2

cos
2

CD l

l

θδ δθ

θ δθ

⎛ ⎞= ⎜ ⎟
⎝ ⎠

=
 

Virtual Work: 

Since F tends to decrease s and P tends to decrease CD, we have 

 ( ) 0U F s P CDδ δ δ= − − =  

 ( ) cos 0
2 2

kr r P lπ θθ δθ δθ⎛ ⎞ ⎛ ⎞− − − − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 2
2 2

2

(240 N)(0.3 m) 1.25
cos (4000 N/m)(0.12 m)

pl
kr

π

θ

θ−
= = =  

Solving by trial and error: 0.33868 radθ =  19.40θ = °   
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PROBLEM 10.39 

The lever AB is attached to the horizontal shaft BC that passes through a 
bearing and is welded to a fixed support at C. The torsional spring 
constant of the shaft BC is K; that is, a couple of magnitude K is required 
to rotate end B through 1 rad. Knowing that the shaft is untwisted when 
AB is horizontal, determine the value of θ corresponding to the position 
of equilibrium when 100 N, 250 mm,P l= =  and 12.5 N · m/rad.K =  

 

SOLUTION 

We have sinAy l θ=  

 cosAy lδ θδθ=  

Virtual Work: 

 0: 0AU P y Mδ δ δθ= − =  

 cos 0Pl Kθδθ θδθ− =  

or 
cos

Pl
K

θ
θ

=  (1) 

with  100 N, 250 mm and 12.5 N m/radP l K= = = ⋅  

 (100 N)(0.250 m)
cos 12.5 N m/rad

θ
θ

=
⋅

 

or 2.0000
cos

θ
θ

=  

Solving numerically 59.0θ = °   
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PROBLEM 10.40 

Solve Problem 10.39 assuming that 350 N,P =  250 mm,l =  and 12.5 N · m/rad.K =  Obtain answers in each 
of the following quadrants: 0 90 , 270 360°, 360 450 .θ θ θ° ° ° °� � � � � �  

 

PROBLEM 10.39 The lever AB is attached to the horizontal shaft BC that passes through a bearing and is 
welded to a fixed support at C. The torsional spring constant of the shaft BC is K; that is, a couple  
of magnitude K is required to rotate end B through 1 rad. Knowing that the shaft is untwisted when AB  
is horizontal, determine the value of θ corresponding to the position of equilibrium when 100P = N, 
l 250 mm,=  and 12.5 N · m/rad.K =  

 

SOLUTION 

Using Equation (1) of Problem 10.39 and 

 350 N, 250 mm and 12.5 N m/radP l K= = = ⋅  

We have (350 N)(0.250 m)
cos 12.5 N m/rad

θ
θ

=
⋅

 

or 7 or 7cos
cos

θ θ θ
θ

= =  (1) 

The solutions to this equation can be shown graphically using any appropriate graphing tool, such as Maple, 
with the command: plot ({theta, 7 * cos(theta)}, 0.5* Pi/2);t =  

Thus, we plot and 7cos  in the rangey yθ θ= =  

 50
2
πθ� �  
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PROBLEM 10.40  (Continued) 

 

We observe that there are three points of intersection, which implies that Equation (1) has three roots in the 
specified range of .θ  

 0 90 ;  1.37333 rad, 78.69
2
πθ θ θ⎛ ⎞° = = °⎜ ⎟
⎝ ⎠

� �  78.7θ = °   

 
3270 360 2 ; 5.65222 rad, 323.85
2
πθ θ π θ θ⎛ ⎞° = = °⎜ ⎟

⎝ ⎠
� � � �  324θ = °   

 
5360 450 2 ;  6.61597 rad, 379.07
2
πθ π θ θ θ⎛ ⎞° = =⎜ ⎟

⎝ ⎠
� � � �  379θ = °   
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PROBLEM 10.41 

The position of boom ABC is controlled by the hydraulic cylinder BD. 
For the loading shown, determine the force exerted by the hydraulic 
cylinder on pin B when 65 .θ = °  

 

SOLUTION 

We have 

 (72 in.)cos 72sinA Ay yθ δ θδθ= = −  

 
2 2 2

2 2

( ) ( ) ( ) 2( )( )cos(180 )

(45) (24) 2(45)(24)cos

BD BC CD BC CD θ
θ

= + − ° −

= + +
 

 2( ) 2601 2160cosBD θ= +  (1) 

 

Differentiating: 2( ) ( ) 2160sinBD BDδ θδθ= −  

 1080( ) sinBD
BD

δ θδθ= −  (2) 

Virtual Work: Noting that P tends to decrease Ay  and BDF  tends to increase BD, write 

 ( ) 0A BDU P y F BDδ δ δ= − + =  

 1080( 72sin ) sin 0BDP F
BD

θδθ θδθ⎛ ⎞− − + − =⎜ ⎟
⎝ ⎠

 

 1 ( )
15BDF BD P=  

or, since  600600 lb: ( ) (40 lb)( )
15BDP F BD BD= = =  (3) 

Making 65θ = °  in Eq. (1), we have 

 
2( ) 2601 2160cos65 3513.9

59.278
BD

BD
= + ° =
=

 

Carrying into Eq. (3): (40 lb)(59.278) 2371.1 lbBDF = =  2370 lbBDF =   
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PROBLEM 10.42 

The position of boom ABC is controlled by the hydraulic cylinder BD. 
For the loading shown, (a) express the force exerted by the hydraulic 
cylinder on pin B as a function of the length BD, (b) determine the 
smallest possible value of the angle θ if the maximum force that the 
cylinder can exert on pin B is 2.5 kips. 

 

SOLUTION 

(a) See solution of Problem 10.41 for the derivation of Eq. (3): 

 (40 lb)( )BDF BD=   

(b) For max( ) 2.5kips 2500 lb,BDF = =  we have 

 2500 lb (40 lb)( )
62.5

BD
BD

=
=

 

 Carrying this value into Eq. (1) of Problem 10.41, write 

 

2

2

( ) 2601 2160cos

(62.5) 2601 2160cos
cos 0.60428

BD θ
θ

θ

= +

= +
=  52.8θ = °   

 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1749 

 

 

PROBLEM 10.43 

The position of member ABC is controlled by the 
hydraulic cylinder CD. For the loading shown, 
determine the force exerted by the hydraulic cylinder 
on pin C when 55 .θ = °  

 

SOLUTION 

 

 

2 2 2

2 2 2

2

(0.8 m)sin
0.8cos

2( )( )cos(90 )

0.5 1.5 2(0.5)(1.5)sin

2.5 1.5sin

A

A

y
y

CD BC BD BC BD

CD

CD

θ
δ θδθ

θ
θ

θ

=
=

= + − ° −

= + −

= −  (1) 

 3cos2( )( ) 1.5cos
4CD CDCD
CD

θδ θδθ δ δθ= − = −  

Virtual Work: 0: (10 kN) 0A CD CDU y Fδ δ δ= − − =  

 3cos10(0.8cos ) 0
4CDF
CD

θθδθ δθ⎛ ⎞− − − =⎜ ⎟
⎝ ⎠

 

 32
3CDF CD=  (2) 

For 55 :θ = °  

Eq. (1): 2 2.5 1.5sin 55 1.2713; 1.1275 mCD CD= − ° = =  

Eq. (2): 32 32 (1.1275) 12.027 kN
3 3CDF CD= = =  12.03 kNCD =F       
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PROBLEM 10.44 

The position of member ABC is controlled by 
the hydraulic cylinder CD. Determine the angle θ  
knowing that the hydraulic cylinder exerts a 15-kN 
force on pin C. 

 

SOLUTION 

 

 

2 2 2

2 2 2

2

(0.8 m)sin
0.8cos

2( )( )cos(90 )

0.5 1.5 2(0.5)(1.5)sin

2.5 1.5sin

A

A

y
y

CD BC BD BC BD

CD

CD

θ
δ θδθ

θ
θ

θ

=
=

= + − ° −

= + −

= −  (1) 

 3cos2( )( ) 1.5cos ;
4CD CDCD
CD

θδ θδθ δ δθ= − = −  

Virtual Work: 0: (10 kN) 0A CD CDU y Fδ δ δ= − − =  

 3cos10(0.8cos ) 0
4CDF
CD

θθδθ δθ⎛ ⎞− − − =⎜ ⎟
⎝ ⎠

 

 32
3CDF CD=  (2) 

For 15 kN:CDF =  

Eq. (2): 3215 kN :
3

CD=  45 1.40625 m
32

CD = =  

Eq. (1): 2(1.40625) 2.5 1.5sin : sin 0.34831θ θ= − =  

 20.38θ = °  20.4θ = °   
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PROBLEM 10.45 

The telescoping arm ABC is used to provide an elevated platform 
for construction workers. The workers and the platform together 
weigh 500 lb and their combined center of gravity is located 
directly above C. For the position when 20 ,θ = °  determine the 
force exerted on pin B by the single hydraulic cylinder BD. 

 

SOLUTION 

 

In :ADEΔ  2.7 fttan
1.5 ft

60.945
2.7 ft 3.0887 m

sin 60.945

α

α

= =

= °

= =
°

AE
DE

AD

 

From the geometry: (15 ft)sin
(15 ft)cos

θ
δ θδθ

=
=

C

C

y
y

 

Then, in triangle BAD:     Angle BAD α θ= +  

Law of cosines: 

 2 2 2 2( )( )cos( )BD AB AD AB AD α θ= + − +  

or 2 2 2(7.2 ft) (3.0887 ft) 2(7.2 ft)(3.0887 ft)cos( )BD α θ= + − +  

 2 2 261.380 ft (44.477cos( )) ftBD α θ= − +  (1) 
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PROBLEM 10.45  (Continued) 

 

And then 

 
2( )( ) (44.477sin( ))

44.477sin( )
2( )

BD BD

BD
BD

δ α θ δθ
α θδ δθ

= +
+=

 

Virtual Work: 0:  0C BDU P y F BDδ δ δ= − + =  

Substituting 
2(44.477 ft )sin( )(500 lb)(15 ft)cos 0

2( )BDF
BD

α θθδθ δθ
⎡ ⎤+− + =⎢ ⎥
⎣ ⎦

 

or cos337.25 lb/ft
sin( )BDF BDθ

α θ
⎡ ⎤

= ⎢ ⎥+⎣ ⎦
 (2) 

Now, with 20θ = °  and 60.945α = °  

Equation (1): 

 

2

2

61.380 44.477cos(60.945 20 )

54.380
7.3743 ft

BD

BD
BD

= − ° + °

=
=

 

Equation (2): 

 cos 20337.25 (7.3743 ft) lb/ft
sin(60.945 20 )BDF

⎡ ⎤°= ⎢ ⎥° + °⎣ ⎦
 

or 2366 lbBDF =  2.370 lbBD =F   
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PROBLEM 10.46 

Solve Problem 10.45 assuming that the workers are lowered to 
a point near the ground so that 20 .θ = − °  

PROBLEM 10.45 The telescoping arm ABC is used to 
provide an elevated platform for construction workers. The 
workers and the platform together weigh 500 lb and their 
combined center of gravity is located directly above C. For the 
position when 20 ,θ = °  determine the force exerted on pin B 
by the single hydraulic cylinder BD. 

 

SOLUTION 

Using the figure and analysis of Problem 10.45, including Equations (1) and (2), and with 20 ,θ = − °  we have 

Equation (1): 2

2

61.380 44.477cos(60.945 20 )

27.785
5.2711 ft

BD

BD
BD

= − ° − °

=
=

 

Equation (2): cos( 20 )337.25 (5.2711)
sin(60.945 20 )BDF − °=

° − °
 

 2549 lbBDF =  or   2550 lbBD =F   
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PROBLEM 10.47 

A block of weight W is pulled up a plane forming an angle α with the horizontal by a force P directed along 
the plane. If μ is the coefficient of friction between the block and the plane, derive an expression for the 
mechanical efficiency of the system. Show that the mechanical efficiency cannot exceed 1

2  if the block is to 
remain in place when the force P is removed. 

 

SOLUTION 

 
Input work

Output work ( sin )
δ

α δ
=
=

P x
W x

 

 

Efficiency: 

 sin sinorW x W
P x P

αδ αη η
δ

= =  (1) 

 0: sin 0 or sinxF P F W P W Fα αΣ = − − = = +  (2) 

 0: cos 0 or cosyF N W N Wα αΣ = − = =  

 cosF N Wμ μ α= =  

Equation (2): sin cos (sin cos )P W W Wα μ α α μ α= + = +  

Equation (1): sin 1or
(sin cos ) 1 cot

W
W

αη η
α μ α μ α

= =
+ +

  

If block is to remain in place when 0,P = we know (see Chapter 8) that sφ α�  or, since 

 tan , tansμ φ μ α= �  

Multiply by cot :α  cot tan cot 1μ α α α =�  

Add 1 to each side: 1 cot 2μ α+ �  

Recalling the expression for ,η  we find 1
2

η �   
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PROBLEM 10.48 

Denoting by sμ  the coefficient of static friction between the block 
attached to rod ACE and the horizontal surface, derive expressions 
in terms of P, ,sμ and θ for the largest and smallest magnitude of 
the force Q for which equilibrium is maintained. 

 

SOLUTION 

For the linkage: 

 0: 0 or
2 2

Σ = − + = =A
B A

x PM x P A   

Then: 1
2 2s s s
PF A Pμ μ μ= = =  

Now 2 sin
2 cos

A

A

x l
x l

θ
δ θ δθ

=
=

 

and 3 cos
3 sin

F

F

y l
y l

θ
δ θ δθ

=
= −

 

Virtual Work: max0: ( ) 0δ δ δ= − + =A FU Q F x P y  

 max
1 (2 cos ) ( 3 sin ) 0
2 sQ P l P lμ θ δθ θ δθ⎛ ⎞− + − =⎜ ⎟

⎝ ⎠
 

or max
3 1tan
2 2 sQ P Pθ μ= +  

  max (3 tan )
2 s
PQ θ μ= +   

For min,Q motion of A impends to the right and F acts to the left. We change sμ to sμ− and find 

 min (3tan )
2 s
PQ θ μ= −   
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PROBLEM 10.49 

Knowing that the coefficient of static friction between the block attached to  
rod ACE and the horizontal surface is 0.15, determine the magnitude of the largest 
and smallest force Q for which equilibrium is maintained when 30 , 0.2 m,lθ = ° =  
and P = 40 N. 

 

SOLUTION 

Using the results of Problem 10.48 with 

 
30
0.2 m
40 N, and 0.15s

l
P

θ

μ

= °
=
= =

 

We have max (3 tan )
2
(40 N) (3tan 30 0.15)

2
37.64 N

θ μ= +

= ° +

=

s
PQ  

 max 37.6 NQ =   

and min (3 tan )
2
(40 N) (3tan 30 0.15)

2
31.64 N

θ μ= −

= ° −

=

s
PQ  

 min 31.6 NQ =   
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PROBLEM 10.50 

Denoting by sμ  the coefficient of static friction between collar C and the 
vertical rod, derive an expression for the magnitude of the largest couple M 
for which equilibrium is maintained in the position shown. Explain what 
happens if tan .sμ θ�  

 

SOLUTION 

 

 

Member BC: We have 

 cosBx l θ=  

 sinBx lδ θδθ= −  (1) 

and 

 sinCy l θ=  

 cosCy lδ θδθ=  (2) 

Member AB: We have 

 1
2Bx lδ δφ=  

Substituting from Equation (1), 

 1sin
2

l lθδθ δφ− =  

or 2sinδφ θδθ= −  (3) 

Free body of rod BC 

For max,M  motion of collar C impends upward 

 0: sin ( )( cos ) 0B sM Nl P N lθ μ θΣ = − + =  

 
tan

tan

s

s

N N P
PN

θ μ

θ μ

− =

=
−
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PROBLEM 10.50  (Continued) 

 

Virtual Work: 

 0: ( ) 0s CU M P N yδ δφ μ δ= + + =  

 tan
max

( 2sin ) ( ) cos 0

( )
2 tan 2 tan

θ μ

θδθ μ θδθ
μμ

θ θ
−

− + + =
++= = s

s
P

ss

M P N l
PP NM l l  

  or  max 2(tan )s

PlM
θ μ

=
−

  

If tan ,  ,s Mμ θ= = ∞  system becomes self-locking 
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PROBLEM 10.51 

Knowing that the coefficient of static friction between collar C and the vertical 
rod is 0.40, determine the magnitude of the largest and smallest couple M for 
which equilibrium is maintained in the position shown, when θ  = 35°, l = 600 mm, 
and 300 N.P =  

 

SOLUTION 

From the analysis of Problem 10.50, we have 

 max 2(tan )s

PlM
θ μ

=
+

 

With 35 , 0.6 m, 300 Nl Pθ = ° = =  

 

max
(300 N)(0.6 m)
2(tan 35 0.4)
299.80 N m

=
° −

= ⋅

M

 max 300 N mM = ⋅   

For min,M motion of C impends downward and F acts upward. The equations of Problem 10.50 can still be  
used if we replace sμ by .sμ−  Then 

 min 2(tan )s

PlM
θ μ

=
+

 

Substituting, 

 

min
(300 N)(0.6 m)
2(tan 35 0.4)
81.803 N m

=
° +

= ⋅

M

 min 81.8 N m= ⋅M   
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PROBLEM 10.52 

Derive an expression for the mechanical efficiency of the jack discussed in Section 8.6. Show that if the jack 
is to be self-locking, the mechanical efficiency cannot exceed 1

2 .  

 

SOLUTION 

Recall Figure 8.9a. Draw force triangle 

   

 

tan( )
tan  so that tan

Input work tan( )
Output work ( ) tan

s

s

Q W
y x y x

Q x W x
W y W x

θ φ
θ δ δ θ

δ θ φ δ
δ δ θ

= +
= =
= = +
= =

 

Efficiency: tan ;
tan( )s

W x
W x

θδη
θ φ δ

=
+

 tan
tan( )s

θη
θ φ

=
+

  

From Page 432, we know the jack is self-locking if 

 sφ θ�  

Then 2sθ φ θ+ �  

so that tan( ) tan 2sθ φ θ+ �  

From above tan
tan( )s

θη
θ φ

=
+

 

It then follows that tan
tan 2

θη
θ

�  

But 2
2 tantan 2

1 tan
θθ

θ
=

−
 

Then 
2 2tan (1 tan ) 1 tan

2 tan 2
θ θ θη

θ
− −=�  1

2
η �   
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PROBLEM 10.53 

Using the method of virtual work, determine the reaction at E. 

 

SOLUTION 

We release the support at E and assume a virtual displacement Eyδ for Point E. 

 
From similar triangles: 

 

2.1 1.75
1.2
2.7 2.25
1.2
0.5 0.5 (2.25 ) 1.25
0.9 0.9

D E E

C E E

B C E E

y y y

y y y

y y y y

δ δ δ

δ δ δ

δ δ δ δ

= =

= =

= = =

 

Virtual Work: 

 (2 kN) (3 kN) 0B D EU y y E yδ δ δ δ= + − =  

 2(1.25 ) 3(1.75 ) 0E E Ey y E yδ δ δ+ − =  

 7.75 kNE = +  7.75 kN=E   
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PROBLEM 10.54 

Using the method of virtual work, determine separately the force 
and couple representing the reaction at H. 

 

SOLUTION 

Force at H. We give a vertical virtual displacement Hyδ to Point H, keeping member FH horizontal. 

 

From the geometry of the diagram: 

 
0.9 0.9 0.75
1.2 1.2
1.5 1.5 (0.75 ) 1.25
0.9 0.9
0.5 0.5 (1.25 ) 0.69444
0.9 0.9

F G H

D F H H

C D H H

B C H H

y y y

y y y y

y y y y

y y y y

δ δ δ

δ δ δ δ

δ δ δ δ

δ δ δ δ

= =

= = =

= = =

= = =

 

Virtual Work: 

 (2 kN) (3 kN) (5 kN) 0
2(0.69444 ) 3(0.75 ) 5 0

B D G H

H H H H

U y y y H y
y y y H y

δ δ δ δ δ
δ δ δ δ

= + − + =
+ − + =

 

 1.3611 kNH = +  

  1.361 kN=H   

Couple at H. We rotate beam FH throughδθ about Point H. 
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PROBLEM 10.54  (Continued) 

 

From the geometry of the diagram: 

 1.2 1.8
0.9 0.9 (1.8 ) 1.35
1.2 1.2
1.5 1.5 (1.35 ) 2.25
0.9 0.9
0.5 0.5 (2.25 ) 1.25
0.9 0.9

G F

D F

C D

B C

y y

y y

y y

y y

δ δθ δ δθ

δ δ δθ δθ

δ δ δθ δθ

δ δ δθ δθ

= =

= = =

= = =

= = =

 

Virtual Work: 

  (2 kN) (3 kN) (5 kN) 0
2(1.25 ) 3(1.35 ) 5(1.2 ) 0

B D G H

H

U y y y M
M

δ δ δ δ δθ
δθ δθ δθ δθ

= + − + =
+ − + =

 

 0.550 kN mHM = − ⋅  550 N mH = ⋅M   
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PROBLEM 10.55 

Referring to Problem 10.43 and using the value found for 
the force exerted by the hydraulic cylinder CD, determine 
the change in the length of CD required to raise the 10-kN 
load by 15 mm. 

PROBLEM 10.43 The position of member ABC is 
controlled by the hydraulic cylinder CD. For the loading 
shown, determine the force exerted by the hydraulic 
cylinder on pin C when 55 .θ = °  

 

SOLUTION 

 
Virtual Work: Assume both Ayδ and CDδ increase 

 0: (10 kN) 0A CD CDU y Fδ δ δ= − − =  

Substitute: 15 mm and 12.03 kNA CDy Fδ = =  

 (10 kN)(15 mm) (12.03 kN) 0CDδ− − =  

 12.47 mmCDδ = −  

The negative sign indicates that CD shortened 12.47 mm shorterCDδ =   
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PROBLEM 10.56 

Referring to Problem 10.45 and using the value found for 
the force exerted by the hydraulic cylinder BD, determine 
the change in the length of BD required to raise the 
platform attached at C by 2.5 in. 

PROBLEM 10.45 The telescoping arm ABC is used to 
provide an elevated platform for construction workers. 
The workers and the platform together weigh 500 lb and 
their combined center of gravity is located directly above 
C. For the position when 20 ,θ = °  determine the force 
exerted on pin B by the single hydraulic cylinder BD. 

 

SOLUTION 

 
Virtual Work: Assume both Cyδ and BDδ increase 

 0: (500 lb) 0C BD BDU y Fδ δ δ= − + =  

Substitute: 2.5 in. and 2370 lbC BDy Fδ = =  

 (500 lb)(2.5 in.) (2370 lb) 0BDδ− + =  

 0.527 in.BDδ = +  

The positive sign indicates that cylinder BD increases in length 0.527 in. longerBDδ =   
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PROBLEM 10.57 

Determine the vertical movement of joint D if the length of 
member BF is increased by 1.5 in. (Hint: Apply a vertical load 
at joint D, and, using the methods of Chapter 6, compute the 
force exerted by member BF on joints B and F. Then apply the 
method of virtual work for a virtual displacement resulting in 
the specified increase in length of member BF. This method 
should be used only for small changes in the lengths of 
members.) 

 

SOLUTION 

Apply vertical load P at D. 

 
 0: (40 ft) (120 ft) 0HM P EΣ = − + =  

 
3
P=E  

 
30: 0
5 3y BF

PF FΣ = − =  

 5
9BFF P=  

 
Virtual Work: 

We remove member BF and replace it with forces BFF and BF−F at pins F and B, respectively. Denoting the 
virtual displacements of Points B and F as Bδr  and ,Fδr respectively, and noting that P and Dδ  have the 
same direction, we have 

Virtual Work: 

 0: ( ) 0BF F BF BU P Dδ δ δ δ= + ⋅ + − ⋅ =F r F r  

 cos cos 0BF F F BF B BP D F r F rδ δ θ δ θ+ − =  

 ( cos cos ) 0BF B B F FP D F r rδ δ θ δ θ− − =  

where ( cos cos ) ,B B F F BFr rδ θ δ θ δ− =  which is the change in  
length of member BF. Thus, 

 

0
5 (1.5 in.) 0
9

0.833 in.

δ δ

δ

δ

− =

⎛ ⎞− =⎜ ⎟
⎝ ⎠

=

BF BFP D F

P D P

D  0.833 in.Dδ =   
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PROBLEM 10.58 

Determine the horizontal movement of joint D if the 
length of member BF is increased by 1.5 in. (See the hint 
for Problem 10.57.) 

 

SOLUTION 

Apply horizontal load P at D. 

 

 0: (30 ft) (120 ft) 0H yM P EΣ = − =  

 
4

=y
PE  

 
30: 0
5 4y BF

PF FΣ = − =  

 5
12BFF P=  

 

We remove member BF and replace it with forces BFF and BF−F at pins F and B, respectively. Denoting the 
virtual displacements of Points B and F as Bδr  and ,Fδr respectively, and noting that P and Dδ  have the 
same direction, we have 

Virtual Work: 

 0: ( ) 0BF F BF BU P Dδ δ δ δ= + ⋅ + − ⋅ =F r F r  

 cos cos 0BF F F BF B BP D F r F rδ δ θ δ θ+ − =  

 ( cos cos ) 0BF B B F FP D F r rδ δ θ δ θ− − =  

where ( cos cos ) ,B B F F BFr rδ θ δ θ δ− =  which is the change in  
length of member BF. Thus, 

 

0
5 (1.5 in.) 0
9

0.625 in.

δ δ

δ

δ

− =

⎛ ⎞− =⎜ ⎟
⎝ ⎠

=

BF BFP D F

P D P

D  0.625 in.Dδ =   
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PROBLEM 10.59 

Using the method of Section 10.8, solve Problem 10.29. 

PROBLEM 10.29 Two rods AC and CE are connected by a pin  
at C and by a spring AE. The constant of the spring is k, and the 
spring is unstretched when 30 .θ = °  For the loading shown, derive 
an equation in P, θ, l, and k that must be satisfied when the system 
is in equilibrium. 

 

SOLUTION 

Spring: 2(2 sin ) 4 sinAE x l lθ θ= = =  

Unstretched length: 0 4 sin 30 2x l l= ° =  

Deflection of spring 

 

[ ]

0

2

2

2

2 (2sin 1)
1
2
1 ( cos )2 (2sin 1)
2

4 (2sin 1)2cos sin 0

E

s x x
s l

V ks Py

V k P ll

dV kl Pl
d

θ

θθ

θ θ θ
θ

= −
= −

= +

= + −−

= − + =  

 
cos(2sin 1) 0
sin 8

P
kl

θθ
θ

− + =  
1 2sin

8 tan
P
kl

θ
θ

−=   
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PROBLEM 10.60 

Using the method of Section 10.8, solve Problem 10.30. 

PROBLEM 10.30 Two rods AC and CE are connected by a pin at 
C and by a spring AE. The constant of the spring is 1.5 lb/in., and 
the spring is unstretched when 30 .θ = °  Knowing that 10 in.l =  
and neglecting the weight of the rods, determine the value of θ  
corresponding to equilibrium when 40 lb.P =  

 

SOLUTION 

Using the result of Problem 10.59, with 

 
40 lb
10 in. and 1.5 lb/in.
1 2sin

8 tan
θ

θ

=
= =

−=

P
l k

P
kl

 

or 1 2sin 40 lb
tan 8(1.5 lb/in.)(10 in.)

1
3

θ
θ

− =

=

 

Solving numerically, 25.0θ = °   
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PROBLEM 10.61 

Using the method of Section 10.8, solve Problem 10.33. 

PROBLEM 10.33 A load W of magnitude 600 N is 
applied to the linkage at B. The constant of the spring is 

2.5 kN/m,k =  and the spring is unstretched when AB and 
BC are horizontal. Neglecting the weight of the linkage 
and knowing that 300 mm,l =  determine the value of θ 
corresponding to equilibrium. 

 

SOLUTION 

 
 600 N

0.3 m, and 2500 N m
=
= = ⋅

P
l k

 

We have 600 N( cos )tan
4(2500 N/m)(0.3 m)
0.2

l θ θ− =

=

 

Solving numerically 40.2θ = °   
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PROBLEM 10.62 

Using the method of Section 10.8, solve Problem 10.34. 

PROBLEM 10.34 A vertical load W is applied to the linkage  
at B. The constant of the spring is k, and the spring is unstretched 
when AB and BC are horizontal. Neglecting the weight of the 
linkage, derive an equation in θ, W, l, and k that must be satisfied 
when the linkage is in equilibrium. 

 

SOLUTION 

 

 2

2

1
2
1 (2 )
2
2 cos and sin

B

C B

C B

V ks Py

V k i x Py

x l y lθ θ

= +

= − +

= = −

 

Thus 2

2 2

1 (2 2 cos ) sin
2
2 (1 cos ) sin

V k l l Pl

kl Pl

θ θ

θ θ

= − −

= − −

 

 22 2(1 cos )sin cos 0dV kl Pl
d

θ θ θ
θ

= − − =  (1 cos )tan
4
P
kl

θ θ− =   
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PROBLEM 10.63 

Using the method of Section 10.8, solve Problem 10.35. 

PROBLEM 10.35  Knowing that the constant of spring CD is k and that the 
spring is unstretched when rod ABC is horizontal, determine the value of θ 
corresponding to equilibrium for the data indicated. 

300 N, 400 mm, 5 kN/m.P l k= = =  

 

SOLUTION 

Spring 902 sin
2

2 sin 45
2

θ

θ

° +⎛ ⎞= ⎜ ⎟
⎝ ⎠
⎛ ⎞= ° +⎜ ⎟
⎝ ⎠

v l

v l

 

Unstretched ( 0)θ =  0 2 sin 45 2v l l= ° =  

Deflection of spring 0

2
2 2

2

2 sin 45 2
2

1 1 2sin 45 2 ( sin )
2 2 2

2sin 45 2 cos 45 cos 0
2 2

A

s v v l l

V ks Py kl P l

dV kl Pl
d

θ

θ θ

θ θ θ
θ

⎛ ⎞= − = ° + −⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞= + = ° + − + −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞= ° + − ° + − =⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 
2sin 45 cos 45 2 cos 45 cos

2 2 2

cos 2 cos 45 cos
2

P
kl
P
kl

θ θ θ θ

θθ θ

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞° + ° + − ° + =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⎛ ⎞− ° + =⎜ ⎟
⎝ ⎠

 

Divide each member by cos θ  
( )2cos 45

1 2
cos

P
kl

θ

θ
° +

− =  

Then with 300 N, 0.4 mP l= =  and 5000 N/mk =  

 
( )2cos 45 300 N1 2
cos (5000 N/m)(0.4 m)

0.15

θ

θ
° +

− =

=

 

or 
( )2cos 45

0.60104
cos

θ

θ
° +

=  

Solving numerically 22.6θ = °   
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PROBLEM 10.64 

Using the method of Section 10.8, solve Problem 10.36. 

PROBLEM 10.36 Knowing that the constant of spring CD is k and that the 
spring is unstretched when rod ABC is horizontal, determine the value of θ 
corresponding to equilibrium for the data indicated. 

75 lb, 15 in., 20 lb/in.P l k= = =  

 

SOLUTION 

Using the results of Problem 10.63 with 75 lb, 15 in. and 20 lb/in., we have= = =P l k  

 
( )2cos 45

1 2
cos

75 lb
(20 lb/in.)(15 in.)
0.25

P
kl

θ

θ
° +

− =

=

=

 

or 
( )2cos 45

0.53033
cos

θ

θ
° +

=  

Solving numerically 51.058θ = °  51.1θ = °   
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PROBLEM 10.65 

Using the method of Section 10.8, solve Problem 10.31. 

PROBLEM 10.31 Solve Problem 10.30 assuming that force P is moved 
to C and acts vertically downward. 

 

SOLUTION 

Spring: 2(2 sin ) 4 sinAE x l lθ θ= = =  

Unstretched length: 0 4 sin 30 2x l l= ° =  

Deflection of spring 0

2

2

2 (2sin 1)
1
2
1 [2 (2sin 1)] ( cos )
2

θ

θ θ

= −
= −

= +

= − +

C

s x x
s l

V ks Py

k l P l

 

 

2 2

2

2 (2sin 1) cos

4 (2sin 1)2cos sin 0

cos(1 2sin ) 0
sin 8

2sin 1
8 tan

θ θ

θ θ θ
θ

θθ
θ

θ
θ

= − +

= − − =

− + =

−=

V kl Pl
dV kl Pl
d
P
kl
P
kl

 

with 40 lb, 10 in. and 1.5 lb/in.= = =P l k  

We have (40 lb) 2sin 1
8(1.5 lb/in.)(10 in.) tan

θ
θ
−=  

or 2sin 1 1
tan 3θ

− =  

Solving numerically 39.65 and 68.96°θ = °  39.7θ = °  

 69.0θ = °   
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PROBLEM 10.66 

Using the method of Section 10.8, solve Problem 10.38. 

PROBLEM 10.38 A force P of magnitude 240 N is applied to end 
E of cable CDE, which passes under pulley D and is attached to the 
mechanism at C. Neglecting the weight of the mechanism and the 
radius of the pulley, determine the value of θ corresponding to 
equilibrium. The constant of the spring is 4 kN/m,=k  and the spring 
is unstretched when 90 .θ = °  

 

SOLUTION 

For spring: 

2
2 2

2

1 1
2 2 2

π θ

π θ

⎛ ⎞= −⎜ ⎟
⎝ ⎠

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

e

s r

V ks kr

 

For force P: 2 sin
2

2 sin
2

θ

θ

=

= =p

x l

V Px Pl

 

Then 
2

2

2

2

1 2 sin
2 2 2

cos
2 2

(4000 N/m)(0.12 m) (240 N)(0.3 m)cos 0
2 2

1.25cos
2 2

π θθ

π θθ
θ

π θθ

π θθ

⎛ ⎞= + = − +⎜ ⎟
⎝ ⎠

⎛ ⎞= − − +⎜ ⎟
⎝ ⎠

⎛ ⎞= − − + =⎜ ⎟
⎝ ⎠

− =

e pV V V kr Pl

dV kr Pl
d

 

Solving by trial and error: 0.33868 radθ =  19.40θ = °   
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PROBLEM 10.67 

Show that equilibrium is neutral in Problem 10.1. 

PROBLEM 10.1 Determine the vertical force P that must be 
applied at C to maintain the equilibrium of the linkage. 

 

SOLUTION 

We have 
2

1
2
1
2

= −
= +
= −

= −

= +

A

C

D

E

G

y b u
y b u
y u

y u

y u

 

 (100 N) (60 N) (50 N) (40 N)
1 1100( ) ( 2 ) 60( ) 50 40
2 2

100 2 60 25 20 0

82.5 N

= + + + +

⎛ ⎞ ⎛ ⎞= − + + + − + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= − + − − + =

=

A C D E GV y Py y y y

b u P b u u u u

dV P
du

P

 

Substituting 82.5 N=P  in the expression obtained for :V  

 (100 82.5) ( 100 165 60 25 20)
182.5 constant

V b u
V b

= + + − + − − +
= =

 

 Since V is constant, the equilibrium is neutral   
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PROBLEM 10.68 

Show that equilibrium is neutral in Problem 10.6. 

PROBLEM 10.6 The two-bar linkage shown is supported by a pin and 
bracket at B and a collar at D that slides freely on a vertical rod. 
Determine the force P required to maintain the equilibrium of the 
linkage. 

 

SOLUTION 

 

 2

(100 lb) (150 lb)
(2 ) (100 lb)( ) (150 lb)( )

2 100 150 0

125 lb

A

E

F

A E F

y u
y u
y u
V Py y y
V P u u u

dV P
du

P

=
= −
= −
= + +
= + − + −

= − − =

=

 

Now, substitute 125 lb=P  in expression for V, making 0.=V  Thus, V is constant and  

 equilibrium is neutral.   
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PROBLEM 10.69 

Two uniform rods, each of mass m and length l, are attached to drums that are 
connected by a belt as shown. Assuming that no slipping occurs between the belt 
and the drums, determine the positions of equilibrium of the system and state in 
each case whether the equilibrium is stable, unstable, or neutral. 

 

SOLUTION 

 

2

2

cos 2 cos
2 2

( 2sin 2 sin )
2
1 ( 4cos 2 cos )
2

θ θ

θ
θ

θ θ
θ

=

⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= − +

= − −

W mg
l lV W W

dV lW
d

d V W
d

 

Equilibrium: 0: ( 2sin 2 sin ) 0
2

θ θ
θ

= − + =dV Wl
d

 

or sin ( 4cos 1) 0θ θ− + =  

Solving 0,  75.5°, 180°, and 284°θ =  

Stability: 
2

2 ( 4cos 2 cos )
2

θ θ
θ

= − −d V lW
d

 

At 0:θ =  
2

2 ( 4 1) 0
2θ

= − −d V lW
d

�  0,  Unstableθ =   

At 75.5 :θ = °  
2

2 ( 4( .874) .25) 0
2

d V lW
dθ

= − − − �  75.5 ,  Stableθ = °   

At 180 :θ = °  
2

2 ( 4 1) 0
2θ

= − +d V lW
d

�  180.0 ,  Unstableθ = °   

At 284 :θ = °  
2

2 ( 4( .874) .25) 0
2

d V lW
dθ

= − − − �  284 ,  Stableθ = °   
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PROBLEM 10.70 

Two uniform rods AB and CD, of the same length l, are attached to 
gears as shown. Knowing that rod AB weighs 3 lb and that rod CD 
weighs 2 lb, determine the positions of equilibrium of the system 
and state in each case whether the equilibrium is stable, unstable, 
or neutral. 

 

SOLUTION 

 
sin cos2

2 2
1 cos sin 2
2

θ θ

θ θ
θ

⎛ ⎞ ⎛ ⎞= − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= − +

AB CD

AB CD

l lV W W

dV W l W l
d

 

Equilibrium: 0

1 cos sin 2 0
2

cos 4 sin cos 0

cos 1 sin 0

AB CD

AB CD

CD
AB

AB

dV
d

W l W l

W W

W
W

W

θ

θ θ

θ θ θ

θ θ

=

− + =

− + =

⎛ ⎞
− − =⎜ ⎟

⎝ ⎠

 

 1

cos 0 and sin
4

90 , 270 , sin
4

θ θ

θ θ θ −

= =

= ° = ° =

AB

CD

AB

CD

W
W

W
W

 (1) 

For 3 lb and 2 lb,  We have= =AB CDW W  

 

1 390 , 270 , sin
8

90 , 270°, 22.0°, 158.0°

θ θ θ

θ θ θ θ

−= ° = ° =

= ° = = =    

Stability: 
2

2
1 sin 2 cos 2 )
2

θ θ
θ

⎛ ⎞= +⎜ ⎟
⎝ ⎠

AB CD
d V W W l
d

 (2) 

 
2

2
1270 : (3)sin(270 ) 2(2)cos(540 ) 5.5 0,  unstable
2

θ
θ

⎡ ⎤= ° = ° + ° = −⎢ ⎥⎣ ⎦

d V l l
d

�   

 
2

2
122.0 : (3)sin 220 2(2)cos 44.0 0 Stable
2

d V l
d

θ
θ

⎡ ⎤= ° = ° + °⎢ ⎥⎣ ⎦
�    
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PROBLEM 10.70  (Continued) 

 

 
2

2
190 : (3)sin 90 2(2)cos180 2.5 0, Unstable
2

θ
θ

⎡ ⎤= ° = ° + ° =⎢ ⎥⎣ ⎦

d V l l
d

�   

 
2

2
1150.0 : (3)sin158 2(2)cos316 3.44 0, Stable
2

θ
θ

⎡ ⎤= ° = ° + ° =⎢ ⎥⎣ ⎦

d V l l
d

�   
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PROBLEM 10.71 

Two uniform rods, each of mass m, are attached to gears of equal 
radii as shown. Determine the positions of equilibrium of the 
system and state in each case whether the equilibrium is stable, 
unstable, or neutral. 

 

SOLUTION 

Potential energy 

 

2

2

sin cos
2 2

(cos sin )
2

( sin cos )
2

(sin cos )
2

θ θ

θ θ

θ θ
θ

θ θ
θ

⎛ ⎞ ⎛ ⎞= − + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= −

= − −

= −

l lV W W W mg

lW

dV Wl
d

d V Wl
d

 

For equilibrium: 0: sin cosθ θ
θ

= = −dV
d

 

or tan 1θ = −  

Thus 45.0 and 135.0θ θ= − ° = °  

Stability: 

At 45.0 :θ = − °  
2

2 [sin( 45 ) cos45 ]
2

2 2 0
2 2 2

θ
= − ° − °

⎛ ⎞
= − −⎜ ⎟⎜ ⎟

⎝ ⎠

d V Wl
d

Wl
�

 

 45.0 , Unstableθ = − °   

At 135.0 :θ = °  
2

2 (sin135 cos135 )
2

2 2 0
2 2 2

θ
= ° − °

⎛ ⎞
= +⎜ ⎟⎜ ⎟

⎝ ⎠

d V Wl
d

Wl
�

 

 135.0 , Stableθ = °   
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PROBLEM 10.72 

Two uniform rods, AB and CD, are attached to gears of equal radii 
as shown. Knowing that 8 lb=ABW  and 4 lb,=CDW  determine 
the positions of equilibrium of the system and state in each case 
whether the equilibrium is stable, unstable, or neutral. 

 

SOLUTION 

Potential energy 

 2 2(3.5 kg 9.81 m/s ) sin (1.75 kg 9.81 m/s ) cos
2 2

(8.5838 N) ( 2sin cos )

θ θ

θ θ

⎛ ⎞ ⎛ ⎞= × − + ×⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= − +

l lV

l

 

 2

2

(8.5838 N) ( 2cos sin )

(8.5838 N) (2sin cos )

θ θ
θ

θ θ
θ

= − −

= −

dV l
d

d V l
d

 

Equilibrium: 0: 2cos sin 0θ θ
θ

= − − =dV
d

 

or tan 2θ = −  

Thus 63.4 and 116.6θ = − ° °  

Stability 

At 63.4 :θ = − °  
2

2 (8.5838 N) [2sin( 63.4 ) cos( 63.4 )]

(8.5838 N) ( 1.788 0.448) 0

d V l
d

l
θ

= − ° − − °

= − − �

 

 63.4 , Unstableθ = − °   

At 116.6 :θ = °  
2

2 (8.5838 N) [2sin(116.6 ) cos(116.6 )]

(8.5838 N) (1.788 0.447) 0

d V l
d

l
θ

= ° − °

= + �

 

 116.6 , Stableθ = °   
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PROBLEM 10.73 

Using the method of Section 10.8, solve Problem 10.39. Determine 
whether the equilibrium is stable, unstable, or neutral. (Hint: The 
potential energy corresponding to the couple exerted by a torsion spring 
is 21

2 ,θK  where K is the torsional spring constant and θ is the angle of 
twist.) 

PROBLEM 10.39 The lever AB is attached to the horizontal shaft BC 
that passes through a bearing and is welded to a fixed support at C. The 
torsional spring constant of the shaft BC is K; that is, a couple of 
magnitude K is required to rotate end B through 1 rad. Knowing that 
the shaft is untwisted when AB is horizontal, determine the value of θ 
corresponding to the position of equilibrium when P = 100 N, l = 250 mm, 
and 12.5 N m/rad.= ⋅K  

 

SOLUTION 

Potential energy 2

2

2

1 sin
2

cos

sin

θ θ

θ θ
θ

θ
θ

= −

= −

= +

V K Pl

dV K Pl
d

d V K Pl
d

 

Equilibrium: 0: cosθ θ
θ

= =dV K
d Pl

 

For 100 N, 0.25 m., 12.5 N m/rad= = = ⋅P l K  

 12.5 N m/radcos
(100)(0.25 m)
0.500

θ θ

θ

⋅=

=

 

Solving numerically, we obtain 

 1.02967 rad 59.000θ = = °  59.0θ = °   

Stability 

 
2

2 (12.5 N m/rad) (100 N)(0.25 m)sin 59.0 0
θ

= ⋅ + °d V
d

�  Stable   
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PROBLEM 10.74 

In Problem 10.40, determine whether each of the positions of 
equilibrium is stable, unstable, or neutral. (See hint for Problem 10.73.) 

PROBLEM 10.40 Solve Problem 10.39 assuming that 350 N,=P  
250 mm,=l  and 12.5 N m/rad.= ⋅K  Obtain answers in each of the 

following quadrants: 0 90°, 270° 360°, 360° 450°.θ θ θ� � � � � �  

 

SOLUTION 

Potential energy 2

2

2

1 sin
2

cos

sin

θ θ

θ θ
θ

θ
θ

= −

= −

= +

V K Pl

dV K Pl
d

d V K Pl
d

 

Equilibrium 0: cosθ θ
θ

= =dV K
d Pl

 

For 350 N, 0.250 m and 12.5 N m/rad
12.5 N m/radcos

(350 N)(0.250 m)

P l K

θ θ

= = = ⋅
⋅=

 

or cos
7
θθ =  

Solving numerically 1.37333 rad, 5.652 rad, and 6.616 radθ =  

or   78.7 ,  323.8 ,  379.1θ = ° ° ° 

Stability at 78.7 :θ = °  
2

2 (12.5 N m/rad) (350 N)(0.250 m)sin 78.7
θ

= ⋅ + °d V
d

 

 98.304 0= �  78.7 ,  Stableθ = °   

 At 323.8 :θ = °  
2

2 (12.5 N m/rad) (350 N)(0.250 m)sin 323.8
θ

= ⋅ + °d V
d

 

 39.178 N m 0= − ⋅ �  324 , Unstableθ = °   

 At At 379.1 :θ = °  
2

2 (12.5 N m/rad) (350 N)(0.250 m)sin 379.1
θ

= ⋅ + °d V
d

 

 44.132 N m 0= ⋅ �  379 , Stableθ = °   
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PROBLEM 10.75 

A load W of magnitude 100 lb is applied to the mechanism at C. 
Knowing that the spring is unstretched when 15 ,θ = °  determine that 
value of θ  corresponding to equilibrium and check that the equilibrium 
is stable. 

 

SOLUTION 

We have 

2
0 0

2 2
0

2
0

cos
1 [ ( )] 15 rad
2 12
1 ( ) cos
2

( ) sin

θ
πθ θ θ

θ θ θ

θ θ θ
θ

=

= − + = ° =

= − +

= − −

C

C

y l

V k r Wy

kr Wl

dV kr Wl
d

 

Equilibrium 2
00: ( ) sin 0θ θ θ

θ
= − − =dV kr wl

d
 (1) 

with 100 lb, 50 lb./in., 20 in., and 5 in.W R l r= = = =  

 2(50 lb./in.)(25 in. ) (100 lb)(20 in.)sin 0
12
πθ θ⎛ ⎞− − =⎜ ⎟

⎝ ⎠
 

or 0.625 sin 0.16362θ θ− =  

Solving numerically 1.8145 rad 103.97°θ = =  

 104.0θ = °   

Stability 
2

2
2 cosθ

θ
= −d V kr Wl

d
 (2) 

or 1250 2000cosθ= −  

For 104.0 :θ = °  1734 in. lb 0= ⋅ �  Stable   
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PROBLEM 10.76 

A load W of magnitude 100 lb is applied to the mechanism at C. 
Knowing that the spring is unstretched when 30 ,θ = °  determine that 
value of θ  corresponding to equilibrium and check that the equilibrium 
is stable.  

 

SOLUTION 

Using the solution of Problem 10.111, particularly Equations (1), with 15° replace by 30 rad :
6
π⎛ ⎞°⎜ ⎟

⎝ ⎠
 

For equilibrium 2 sin 0
6
πθ θ⎛ ⎞− − =⎜ ⎟

⎝ ⎠
kr Wl  

With 50 lb/in., 100 lb, 5 in., and 20 in.k W r l= = = =  

 2(50 lb/in.)(25 in. ) (100 lb)(20 in.)sin 0
6
πθ θ⎛ ⎞− − =⎜ ⎟

⎝ ⎠
 

or 1250 654.5 200sin 0θ θ− − =  

Solving numerically, 1.9870 rad 113.8°θ = =  

 113.8θ = °   

Stability: Equation (2), Problem 111: 

 
2

2
2 cosθ

θ
= −d V kr Wl

d
 

or 1250 2000cosθ= −  

For 113.8 :θ = °  2057 in. lb 0= ⋅ �  Stable   
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PROBLEM 10.77 

A slender rod AB, of weight W, is attached to two blocks A and B that 
can move freely in the guides shown. The constant of the spring is k, 
and the spring is unstretched when AB is horizontal. Neglecting the 
weight of the blocks, derive an equation in θ, W, l, and k that must be 
satisfied when the rod is in equilibrium. 

 

SOLUTION 

 

Elongation of spring: sin cos
(sin cos 1)

θ θ
θ θ

= + −
= + −

s l l l
s l

 

Potential energy: 2

2 2

1 1 sin
2 2
1 (sin cos 1) sin
2 2

θ

θ θ θ

= − =

= + − −

V ks W W mg

lkl mg

 

 2 1(sin cos 1)(cos sin ) cos
2

θ θ θ θ θ
θ

= + − − −dV kl mgl
d

 (1) 

Equilibrium: 0: (sin cos 1)(cos sin ) cos 0
2

θ θ θ θ θ
θ

= + − − − =dV mg
d kl

 

 or   cos (sin cos 1)(1 tan ) 0
2
mg

kl
θ θ θ θ⎡ ⎤+ − − − =⎢ ⎥⎣ ⎦
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PROBLEM 10.78 

A slender rod AB, of weight W, is attached to two blocks A and B that can 
move freely in the guides shown. Knowing that the spring is unstretched 
when AB is horizontal, determine three values of θ corresponding to 
equilibrium when 300 lb,=W 16 in.,=l  and 75 lb/in.=k  State in each 
case whether the equilibrium is stable, unstable, or neutral. 

 

SOLUTION 

Using the results of Problem 10.77, particularly the condition of equilibrium 

 cos (sin cos 1)(1 tan ) 0
2

θ θ θ θ⎡ ⎤+ − − − =⎢ ⎥⎣ ⎦

mg
kl

 

Now, with 300 lb, 16 in., and 75 lb/in.W l k= = =  

 300 lb 0.25
2 (16 in.)(75 lb/in.)

= =W
kl

 

Thus: [ ]cos (sin cos 1)(1 tan ) 0.25 0θ θ θ θ+ − − − =  

 cos 0 and (sin cos 1)(1 tan ) 0.25θ θ θ θ= + − − =  

First equation yields 90 .θ = °  Solving the second equation by trial, we find 9.39  and 34.16°θ = °  
Values of θ  for equilibrium are 

 9.39 ,  34.2°, and 90.0°θ = °  

Stability we differentiate Eq. (1). 

 

2
2

2

2 2 2 2 2

2

2
2

2

1[(cos sin )(cos sin ) (sin cos 1)( sin cos )] sin
2

cos sin 2cos sin sin cos 2cos sin sin cos sin
2

1 sin cos 2sin 2
2

(1.25sin c

θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ θ θ θ

θ θ θ

θ
θ

= − − + + − − − +

⎡ ⎤= + − − − − + + +⎢ ⎥⎣ ⎦
⎡ ⎤⎛ ⎞= + + −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

= +

d y kl wl
ds

Wkl
kl

Wkl
kl

d V kl
d

os 2sin 2 )θ θ−

 

9.39 :θ = °  
2

2
2 (1.25sin 9.4 cos9.4 2sin18.8)

θ
= + −d V kl

d
 

 2 ( 0.55) 0kl= + �  Stable  
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PROBLEM 10.78  (Continued) 

 

34.2 :θ = °  
2

2
2 (1.25sin 34.2 cos34.3 2sin 68.4 )

θ
= ° + ° − °d v kl

d
 

 2 ( 0.33) 0= −kl �  Unstable  

90.0 :θ = °  
2

2
2 (1.25sin 90 cos90 2sin180 )d V kl

dθ
= ° + ° − °  

 2 (1.25) 0= kl �  Stable  
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PROBLEM 10.79 

A slender rod AB, of weight W, is attached to two blocks A 
and B that can move freely in the guides shown. Knowing that 
the spring is unstretched when 0,=y  determine the value of y 
corresponding to equilibrium when 80 N,=W 500 mm,=l  
and 600 N/m.=k  

 

SOLUTION 

Deflection of spring = s, where 2 2

2 2

= + −

=
−

s l y l
ds y
dy l y

 

Potential energy: 

( )

2

2 2
2 2

2 2

1
2 2

1
2

1
2

11
2

= −

= −

= + − −
+

⎛ ⎞
⎜ ⎟= − −
⎜ ⎟+⎝ ⎠

yV ks W

dV dsks W
dy dy
dV yk l y l W
dy l y

lk y W
l y

 

Equilibrium 
2 2

10: 1
2

⎛ ⎞
⎜ ⎟= − =
⎜ ⎟+⎝ ⎠

dV l Wy
dy kl y

 

Now  80 N, 0.500 m, and 600 N/mW l k= = =  

Then 
2 2

0.500 m 1 (80 N)1
2 (600 N/m)(0.500)

⎛ ⎞
⎜ ⎟− =
⎜ ⎟+⎝ ⎠

y
y

 

or  
2

0.5001 0.066667
0.25

⎛ ⎞
⎜ ⎟− =
⎜ ⎟+⎝ ⎠

y
y

 

Solving numerically, 0.357 m=y  357 mm=y   
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PROBLEM 10.80 

Knowing that both springs are unstretched when 0,=y  determine 
the value of y corresponding to equilibrium when 80 N,=W   
l = 550 mm, and 600 N/m.=k  

 

SOLUTION 

Spring deflections 

 
2 2

2 2

= − −

= + −

AD

BC

S l l y

S l y l
 

 

( ) ( )
( ) ( )

2 2

2 2
2 2 2 2

2 2 2 2
2 2 2 2

1 1
2 2 2
1 1
2 2 2

2

AD BC
yV kS kS W

yV k l l y k l y l W

dV y y Wk l l y k l y l
dy l y l y

= + −

= − − + + − −

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟= − − + + − −
⎜ ⎟ ⎜ ⎟− +⎝ ⎠ ⎝ ⎠

 

 
2 2 2 2

0: 1 1
2

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥⎜ ⎟ ⎜ ⎟= − + − =
⎢ ⎥⎜ ⎟ ⎜ ⎟− +⎝ ⎠ ⎝ ⎠⎣ ⎦

dV l l Wy
dy kl y l y

 

Data: 80 N,  0.5 m, 600 N/m= = =W l k   

 
2 2 2 2

0.5 0.5 80 0.066667
2(1200)(0.5) (0.5)

y
y y

⎡ ⎤
⎢ ⎥− = =
⎢ ⎥− +⎣ ⎦

 

Solve by trial and error: 0.252 m=y  252 mm=y   
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PROBLEM 10.81 

A spring AB of constant k is attached to two identical gears as 
shown. Knowing that the spring is undeformed when 0,θ =  
determine two values of the angle θ corresponding to equilibrium 
when P = 30 lb, a = 4 in., b = 3 in., r = 6 in., and k = 5 lb/in. State 
in each case whether the equilibrium is stable, unstable, or neutral. 

 

SOLUTION 

Elongation of spring 

 

2

2

2

2

2( sin ) 2 sin
1
2
1 (2 sin )
2

4 sin cos

2 sin 2

s a a

V ks Pb

k a Pb

dV ka Pb
d

ka Pb

θ θ

θ

θ θ

θ θ
θ

θ

= =

= −

= −

= −

= −  (1) 

Equilibrium 20: sin 2
2

θ
θ

= =dV Pb
d ka

 

 2
(30 lb)(3 in.)sin 2 ; sin 2 0.5625

2(5 lb/in.)(4 in.)
θ θ= =  

 2 34.229 and 145.771θ = ° °  

 17.11 and 72.9θ = ° °   

Stability: We differentiate Eq. (1) 

 
2

2
2 4 cos2d V ka

d
θ

θ
=  

 
2

2 2
217.11 : 4 cos34.2 4 (0.83) 0d v ka ka

d
θ

θ
= ° = ° = �  Stable   

 
2

2 2
272.9 : 4 cos145.8 4 ( 0.83) 0d v ka ka

d
θ

θ
= ° = ° = − �  Unstable   
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PROBLEM 10.82 

A spring AB of constant k is attached to two identical gears as 
shown. Knowing that the spring is undeformed when 0,θ =  and 
given that 60 mm, 45 mm, 90 mm,= = =a b r  and 6 kN/m,=k  
determine (a) the range of values of P for which a position of 
equilibrium exists, (b) two values of θ corresponding to 
equilibrium if the value of P is equal to half the upper limit of the 
range found in Part a. 

 

SOLUTION 

Elongation of spring 

 2( sin ) 2 sins a aθ θ= =  

Potential energy 

 
2 2

2 2

1 1 (2 sin )
2 2
2 sin

θ θ θ

θ θ

= − = −

= −

V ks Pb k a Pb

V ka Pb
 

Equilibrium 

 
2

2

0: 4 sin cos

2 sin 2 0

dV dV ka Pb
d d

ka Pb

θ θ
θ θ

θ

= = −

= − =
 (1) 

 max
max2 2sin 2 ; For ; 1

2 2
θ = =

P bPb P
ka ka

 

(a) max
2

(0.045 m)
1

2(6000 N/m)(0.06 m)
=

P  max 960 NP =   

(b) For max
1 ,
2

P P=  1sin 2 ; 2 30 and 150
2

θ θ= = ° °  

 15.00 and 75.0θ = ° °   
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PROBLEM 10.83 

A slender rod AB is attached to two collars A and B that can move freely 
along the guide rods shown. Knowing that 30β = °  and P = Q = 400 N, 
determine the value of the angle θ corresponding to equilibrium. 

 

SOLUTION 

 

Law of Sines 
sin(90 ) sin(90 )

cos( ) cos

β θ β

θ β β

=
° + − −

=
−

A

A

y L

y L

 

or cos( )
cos

θ β
β
−=Ay L  

From the figure: cos( ) cos
cos

θ β θ
β
−= −By L L  

Potential Energy: cos( ) cos( )cos
cos cosB AV Py Qy P L L QLθ β θ βθ

β β
⎡ ⎤− −= − − = − − −⎢ ⎥
⎣ ⎦

 

 

sin( ) sin( )sin
cos cos
sin( )( ) sin

cos

θ β θ βθ
θ β β

θ β θ
β

⎡ ⎤− −= − − + +⎢ ⎥
⎣ ⎦

−= + −

dV PL QL
d

L P Q PL
 

 

 
 
 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1795 

PROBLEM 10.83  (Continued) 

 

Equilibrium sin( )0: ( ) sin 0
cos
θ β θ

θ β
−= + − =dV L P Q PL

d
 

or ( )sin( ) sin cosθ β θ β+ − =P Q P  

 ( )(sin cos cos sin ) sin cosθ β θ β θ β+ − =P Q P  

or ( )cos sin sin cos 0θ β θ β− + + =P Q Q  

 sin sin 0
cos cos

β θ
β θ

+− + =P Q
Q

 

 tan tanθ β+= P Q
Q

 (2) 

With 400 N, 30β= = = °P Q  

 800 Ntan tan 30 1.1547
400 N

θ = ° =  49.1θ = °   
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PROBLEM 10.84 

A slender rod AB is attached to two collars A and B that can move 
freely along the guide rods shown. Knowing that 30 , 100 N,Pβ = ° =  
and 25 N,=Q  determine the value of the angle θ corresponding to 
equilibrium. 

 

SOLUTION 

Using Equation (2) of Problem 10.83, with 100 N, 25 N, and 30 ,β= = = °P Q we have 

 

(100 N)(25 N)tan tan 30
(25 N)

57.735
89.007

θ

θ

= °

=
= °  89.0θ = °   
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PROBLEM 10.85 

Collar A can slide freely on the semicircular rod shown. Knowing that 
the constant of the spring is k and that the unstretched length of the 
spring is equal to the radius r, determine the value of θ corresponding to 
equilibrium when 50 lb, 9 in.,= =W r  and 15 lb/in.=k  

 

SOLUTION 

Stretch of Spring 
2( cos )
(2cos 1)

θ
θ

= −
= −
= −

s AB r
s r r
s r

 

Potential Energy: 2

2 2

2

1 sin 2
2
1 (2cos 1) sin 2
2

(2cos 1)2sin 2 cos 2

θ

θ θ

θ θ θ
θ

= − =

= − −

= − − −

V ks Wr W mg

V kr Wr

dV kr Wr
d

 

Equilibrium 20: (2cos 1)sin cos 2 0θ θ θ
θ

= − − − =dV kr Wr
d

 

 (2cos 1)sin
cos 2
θ θ

θ
− = − W

kr
 

Now (50 lb) 0.37037
(15 lb/in.)(9 in.)

= =W
kr

 

Then (2cos 1)sin 0.37037
cos 2
θ θ

θ
− = −  

Solving numerically, 0.95637 rad 54.8θ = = °  54.8θ = °   
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PROBLEM 10.86 

Collar A can slide freely on the semicircular rod shown. Knowing that 
the constant of the spring is k and that the unstretched length of the 
spring is equal to the radius r, determine the value of θ corresponding to 
equilibrium when 50 lb, 9 in.,= =W r  and k = 15 lb/in. 

 

SOLUTION 

Stretch of spring 

 2

2 2

2

2( cos )
(2cos 1)

1 cos 2
2
1 (2cos 1) cos 2
2

(2cos 1)2sin 2 sin 2

θ
θ

θ

θ θ

θ θ θ
θ

= − = −
= −

= −

= − −

= − − +

s AB r r r
s r

V ks Wr

kr Wr

dV kr Wr
d

 

Equilibrium 

 20: (2cos 1)sin sin 2 0θ θ θ
θ

= − − + =dV kr Wr
d

 

 2 (2cos 1)sin (2sin cos ) 0θ θ θ θ− − + =kr Wr  

or (2cos 1)sin
2cos
θ θ

θ
− = W

kr
 

Now (50 lb) 0.37037
(15 lb/in.)(9 in.)

= =W
kr

 

Then 2cos 1 0.37037
2cos

θ
θ
− =  

Solving  37.4θ = °   
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PROBLEM 10.87 

Cart B, which weighs 75 kN, rolls along a sloping track that forms 
an angle β with the horizontal. The spring constant is 5 kN/m, and 
the spring is unstretched when 0.=x  Determine the distance x 
corresponding to equilibrium for the angle β indicated. 

Angle = 30 .β °  

 

SOLUTION 

 
 (4 m) tanθ=x  (1) 

 
sin 4 tan sin

(4 m)cos
β θ β

θ
= =
=

By x
AC

 

For 0,x =  0( ) 4 mAC =  

Stretch of spring. 0

2

2

4 1( ) 4 4 1
cos cos

1 (75 kN)
2
1 1(5 kN/m)16 1 (75 kN)4 tan sin
2 cos

B

s AC AC

V ks y

θ θ

θ β
θ

⎛ ⎞= − = − = −⎜ ⎟
⎝ ⎠

= −

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 

 2 2
1 sin sin80 1 300

cos cos cos
θ β

θ θ θ θ
⎛ ⎞= − −⎜ ⎟
⎝ ⎠

dV
d

 

Equilibrium 10: 1 sin 3.75sin
cos

θ β
θ θ

⎛ ⎞= − =⎜ ⎟
⎝ ⎠

dV
d

 (2) 

Given: 30 , sin 0.5β θ= ° =  

Eq. (2): 1 1 sin 3.75(0.5) 1.875
cos

θ
θ

⎛ ⎞− = =⎜ ⎟
⎝ ⎠

 

Solve by trial and error: 70.46θ = °  
Eq. (1): (4 m) tan 70.46x = °  11.27 m=x   
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PROBLEM 10.88 

Cart B, which weighs 75 kN, rolls along a sloping track that forms 
an angle β with the horizontal. The spring constant is 5 kN/m, and 
the spring is unstretched when 0.=x  Determine the distance x 
corresponding to equilibrium for the angle β indicated. 

Angle = 60°.β  

 

SOLUTION 

 
 (4 m) tanθ=x  (1) 

 
sin 4 tan sin

(4 m)cos
β θ β

θ
= =
=

By x
AC

 

For 0,x =  0( ) 4 mAC =  

Stretch of spring. 0

2

2

4 1( ) 4 4 1
cos cos

1 (75 kN)
2
1 1(5 kN/m)16 1 (75 kN)4 tan sin
2 cos

B

s AC AC

V ks y

θ θ

θ β
θ

⎛ ⎞= − = − = −⎜ ⎟
⎝ ⎠

= −

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 

 2 2
1 sin sin80 1 300

cos cos cos
θ β

θ θ θ θ
⎛ ⎞= − −⎜ ⎟
⎝ ⎠

dV
d

 

Equilibrium 10: 1 sin 3.75sin
cos

θ β
θ θ

⎛ ⎞= − =⎜ ⎟
⎝ ⎠

dV
d

 (2) 

Given: 60 , sin 0.86603β θ= ° =  

Eq. (2): 1 1 sin 3.75(0.86603) 3.2476
cos

θ
θ

⎛ ⎞− = =⎜ ⎟
⎝ ⎠

 

Solve by trial and error: 76.67θ = °  

Eq. (1): (4 m) tan 26.67x = °  16.88 m=x   
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PROBLEM 10.89 

A vertical bar AD is attached to two springs of constant k and is in 
equilibrium in the position shown. Determine the range of values of the 
magnitude P of two equal and opposite vertical forces P and −P for which 
the equilibrium position is stable if (a) ,=AB CD  (b) 2 .=AB CD  

 

SOLUTION 

For both (a) and (b): Since P and −P  are vertical, they form a couple of moment 

 sinθ= +PM Pl  

The forces F and −F  exerted by springs must, therefore, also form a couple, with moment 

 cosθ= −FM Fa  

We have 
( sin cos )

P FdU M d M d
Pl Fa d

θ θ
θ θ θ

= +
= −

 

but 1 sin
2

θ⎛ ⎞= = ⎜ ⎟
⎝ ⎠

F ks k a  

Thus,  21sin sin cos
2

θ θ θ θ⎛ ⎞= −⎜ ⎟
⎝ ⎠

dU Pl ka d  

From Equation (10.19), page 580, we have 

  21sin sin 2
4

θ θ θ θ= − = − +dV dU Pl d ka d  

or 21sin sin 2
4

θ θ
θ

= − +dV Pl ka
d

 

and 
2

2
2

1cos cos 2
2

θ θ
θ

= − +d V Pl ka
d

 (1) 

For 0:θ =  
2

2
2

1
2θ

= − +d V Pl ka
d

 

 

 
 

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1802 

PROBLEM 10.89  (Continued) 

 

For Stability: 
2

2
2

10, 0
2

d V Pl ka
dθ

− +� �  

or (for Parts a and b) 
2

2
kaP

l
�   

Note: To check that equilibrium is unstable for 
2

2 ,= ka
lP  we differentiate (1) twice: 

 

3
2

3

4
2

4

sin sin 2 0, for  0,

cos 2 cos 2

d V Pl ka
d
d V Pl ka
d

θ θ θ
θ

θ θ
θ

= + − = =

= −
 

For 0θ =  
4 2

2 2
4 2 2 0

2
d V kaPl ka ka
dθ

= − = − �  

Thus, equilibrium is unstable when 
2

2
= kaP

l
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PROBLEM 10.90 

Rod AB is attached to a hinge at A and to two springs, each of 
constant k. If 25 in., 12 in.,h d= =  and 80 lb,=W  determine the 
range of values of k for which the equilibrium of the rod is stable in 
the position shown. Each spring can act in either tension or 
compression. 

 

SOLUTION 

We have sin         cosθ θ= =C Bx d y h  

Potential Energy: 2

2 2

12
2

sin cosθ θ

⎛ ⎞= +⎜ ⎟
⎝ ⎠

= +

C BV kx Wy

kd Wh

 

Then 2

2

2 sin cos sin

sin 2 sin

θ θ θ
θ

θ θ

= −

= −

dV kd Wh
d

kd Wh

 

and 
2

2
2 2 cos 2 cosθ θ

θ
= −d V kd Wh

d
 (1) 

For equilibrium position 0θ =  to be stable, we must have 

 
2

2
2 2 0d V kd Wh

dθ
= − �  

or 2 1
2

kd Wh�  (2) 

Note: For 2 1
2 ,=kd Wh  we have 

2

2 0,
θ

=d V
d

 so that we must determine which is the first derivative that is not 

equal to zero. Differentiating Equation (1), we write 

 

3
2

3

4
2

2

4 sin 2 sin 0        for  0

8 cos 2 cos

d V kd Wh
d
d V kd Wh
d

θ θ θ
θ

θ θ
θ

= − + = =

= − +
 

For 0:θ =  
4

2
4 8

θ
= − +d V kd Wh

d
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PROBLEM 10.90  (Continued) 

 

Since 
4

4
2 1

2 , 4 0,d V
d

kd Wh Wh Wh
θ

= = − + �  we conclude that the equilibrium is unstable for 2 1
2=kd Wh  and  

the�sign in Equation (2) is correct. 

With  80 lb, 25 in., and 12 in.W h d= = =  

Equation (2) gives 2 1(12 in.) (80 lb)(25 in.)
2

k �  

or 6.944 lb/in.k �  6.94 lb/in.k �   
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PROBLEM 10.91 

Rod AB is attached to a hinge at A and to two springs, each of 
constant k. If 45 in., 6 lb/in.,= =h k  and 60 lb,=W  determine the 
smallest distance d for which the equilibrium of the rod is stable in 
the position shown. Each spring can act in either tension or 
compression. 

 

SOLUTION 

Using Equation (2) of Problem 10.90 with  

 45 in., 6 lb/in., and 60 lbh k W= = =  

 2 1(6 lb/in.) (60 lb)(45 in.)
2

d �  

or 2 2225 in.d �  

 15.0000 in.d �  smallest 15.00 in.d =   
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PROBLEM 10.92 

Two bars are attached to a single spring of constant k that is 
unstretched when the bars are vertical. Determine the range 
of values of P for which the equilibrium of the system is 
stable in the position shown. 

 

SOLUTION 

 2sin sin
3 3
L Ls φ θ= =  

For small values of φ  and θ  

 

2

2

2

2

2
2

2

2
2 1cos cos

3 3 2

1 2(cos 2 2cos ) sin
3 2 3

2( 2sin 2 2sin ) sin cos
3 9

2(2sin 2 2sin ) sin 2
3 9

4(4cos 2 2cos ) cos 2
3 9

L LV P ks

PL LV k

dV PL kL
d

PL kL

d V PL kL
d

φ θ

φ θ

θ θ θ

θ θ θ θ
θ

θ θ θ

θ θ θ
θ

=

⎛ ⎞= + +⎜ ⎟
⎝ ⎠

⎛ ⎞= + + ⎜ ⎟
⎝ ⎠

= − − +

= − + +

= − + +

 

when 0:θ =  
2

2
2

6 4
3 9

d V PL kL
dθ

= − +  

For stability: 
2

2
2

40, 2 0
9

d V PL kL
dθ

− +� �  2
9

P kL�   
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PROBLEM 10.93 

Two bars are attached to a single spring of constant k that 
is unstretched when the bars are vertical. Determine the 
range of values of P for which the equilibrium of the 
system is stable in the position shown. 

 

SOLUTION 

 2 sin sin
3 3

θ φ= =L La  

For small values of φ  and θ  

 2φ θ=  

 sin
3
Ls θ=  

 

2

2

2

2

2 2

2

2 1cos cos
3 3 2

1(2cos cos 2 ) sin
3 2 3

( 2sin 2sin 2 ) sin cos
3 9
2 (sin sin 2 ) sin 2

3 18
2 (cos 2cos 2 ) cos 2

3 9

L LV P ks

PL Lk

dV PL kL
d
dV PL kL
d

d V PL kL
d

θ φ

θ θ θ

θ θ θ θ
θ

θ θ θ
θ

θ θ θ
θ

⎛ ⎞= + +⎜ ⎟
⎝ ⎠

⎛ ⎞= + + ⎜ ⎟
⎝ ⎠

= − − +

= − + +

= − + +

 

when 0:θ =  
2 2

2 2
9θ

= − +dV kLPL
d

 

For stability: 
2 2

2 0, 2 0
9

d V kLPL
dθ

− +� �  1
18

P kL�   
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PROBLEM 10.94 

Two bars AB and BC are attached to a single spring of constant k that is 
unstretched when the bars are vertical. Determine the range of values of P 
for which the equilibrium of the system is stable in the position shown. 

 

SOLUTION 

 

2

2 2

2

2

2
2

2

( )sin
1(2 cos )
2

12 cos ( ) sin
2

2 sin ( ) sin cos

12 sin ( ) sin 2
2

2 cos ( ) cos 2

s l a

V P l ks

Pl k l a

dV Pl k l a
d

Pl k l a

d V Pl k l a
d

θ

θ

θ θ

θ θ θ
θ

θ θ

θ θ
θ

= −

= +

= + −

= − + −

= − + −

= − + −  (1) 

when 
2

2
20: 2 ( )θ

θ
= = − + −d V Pl k l a

d
 

Stability: 
2

2
2 0: 2 ( ) 0

θ
− + − >d V Pl k l a

d
�  

2( )
2
−k l aP
l

�   

To check whether equilibrium is unstable for 
2( )

2 ,k l a
lP −= we differentiate 

Eq. (1) twice: 

 

3
2

3

4
2

4

2 sin 2 ( ) sin 2 0, For 0

2 cos 4 ( ) cos2

d V Pl k l a
d
d V Pl k l a
d

θ θ θ
θ

θ θ
θ

= − − = =

= − −
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PROBLEM 10.94  (Continued) 

 

For 0=G  and 
2

4
2

4

3 2

( )
2

2 4 ( )

( ) 4 ( ) 0

k l aP
l

d V Pl k l a
d

k l a k l a
θ

−=

= − −

= − − − �

 

Thus equil is unstable for  
2( )

2
−= k l aP
l
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PROBLEM 10.95 

The horizontal bar BEH is connected to three vertical bars. The collar at 
E can slide freely on bar DF. Determine the range of values of Q for 
which the equilibrium of the system is stable in the position shown 
when a = 24 in., b = 20 in., and P = 150 lb. 

 

SOLUTION 

 
First note sin sinA a bθ φ= =  

For small values of  and :θ φ  a bθ φ=  

or a
b

φ θ=  

 

2 2

2 2

( )cos 2 ( )cos

( ) cos 2 cos

( ) sin 2 sin

( ) cos 2 cos

V P a b Q a b

aa b P Q
b

dV a aa b P Q
d b b

d V a aa b P Q
bd b

φ θ

θ θ

θ θ
θ

θ θ
θ

= + − +

⎡ ⎤⎛ ⎞= + −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞= + − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞= + − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

when 0:θ =  
2 2

2 2( ) 2d V aa b P Q
d bθ

⎛ ⎞
= + − +⎜ ⎟⎜ ⎟

⎝ ⎠
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PROBLEM 10.95  (Continued) 

 

Stability: 
2 2

2 20: 2 0d V a P Q
d bθ

− +� �  

 
2

22 bP Q
a

�  (1) 

or 
2

22
aQ P
b

�  (2) 

with 150 lb, 24 in., and 20 in.P a b= = =  

Equation (1): 
2

2
(24 in.) (150 lb) 108.000 lb
2(20 in.)

Q =�  

For stability  108.0 lbQ �   
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PROBLEM 10.96 

The horizontal bar BEH is connected to three vertical bars. The collar  
at E can slide freely on bar DF. Determine the range of values of P for 
which the equilibrium of the system is stable in the position shown 
when a = 150 mm, b = 200 mm, and Q = 45 N. 

 

SOLUTION 

Using Equation (2) of Problem 10.95 with 

  45 N, 150 mm, and 200 mmQ a b= = =  

Equation (2) 
2

2
(200 mm)2 (45 N)
(150 mm)

160.000 N

P

=

�  

For stability 160.0 NP �   
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PROBLEM 10.97* 

Bars AB and BC, each of length l and of negligible weight, are attached to 
two springs, each of constant k. The springs are undeformed, and the system 
is in equilibrium when θ1 = θ2 = 0. Determine the range of values of P for 
which the equilibrium position is stable. 

 

SOLUTION 

We have 

1 2

1 2

2 2

sin
sin sin
cos cos

1 1
2 2

B

C

C

C B C

x l
x l l
y l l

V Py kx kx

θ
θ θ
θ θ

=
= +
= +

= + +

 

or 2 2 2
1 2 1 1 2

1(cos cos ) sin (sin sin )
2

V Pl klθ θ θ θ θ⎡ ⎤= + + + +⎣ ⎦  

For small values of 1θ and 2:θ  

 2 2
1 1 2 2 1 1 2 2

1 1sin , sin , cos 1 , cos 1
2 2

θ θ θ θ θ θ θ θ≈ ≈ ≈ − ≈ −  

Then ( )
2 2

22 21 2
1 1 2

11 1
2 2 2

V Pl klθ θ θ θ θ
⎛ ⎞ ⎡ ⎤= − + − + + +⎜ ⎟⎜ ⎟ ⎣ ⎦⎝ ⎠

 

and 2
1 1 1 2

1

2
2 1 2

2
2 2

2 2
2 2

1 2
2

2

1 2

[ ( )]

( )

2

V Pl kl

V Pl kl

V VPl kl Pl kl

V kl

∂ θ θ θ θ
∂ θ
∂ θ θ θ
∂ θ

∂ ∂
∂ θ ∂ θ

∂
∂ θ ∂ θ

= − + + +

= − + +

= − + = − +

=

 

Stability:  Conditions for stability (see Page 583). 
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PROBLEM 10.97*  (Continued) 

 

For 1 2
1 2

0: 0 (condition satisfied)V V∂ ∂θ θ
∂ θ ∂ θ

= = = =  

 
22 2 2

2 2
1 2 1 2

0V V V∂ ∂ ∂
∂ θ ∂ θ ∂ θ ∂ θ

⎛ ⎞
−⎜ ⎟⎜ ⎟

⎝ ⎠
�  

Substituting 2 2 2

2 4 2 2 3 2 4

2 2 2

( ) ( 2 )( ) 0

3 2 0

3 0

kl Pl kl Pl kl

k l P l Pkl k l

P klP k l

− − + − +

− + −

− +

�

�

�

 

Solving 3 5 3 5or
2 2

P kl P kl− +
� �  

or 0.382 or 2.62P kl P kl� �  

 
2

2
2

1

0: 2 0V Pl kl∂
∂ θ

− +� �  

or 1
2

P kl�  

 
2

2
2
2

0: 0V Pl kl∂
∂ θ

− +� �  

or P kl�  

Therefore, all conditions for stable equilibrium are satisfied when 0 0.382P kl� �   
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PROBLEM 10.98* 

Solve Problem 10.97 knowing that l = 800 mm and k = 2.5 kN/m. 

PROBLEM 10.97* Bars AB and BC, each of length l and of 
negligible weight, are attached to two springs, each of constant k. 
The springs are undeformed, and the system is in equilibrium 
when θ1 = θ 2 = 0. Determine the range of values of P for which 
the equilibrium position is stable. 

 

SOLUTION 

From the analysis of Problem 10.97 with 

 
800 mm and 2.5 kN/m

0.382 0.382(2500 N/m)(0.8 m) 764 N
l k

P kl
= =
= =�  764 NP �   
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PROBLEM 10.99* 

Two rods of negligible weight are attached to drums of radius r that 
are connected by a belt and spring of constant k. Knowing that the 
spring is undeformed when the rods are vertical, determine the range 
of values of P for which the equilibrium position θ1 = θ2 = 0 is stable. 

 

SOLUTION 

 

Left end of spring moves from a to b. Right end of spring moves from a′ to .b′  Elongation of spring 

 

1 2 1 2

2
1 2

2 2
1 2 1 2

2
1 2 1

1

2
1 2 2

2
2

2
12

1
2

2
22

2
2

2

1 2

( )
1 cos cos
2
1 ( ) cos cos
2

( ) sin

( ) sin

cos

cos

s a b ab r r r

V ks pl wl

kr pl wl

v kr pl

v kr wl

v kr pl

v kr wl

v kr

θ θ θ θ

θ θ

θ θ θ θ

∂ θ θ θ
∂ θ
∂ θ θ θ
∂ θ

∂ θ
∂ θ
∂ θ
∂ θ

∂
∂ θ ∂ θ

′ ′= − = − = −

= + −

= − + −

= − −

= − − +

= −

= +

= −
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PROBLEM 10.99*  (Continued) 

 

For 
2 2 2

2 2 2
1 2 2 2

21 2

0: , ,
,

v v r vkr pl kr wl kr∂ ∂θ θ
∂ θ ∂ θ∂ θ ∂ θ

= = = − = + + = −  

Stability conditions for stability (see Page 583) 

 

22 2 2

2 2
1 2 1 2

2 2 2 2

2 2

0

( ) ( )( ) 0

( ) 0

v v v

kr kr pl kr wl

pl kr wl kr wl

∂ ∂ ∂
∂ θ ∂ θ ∂ θ ∂ θ

⎛ ⎞
− ⋅⎜ ⎟⎜ ⎟

⎝ ⎠
− − +

+ −

�

�

�

 

 2

2 2

2 ;
kr

l

wkr kr WP P
lkr wl w

⎛ ⎞
⎜ ⎟
⎜ ⎟+ +⎝ ⎠

� �  � 

 
2 2

2
2

1

: 0;v krkr pl P
l

∂
∂ θ

−� � �  � 

We choose: 2

2

kr
l

kr WP
l W

⎛ ⎞
⎜ ⎟
⎜ ⎟+⎝ ⎠

�   
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PROBLEM 10.100* 

Solve Problem 10.99 knowing that k = 20 lb/in., r = 3 in., l = 6 in., 
and (a) W = 15 lb, (b) W = 60 lb. 

PROBLEM 10.99* Two rods of negligible weight are attached to 
drums of radius r that are connected by a belt and spring of constant k. 
Knowing that the spring is undeformed when the rods are vertical, 
determine the range of values of P for which the equilibrium position 
θ1 = θ 2 = 0 is stable. 

 

SOLUTION 

 
2 2

20 lb/in.
3 in.
6 in.

(20 lb/in.)(3 in.) 30 lb
6 in.

k
r
l

kr
l

=
=
=

= =

 

(a) 15 lb15 lb: (30 lb)
(30 lb) (15 lb)

W P=
+

�  10.00 lbP �   

(b) 60 lb60 lb: (30 lb)
(30 lb) (60 lb)

W P=
+

�  20.0 lbP �   
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PROBLEM 10.101 

Determine the vertical force P that must be applied at G to maintain 
the equilibrium of the linkage. 

 

SOLUTION 

 
 
Assuming Ayδ  

it follows 

 12 1.5
8C A Ay y yδ δ δ= =  

 1.5E C Ay y yδ δ δ= =  

 18 3(1.5 ) 4.5
6D A A Ay y y yδ δ δ δ= = =  

 10 10 (1.5 ) 2.5
6 6G A A Ay y y yδ δ δ δ= = =  

Then, by virtual work 

 0: (300 lb) (100 lb) 0A D GU y y P yδ δ δ δ= − + =  

 300 100(4.5 ) (2.5 ) 0
300 450 2.5 0

A A Ay y P y
P

δ δ δ− + =
− + =

 

 60.0 lbP =  60.0 lbP =   
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PROBLEM 10.102 

Determine the couple M that must be applied to member DEFG to 
maintain the equilibrium of the linkage. 

 

SOLUTION 

 

Assume Ayδ : 12 1.5
8C A Ay y yδ δ δ= = ,       1.5E C Ay y yδ δ δ= =  

 
18 3(1.5 ) 4.5
6D E A Ay y y yδ δ δ δ= = =  

 
1.5 1

6 6 4
E A

A
y y yδ δδφ δ= = =  

Virtual Work: 

 0:Uδ =  (300 lb) (100 lb) 0
1300 100(1.5 ) 0
4

1300 450 0
4

A D

A A A

y y M

y y M y

M

δ δ δφ

δ δ δ

− + =

⎛ ⎞− + =⎜ ⎟
⎝ ⎠

− + =

 

 600 lb in.M = + ⋅  600 lb in.= ⋅M   
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PROBLEM 10.103 

Derive an expression for the magnitude of the couple M required to maintain 
the equilibrium of the linkage shown. 

 

SOLUTION 

We have 

 

sin
cos
cos

sin

B

B

A

A

x l
x l
y l
y l

θ
δ θδθ

θ
δ θδθ

=
=
=
= −

 

Virtual Work: 

 0: 0B AU M P x P yδ δθ δ δ= − + =  

 ( cos ) ( sin ) 0M P l P lδθ θδθ θδθ− + − =  

 (sin cos )M Pl θ θ= +   
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PROBLEM 10.104 

Collars A and B are connected by the wire AB and can slide freely 
on the rods shown. Knowing that the length of the wire is 440 mm 
and that the weight W of collar A is 90 N, determine the magnitude 
of the force P required to maintain equilibrium of the system when 
(a) c = 80 mm, (b) c = 280 mm. 

 

SOLUTION 

Since 440 mm,AB = we have 

 
2 2 2 2

2 2 2 2 3 2

(440 mm) (240 mm)

(440) (240) 136 10

b c

b c c

= + +

= − − = × −
 

Differentiate: 

3 2

2 2

136 10

b b c c
cb c
b

c cb
c

δ δ

δ δ

δδ

= −

= −

= −
× −

 

Virtual Work: 

 0: 0U P c W bδ δ δ= + =  

 
3 2136 10

c cP c W
c

δδ =
× −

 

For 90 N:W =  
3 2

90
136 10

cP
c

=
× −

 (1) 

(a) When 80 mm:c =  

 Eq. (1): 
3 2

8090
136 10 (80)

P =
× −

 20.0 NP =   

(b) When 280 mm:c =  

 Eq. (1) 
3 2

28090
136 10 (280)

P =
× −

 105.0 NP =   
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PROBLEM 10.105 

Collar B can slide along rod AC and is attached by a pin to a block 
that can slide in the vertical slot shown. Derive an expression for 
the magnitude of the couple M required to maintain equilibrium. 

 

SOLUTION 

 2

2

tan(90 )

cos (90 )

sin

B

B

B

Ry

Ry

Ry

θ
δθδ

θ
δθδ

θ

=
° −

−=
° −

−=

 

Virtual Work: 0: 0BU U M P yδ δ δθ δ= = − − =  

 2
1 0

sin
M PRδθ δθ

θ
− + =  

 2sin
PRM

θ
=  2cscM PR θ=   
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PROBLEM 10.106 

A slender rod of length l is attached to a collar at B and rests on a portion 
of a circular cylinder of radius r. Neglecting the effect of friction, 
determine the value of θ corresponding to the equilibrium position of the 
mechanism when 200 mm,l = 60 mm,r = 40 N,P = and 80 N.Q =  

 

SOLUTION 

Geometry 

cos
B

OC r
OC r
OB x

θ

=

= =

 

 

2

cos
sin

cos
cos

sin

B

B

A

A

rx

rx

y l
y l

θ
θδ δθ
θ
θ

δ θδθ

=

=

=
= −

 

Virtual Work: 

 0: ( ) 0A BU P y Q xδ δ δ= − − =  

 2
sinsin 0

cos
rPl Q θθδθ δθ

θ
− =  

 2cos Qr
Pl

θ =  (1) 

Then, with 200 mm, 60 mm, 40 N, and 80 Nl r P Q= = = =  

 2 (80 N)(60 mm)cos 0.6
(40 N)(200 mm)

θ = =  

or 39.231θ = °  39.2θ = °   
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PROBLEM 10.107 

A horizontal force P of magnitude 40 lb is applied to the mechanism 
at C. The constant of the spring is 9 lb/in.,k =  and the spring is 
unstretched when 0.θ =  Neglecting the weight of the mechanism, 
determine the value of θ corresponding to equilibrium. 

 

SOLUTION 

 s r
s r

θ
δ δθ

=
=

 

Spring is unstretched at 0θ = °  

 
sin
cos

SP

C

C

F ks kr
x l
x l

θ
θ

δ θδθ

= =
=
=

 

Virtual Work: 

 0: 0C SPU P x F sδ δ δ= − =  

 ( cos ) ( ) 0P l kr rθδθ θ δθ− =  

or 2 cos
Pl
kr

θ
θ

=  

Thus 2
(40 lb)(12 in.)

cos(9 lb/in.)(5 in.)
θ

θ
=  

or 2.1333
cos

θ
θ

=  

 1.054 rad 60.39°θ = =  60.4θ = °   
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PROBLEM 10.108 

Two identical rods ABC and DBE are connected by a pin at B and 
by a spring CE. Knowing that the spring is 4 in. long when 
unstretched and that the constant of the spring is 8 lb/in., determine 
the distance x corresponding to equilibrium when a 24-lb load is 
applied at E as shown. 

 

SOLUTION 

 
Deformation of spring 

 
2

2

24 in. 4
3

1 1 2(24 lb) (8 lb/in.) 4 4
2 6 2 3

2 28 4 4
3 3

xs EC

x xV ks x

dV x
dx

= − = −

⎛ ⎞= − = − −⎜ ⎟
⎝ ⎠

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 

Equilibrium: 16 20 4 4 0
3 3

dV x
dx

⎛ ⎞= − − =⎜ ⎟
⎝ ⎠

 

 

2 34 4
3 16

2 34
3 4

x

x

⎛ ⎞− = ⎜ ⎟
⎝ ⎠

= +  7.13 in.x =   
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PROBLEM 10.109 

Solve Problem 10.108 assuming that the 24-lb load is applied 
at C instead of E. 

PROBLEM 10.108 Two identical rods ABC and DBE are 
connected by a pin at B and by a spring CE. Knowing that the 
spring is 4 in. long when unstretched and that the constant of 
the spring is 8 lb/in., determine the distance x corresponding to 
equilibrium when a 24-lb load is applied at E as shown. 

 

SOLUTION 

 
Deformation of spring 

 
2

2

24 in. 4
3

1 5 1 2(24 lb) (8 lb/in.) 4 20
2 6 2 3

2 28 4 20
3 3

xs EC

x xV ks x

dV x
dx

= − = −

⎛ ⎞= − = − −⎜ ⎟
⎝ ⎠

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 

Equilibrium: 16 20 4 20 0
3 3

dV x
dx

⎛ ⎞= − − =⎜ ⎟
⎝ ⎠

 

 

2 34 20
3 16

2 4 3.75
3

x

x

⎛ ⎞− = ⎜ ⎟
⎝ ⎠

= +  11.63 in.x =   
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PROBLEM 10.110 

Two uniform rods, each of mass m and length l, are attached to 
gears as shown. For the range 0 180 ,θ °� � determine the positions 
of equilibrium of the system and state in each case whether the 
equilibrium is stable, unstable, or neutral. 

 

SOLUTION 

 

Potential energy cos1.5 cos
2 2
l lV W W W mgθ θ⎛ ⎞ ⎛ ⎞= + =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 

2

2

( 1.5sin1.5 ) ( sin )
2 2

(1.5sin1.5 sin )
2

(2.25cos1.5 cos )
2

dV Wl Wl
d

Wl

d V Wl
d

θ θ
θ

θ θ

θ θ
θ

= − + −

= − +

= − +

 

For equilibrium 0: 1.5sin1.5 sin 0dV
d

θ θ
θ

= + =  

Solutions: One solution, by inspection, is 0,θ =  and a second angle less than 180° can be found numerically: 

 2.4042 rad 137.8θ = = °  

Now 
2

2 (2.25cos1.5 cos )
2

d V Wl
d

θ θ
θ

= − +  

At 0:θ =  
2

2 (2.25cos0 cos0 )
2

d V Wl
dθ

= − ° + °  

 (3.25)( 0)
2

Wl= − �  0, Unstableθ =   
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PROBLEM 10.110  (Continued) 

 

At 137.8 :θ = °  
2

2 [2.25cos(1.5 137.8 ) cos137.8 ]
2

d V Wl
dθ

= − × ° + °  

 (2.75)( 0)
2

Wl= �   137.8 , Stableθ = °   

endbook.net



PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1830 

 

 

PROBLEM 10.111 

A homogeneous hemisphere of radius r is placed on an incline as 
shown. Assuming that friction is sufficient to prevent slipping between 
the hemisphere and the incline, determine the angle θ corresponding to 
equilibrium when 10 .β = °  

 

SOLUTION 

 
 Detail  

 3
8

( sin ( )cos )
3sin sin
8

CG r

V W r CG
dV W r r
d

θ β θ

β θ
θ

=

= − −

⎛ ⎞= − +⎜ ⎟
⎝ ⎠

 

Equilibrium: 30, sin sin 0
8

dV
d

β θ
θ

= − + =  

 3sin sin
8

β θ=  (1) 

For  10β = °  3sin10 sin
8

θ° =  sin 0.46306, 27.6θ θ= = °   
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PROBLEM 10.112 

A homogeneous hemisphere of radius r is placed on an incline as 
shown. Assuming that friction is sufficient to prevent slipping between 
the hemisphere and the incline, determine (a) the largest angle β for 
which a position of equilibrium exists, (b) the angle θ corresponding to 
equilibrium when the angle β is equal to half the value found in Part a. 

 

SOLUTION 

 
 Detail  

 3
8

( sin ( )cos )
3sin sin
8

CG r

V W r CG
dV W r r
d

θ β θ

β θ
θ

=

= − −

⎛ ⎞= − +⎜ ⎟
⎝ ⎠

 

Equilibrium: 30, sin sin 0
8

dV
d

β θ
θ

= − + =  

 3sin sin
8

β θ=  (1) 

(a) For max,  90°β θ =  

 Eq. (1) max max
3 3sin sin 90 , sin 22.02
8 8

β β= ° = = °  max 22.0β = °   

(b) When 1
max2 11.01β β= = °  

 Eq. (1) 3sin11.01 sin ; sin 0.5093
8

θ θ° = =  30.6θ = °   

 Note: We can also use CGDΔ and law of sines to derive Eq. (1). 

 sin sin 3; sin sin ; sin sin
8

CG
CG CD CD

β θ β θ β θ= = =  
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